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NOTE. 

This  book  contains  a  further  course  for  students  who 
have  reached  the  standard  of  mathematical  knowledge 
represented  by  "Exercises  in  Algebra,  Part  I".  Like 
the  earlier  volume  it  deals  not  only  with  subjects 
usually  found  in  a  textbook  of  Algebra  but  also  with 
Trigonometry  (plane  and  spherical)  and  the  essentials 
of  the  Differential  and  Integral  Calculus.  It  is  in- 
tended for  students  who  are  continuing  mathematics 
as  part  of  a  higher  general  education,  for  those  who 
are  preparing  to  enter  the  scientific  professions,  such  as 
engineering,  and  for  students  in  Training  Colleges  for 
Teachers.  In  addition,  students  who  intend  to  pursue 
mathematics  at  the  Universities  will,  it  is  hoped,  find 
it  useful  as  affording  a  general  view  of  the  field  which 
is  studied  in  detail  in  the  standard  special  treatises. 
The  companion  volume  on  "  The  Teaching  of  Algebra  " 
contains  a  discussion  of  the  principles  which  have  de- 
termined the  selection  of  the  subject-matter  and  the 
methods  of  treatment,  together  with  suggestions  with 
regard  to  the  order  of  study  and  the  selection  of  suit- 
able courses  for  students  who  do  not  take  the  whole 
programme. 


viii  NOTE 

There  is  one  important  respect  in  which  the  present 
book  differs  from  "  Exercises  in  Algebra,  Part  I ".  The 
latter  consisted  almost  entirely  of  examples,  explanation 
of  the  subject-matter  being  left  to  the  teacher.  In 
"Exercises  in  Algebra,  Part  II,"  the  student  will,  no 
doubt,  often  profit  by  discussions  with  the  teacher  and 
often  need  his  help,  but  he  is  offered  the  opportunity  of 
learning  much  by  his  own  efforts.  To  encourage  him 
to  make  these  efforts  the  explanations  are  fuller  than 
those  generally  given  in  mathematical  textbooks.  The 
student  who  does  his  best  to  understand  them  will  gain 
an  ample  reward  in  a  sense  of  increased  power  and  in 
the  pleasure  of  finding  that  he  can  depend  upon  him- 
self for  most  that  he  needs  to  know. 

London  Day  Tbaining  College 

(Univebsity  oe  London), 

May,  1914. 
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SECTION  IV. 

MAINLY  EBVISION. 


PT.  II. 


INTEODUGTION. 

In  Part  I  of  this  book  the  student  was  engaged  in  mastering 
the  fundamental  ideas  and  methods  of  Algebra — that  is,  in 
collecting  and  learning  to  handle  some  of  the  most  useful 
tools  in  the  mathematician's  workshop.  In  Part  II  we  are  to 
see  how  those  same  tools  may  be  applied  to  a  variety  of  im- 
portant purposes,  including  the  fashioning  of  instruments  of 
investigation  still  more  powerful  than  themselves.  But  before 
setting  out  upon  these  wider  enterprises  it  will  be  prudent  to 
spend  some  time  in  overhauling  our  tools,  partly  to  make 
sure  that  we  have  full  command  over  them,  partly  to  assure 
ourselves  that  they  are  soundly  designed  and  are  capable  of 
doing  what  we  expect  of  them.  These  things  are  to  be  our 
main  business  in  Section  IV. 

In  the  study  of  Algebra  we  come  to  have  dealings  with  a 
great  variety  of  things.  Nevertheless,  an  algebraic  statement 
is  always  concerned  in  the  first  instance  either  with  numbers, 
with  operations  upon  numbers,  or  with  modes  of  connexion 
between  numbers.  With  numbers  we  all  acquire  a  consider- 
able practical  acquaintance  at  an  early  age,  and  this  acquaint- 
ance is  a  sufficient  basis  for  earlier  work  in  Algebra.  But  before 
going  far  we  come  face  to  face  with  problems  about  the  nature 
of  numbers  and  numerical  operations  which  are  by  no  means 
easy  to  solve.  Two  simple  examples  will  indicate  the  char- 
acter of  some  of  these  problems.  (1)  It  seems  obvious  that 
wherever  there  is  a  length  there  must  be  a  number  that  will 
measure  it ;  yet,  if  some  one  asks  what  is  the  length  of  the 
side  of  a  square  whose  area  is  "2  square  feet  it  is  impossible 
for  a  person  who  has  only  the  ordinary  knowledge  about 
numbers  to  give  a  satisfactory  reply.  (2)  Again,  if  some  one 
asks  for  a  definition  of  the  product  of  two  numbers  which  will 
apply  to  fractional  as  well  as  to  integral  factors,  what  answer 
is  to  be  given  ?    It  is  true  that  questions  of  these  kinds  are 
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4  ALGEBRA 

of  theoretical  rather  than  practical  importance,  yet  every  one 
must  recognize  that  onr  knowledge  of  the  numbers  with 
which  we  seem  to  be  so  familiar  is  not  entirely  satisfactory 
so  long  as  we  have  no  answer  to  give  to  them.  Moreover, 
experience  shows  that  questions  which  appear  to  be  most  re- 
motely theoretical  often  prove  to  have  unexpected  practical 
bearings.  The  earlier  exercises  of  this  Section  will  be  devoted, 
then,  to  the  consideration  of  such  questions,  our  object  being 
to  put  our  ideas  about  numbers  upon  a  sound  theoretical 
basis. 

As  we  have  said,  the  student  was  familiar  with  numbers 
and  their  properties  before  he  began  the  study  of  Algebra.  It 
is  probable,  on  the  other  hand,  that  he  had  heard  nothing 
about  "  functions  "  until  he  began  to  study  them  in  Section 
II.  Nevertheless,  clear  ideas  about  functions  are,  perhaps, 
of  even  more  importance  than  clear  ideas  about  numbers. 
The  revision  of  our  knowledge  of  this  subject,  and  its  exten- 
sion in  fresh  useful  directions,  will  therefore  be  the  second 
matter  to  be  taken  up  in  this  Section. 

Numbers  and  numerical  operations,  functions,  or  modes  of 
connexion  between  numbers :  one  of  these,  we  have  said,  is 
the  immediate  subject  of  every  algebraic  statement.  But  we 
have  an  almost  equally  important  topic  of  discussion  in  the 
symbolic  language  itself  by  means  of  which  algebraic,  state- 
ments are  expressed.  Our  third  task,  then,  will  be  to  gather 
together  and  to  supplement  what  we  already  know  about  the 
laws  which  govern  the  development  of  algebraic  symbolism. 

In  the  last  few  exercises  we  shall  leave  these  theoretical 
subjects  in  order  to  carry  a  Uttle  farther  certain  important 
investigations  begun  in  Part  I.  In  this  part  of  the  Section 
we  shall  study  the  principles  underlying  the  practice  of  life 
assurance,  the  administration  of  public  loans,  the  differential 
formulae  of  the  logarithmic  function,  and  kindred  topics. 


EXBECISB  LXX. 
INTEGERS. 

§  1.  The  Cardinal  Numbers. — The  first  numbers  with 
which  we  all  become  acquainted  are  the  signless  "  cardinal '' 
numbers  or  integers,  1,  2,  3,  4,  etc.  Early  in  life  we  learn 
that  they  form  a  natural  sequence  presenting  a  definite 
order  in  which  every  number  is  preceded  pnly  by  numbers 
less,  and  followed  only  by  numbers  greater,  than  itself. 

We  also  learn  that  the  sequence  has  the  following  pro- 
perties : — 

(a)  It  has  a  first  term  (the  number  "  one  ")  but  no  last  term  or 
end. 

(6)  The  number  of  terms  is  infinite  in  the  sense  that  it  cannot 
be  exhausted  by  "  counting  "  the  terms  off  one  by  one. 

(c)  Every  term  except  the  first  has  an  immediate  predecessor 
and  an  immediate  successor.  Thus  12  and  14  are  re- 
spectively the  immediate  predecessor  and  successor  of  13, 
for  there  are  no  integers  between  13  and  12  on  the  one 
side,  and  13  and  14  on  the  other.  The  first  term  has  an 
immediate  successor  but  no  immediate  predecessor. 

Examples : — 

1.  Which  of  the  properties  just  mentioned  is  true  of  the 
sequence  composed  of  : — 

(i)  the  first  fifty  integers  taken  in  the  usual  order  ; 
(ii)  the  integers  greater  than  100  ; 
(iii)  the  integers  less  than  537  ; 
(iv)  the  integers  between  27  and  132  ; 

(v)  all  the  cardinal  numbers  taken  so  that  every  number  is  less 
than  anyone  that  precedes  it  and  greater  than  anyone  that 
follows  it  ; 
(vi)  the  odd  integers  taken  in  the  usual  order  ; 

(vii)  the  integers  of  the  form = ; 

(viii)  the  palings  round  a  circular  field  .'' 
§  2.  One-to-one  Correspondence. — A  number  of  people  sit- 
ting round  a  tea-table  are  to  be  provided  with  cups  and  saucers. 
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How  could  a  child  who  has  not  learnt  to  "  count "  supply  the 
proper  number  of  these  articles?  Obviously  by  setting  a 
saucer  in  front  of  each  person  until  no  one  is  left  unprovided, 
and  then  setting  a  cup  in  each  saucer.  The  child  could  thus 
understand  what  was  meant  by  saying  that  the  number  of 
persons,  the  number  of  cups,  and  the  number  of  saucers  were 
the  same,  even  though  he  could  not  give  to  that  number  its 
usual  name. 

This  example,  trivial  as  it  is,  throws  important  light  upon 
the  nature  of  the  cardinal  numbers.  It  shows  us  that  when 
two  classes  are  said  to  contain  the  same  number  of  things  the 
essential  fact  implied  is  that  the  things  in  one  class  can  be 
"told  off"  or  set  over  against  the  things  of  the  other  class 
one  by  one ;  in  technical  language,  that  there  is  one-to-one 
correspondence  between  their  members  or  terms.  Classes 
in  which  this  state  of  affairs  holds  are  said  to  be  similar  or 
equivalent  and  to  have  the  same  number.  The  number- 
names  ("  twelve,"  "  twenty- three,"  etc.)  are  simply  labels 
which  we  learn  to  connect  each  with  the  members  of  a  de- 
finite set  of  equivalent  classes.  For  example,  "seven  "  is  the 
number-label  connected  with  the  class  composed  of  the  days 
of  the  week  and  with  all  classes  equivalent  or  similar  to  it. 
These  labels  are  extremely  convenient  when  we  want  to  refer 
to  a  class  with  a  definite  number,  but  they  are  not  altogether 
indispensable.  Thus  a  savage  who  cannot  count  can  yet 
keep  a  record  of  the  number  of  enemies  he  has  killed  by 
retaining  their  scalps,  cutting  notches  on  a  stick,  or  setting 
somewhere  a  stone  to  represent  the  result  of  each  successful 
fight.  It  will  be  seen  that  his  plan  is  to  create  artificially  a 
class  equivalent  to  the  class  whose  number  he  wishes  to 
record.  Our  number-names  are  not  classes  ;  they  are,  as  we 
have  said,  simply  labels  which  themselves  have  one-to-one 
correspondence  with  the  different  sets  of  equivalent  classes. 

If  we  start  with  a  class  containing  what  we  call  •'  one '' 
thing — e.g.  one  book — and  add  other  things  to  it,  one  by  one, 
we  obtain  classes  which  have,  in  succession,  all  the  "  finite  " 
cardinal  numbers.  This  way  of  obtaining  the  classes  deter- 
mines a  definite  order  for  them  and  therefore  a  definite  order 
for  the  labels  or  number-names  ("  one,"  "  two,"  "  three  "  .  .  .) 
and  number-symbols  (1,  2,  3,  .  .  .  )  by  which  we  refer  to 
them.  This  circumstance  enables  us  to  use  number-names 
and  number-symbols  as  labels  in  cases  where  the  things  to  be 
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labelled  are  not  numbers  at  all,  but  merely  things  which  we 
want  to  have  in  a  definite  order.  Thus  if  I  wish  to  fix  the 
order  of  the  books  on  a  shelf  I  may  attach  the  number-symbols 
1,  2,  3,  .  .  .  to  them,  and  I  shall  then  always  know  whether 
a  book  is  in  its  right  place.  It  is  obvious  that  the  fact  that 
these  symbols  are  also  used  to  label  numbers  is  quite  irrele- 
vant here.  ,  Any  other  symbols  which  have  a  definite,  well- 
remembered  order  and  are  sufficiently  numerous  would  do  as 
well — for  example,  the  letters  of  the  alphabet.  The  great  ad- 
vantage of  the  number-symbols  over  all  others  is  that  there 
are  always  enough  of  them  for  any  purpose  whatever. 

In  ordinary  speech  we  use  the  word  "  number  "  indifferently 
to  mean  the  number  of  things  in  a  class  and  also  the  corre- 
sponding number-name  and  number-symbol.  We  must  be  on 
our  guard  against  the  confusion  which  follows  from  this  am- 
biguity. Thus,  if  you  and  I  place  our  hats  in  a  cloakroom 
and  your  ticket  bears  the  symbol  "  24  "  while  mine  is  marked 
"  17  "  it  is  not  strictly  correct  to  say  that  your  number  is 
"  greater  "  than  mine.  The  only  sense  in  which  it  is  true 
that  24:  is  greater  than  17  is  that  if  you  had  a  collection  of 
17  things  you  would  have  to  add  more  things  to  make  it  into 
a  collection  of  24.  The  number  of  the  second  collection 
would,  in  this  sense,  be  greater  than  the  number  of  the  first 
collection ;  but  one  of  the  number-labels  is  neither  greater 
nor  less  than  the  other.  What  is  true  of  the  number-labels 
is  that  24  is  farther  than  17  along  the  sequence  of  labels 
1,  2,  3,  .  .  .  in  which  the  order  has  been  determined  by  the 
magnitude  of  the  numbers  to  which  they  correspond. 

Examples : — 

2.  What  are  the  original  meanings  of  the  statements  : 
"  three  and  five  are  eight  "  ;  "six  from  nine  leaves  three ''  ? 

3.  In  what  sense  can  we  apply  to  the  "  number-labels  "  the 
statements : — 

3-1-5  =  8;  9-6  =  3? 

4.  Write  down,  in  order,  the  first  few  of  the  symbols  of  the 
even  numbers.  Write  under  them,  i.e.  in  one-to-one  corre- 
spondence, the  symbols  of  the  odd  numbers.  Hence  prove  that 
the  classes  composed  respectively  of  all  possible  even  and  all 
possible  odd  numbers  are  equivalent.  In  other  words,  prove 
that  the  number  of  all  the  odd  numbers  is  the  same  as  the 
number  of  all  the  even  numbers. 
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5.  Prove  by  the  method  of  one-to-one  correspondence 
illustrated  in  No.  4  that  the  two  classes  composed  of  (i)  all 
the  integers  (odd  and  even)  and  (ii)  the  even  integers  only  are 
equivalent.  That  is,  prove  that  the  number  of  the  even 
integers  is  the  same  as  the  number  of  all  the  integers.  [This 
remarkable  fact  was  first  discussed  by  Leibniz,  c.  1670.] 

6.  Prove  similarly  that  the  number  of  the  odd  integers  is 
the  same  as  the  number  of  all  the  integers. 

7.  ProTe  that  the  number  of  the  integers  10,  20,  30,  etc., 
is  the  same  as  the  numbers  of  all  the  integers  1,  2,  3,  4,  etc. 

8.  A  man  starts  to  write  his  own  life  and  takes  a  year  to 
write  the  history  of  each  day.  If  he  lives  for  ever  wOl  any 
part  of  his  autobiography  remain  unwritten  ?  [Bbetband 
EUSSBLL,  1903.] 

The  results  of  Nos.  5-8  seem,  at  first  sight,  absurd,  for  they 
imply  that  a  part  may  be  equal  to  the  whole  of  which  it  is  a 
part — equal  in  the  sense  of  having  the  same  number  of 
elements.  Two  points,  however,  should  be  noted :  (i)  The 
common  belief  that  the  whole  must  have  a  greater  number 
than  any  of  its  parts  is  necessarily  based  upon  our  experience 
of  finite  wholes — that  is,  of  wholes  which  can  be  exhausted 
by  counting.  Of  these  the  belief  is  undoubtedly  true,  (ii) 
The  wholes  and  parts  in  question  in  Nos.  5-8  are  all  infinite  ; 
therefore  we  cannot  have  any  direct  experience  which  contra- 
dicts the  conclusion  that  they  contain  the  same  number  of 
elements.  It  can,  in  fact,  be  shown  that  the  contrary  sup- 
position itself  leads  to  absurdities  (see  Ex.  LXXII,  No.  4). 

To  these  observations  upon  the  cardinal  numbers  one  more 
may  be  added.  Nothing  has  hitherto  been  said  about  zero 
and  its  symbol  0.  It  is  clear  that  zero  is  not  a  number  in  the 
same  sense  as  the  other  integers.  The  assertion  that  there 
are  no  books  in  a  certain  box  does  not  (like  the  assertion  that 
there  are  5  books)  make  a  numerical  statement  about  books 
which  are  in  the  box.  Yet  zero  is  certainly  a  label  which  can 
be  used  like  the  other  number-labels.  Thus  if  the  box  is  one 
in  which  books  are  usually  kept  and  we  are  accustomed  to  label 
it  with  the  symbols  5,  8,  etc.,  to  show  that  there  are  five, 
eight,  etc.,  books  in  it,  then  it  is  reasonable  to  label  it  with 
the  symbol  0  when  it  is  empty.  Thus  we  may  include  zero 
in  our  list  of  signless  integers,  but  we  must  remember  that  it 
is  admitted  upon  a  somewhat  peculiar  footing. 


BXEEOISB  LXXI. 
RATIONAL  NUMBERS. 

§  1.  Fractions. — Before  a  child  has  gone  far  in  arithmetic 
he  learns  about  another  set  of  numbers  called  fractions. 
These  he  meets  with  when  he  passes  from  counting  collections 
to  measuring  things,  such  as  lengths,  weights,  times,  etc. 
Here  again  a  system  of  number-names  and  symbols  is  not 
absolutely  indispensable.  For  example,  we  could  tell  whether 
the  pages  of  other  books  were  larger  or  shorter  than  this  page 
by  marking  the  length  of  the  latter  upon  a  strip  of  paper. 
But  for  calculations  we  must  have  names  and  symbols.  In 
certain  cases  the  names  and  symbols  of  the  cardinal  numbers 
suffice.  For  instance,  if  a  collection  made  up  of  seven  inch- 
lengths  set  end  to  end  coincided  with  the  length  of  this  page 
we  should  call  its  length  7  inches.  The  number-label  in  this 
case  is  not  absolute  (as  it  is  in  counting  7  things)  but  depends 
upon  the  unit  of  measurement.  But  this  page  is  actually 
more  than  seven  and  less  than  eight  inches  long ;  its  length 
cannot,  therefore,  be  recorded  in  inches.  In  such  a  case  if 
we  are  to  retain  the  cardinal  numbers  as  our  labels  we  must 
choose  another  unit.  We  may  suppose,  for  instance,  that  the 
length  which  we  call  one-eighth  of  an  inch  is  chosen.  Then 
the  number-label  for  the  length  of  this  page  would  be  sixty- 
one.  If  the  page  were  rather  shorter  it  might  be  necessary  to 
take  one-sixteenth  of  an  inch  as  the  unit  and  to  record  the 
length  as  one  hundred  and  twenty-one.  In  practice,  however, 
this  constant  change  of  unit  would  be  an  intolerable  nuisance. 
To  avoid  it  we  retain  the  name  "  inch  "  in  our  description  of 
the  length  to  be  recorded,  and  invent  new  number-names  and 
symbols  to  indicate  its  relation  to  the  length  of  the  inch. 
Upon  this  plan  the  lengths  mentioned  a  little  above  can  be 
described  as  -"^  inches  and  Jj^  inches  respectively.     With 
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regard  to  these  "  fractions  "  the  following  points  should  be 
observed  : — 

(i)  Strictly  speaking  they  .are  not  numbers  but  are  pairs 
of  numbers  associated  upon  a  definite  plan.  Thus  the  frac- 
tion whose  symbol  is  ^-  consists  of  the  pair  of  numbers 
whose  symbols  are  61  and  8.  (ii)  The  plan  of  association 
of  the  pairs  itself  determines  for  the  fractions  an  order  of 
sequence  similar  to  the  order  of  the  lengths  to  which  they 
correspond.  Thus  we  can,  tell  merely  by  inspection  of  the 
pairs  of  numbers  that  ifi  corresponds  to  a  shorter  length 
than  if-S^  and  a  longer  length  than  Yr.  (iii)  The  plan  makes 
it  possible  always  to  specify  a  fraction  (i.e.  a  pair  of  cardinals) 
whose  position  in  the  sequence  comes  between  any  two 
other  given  numbers,  fractional  or  integral.  Thus  between 
2  and  3  we  can  insert  | ;  between  |  and  3,  ^^ ;  between  f 
and  i^,  ^,  and  so  on  for  ever.  It  is  evident  that  unless 
fractional  numbers  had  this  property  their  usefulness  in  re- 
cording lengths  would  be  very  limited  ;  for,  given  two  lengths, 
there  is  always  a  length  which  lies  between  them.  In  virtue 
of  this  property,  the  sequence  composed  of  the  integers  and 
all  the  fractional  numbers  taken  in  the  order  in  which  they 
correspond  to  lengths  arranged  in  order  of  increasing  magni- 
tude is  said  to  be  a  compact  or  (more  usually)  a  dense 
sequence.  All  these  numbers,  whether  integers  or  fractions, 
are  called  rational  numbers,  In  order  that  every  member 
of  this  sequence  may  have  the  same  form  (i.e.  may  consist  of 
a  pair  of  cardinals),  we  may  replace  the  integers  by  the  frac- 


§  2.  The  Ordinal  Properties  of  Bationals. — The  student 
will  see  that  the  names  and  symbols  of  the  sequence  of 
rational  numbers  may  (like  those  of  the  sequence  composed 
of  the  integers  only)  be  used  as  labels  to  record  the  order  of 
things  which  are  not  measurable  at  all.  This  fact  is  best 
illustrated  by  the  use  often  made  in  libraries  of  the  special 
kind  of  fractions  called  decimals.  (It  should  be  remembered 
that  such  symbols  as  2'3,  2 '37,  etc.,  are  merely  convenient 
alternatives  for  f  |,  |^^,  etc.)  We  may  suppose  that  all  books 
dealing  with  history  are  to  be  marked  with  numerical  labels 
beginning  with  2,  and  that,  at  the  beginning,  there  are  nine 
such  books.  These  may  be  labelled  2-1,  2-2,  2-3  ..  .  2-9. 
Now  suppose  that  three  new  books  are  added  whose  proper 
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place  lies  between  the  books  labelled  2-3  and  2-4.  Then  we 
may  mark  their  positions  upon  the  shelf  by  labelling  them 
2-31,  2-32,  2-33.  If  another  book  is  subsequently  to  be 
placed  between  the  second  and  third  of  these  it  may  be 
labelled  2-321,  and  so  on  without  end.  The  fact  that  between 
any  two  symljols  another  symbol  may  be  inserted  in  accord- 
ance with  a  definite  principle  of  order  enables  us  to  find 
labels  for  any  number  of  additional  books  without  disturbing 
the  labels  already  assigned. 

Examples : — 

1.  If  the  rational  numbers  are  arranged  in  their  "  natural  " 
order — that  is,  in  the  order  in  which  they  correspond,  one-to- 
one,  with  a  sequence  of  lengths  arranged  in  order  of  increas- 
ing magnitude — how  many  numbers  are  there  between  any 
two  given  numbers  ?     Give  the  reason  for  your  answer. 

2.  Which  of  the  three  properties  described  in  Ex.  LXX,  §  1, 
hold  good  of  the  sequences  composed  of :,  (i)  all  the  rational 
numbers ;  (ii)  the  rational  numbers  from  10  to  20  inclusive  ; 
(iii)  the  rational  numbers  between  10  and  20  ? 

3.  Which  of  the  same  properties  holds  good  of  the  se- 
quence 1  -  i  1 -i,  1  -  J,  .  .  .  1-^,  .  .  ;  2-i  2-i,2-J, 

2  -  -,  .  .;  3  -  i,  3  -  i,  ...  3  --,..;  in  which  the  de- 
nominators of  the  fractions  are  all  the  integers  in  their  natural 
order  ?    Is  the  sequence  dense  ? 

4.  Consider  similarly  the  sequence 

111  .2222  ..3      383 

II  ■Jl    31     •     •     •  )     1!  3'  7'  Tl     •     •     ■     '     T'    ¥'    ?'   T    •     •     • 

(The  fractions  in  each  group  have  the  same  numerator ;  the 
denominators  are  the  integers  in  their  natural  order,  but 
fractions  which  can  be  reduced  to  lower  terms  are  omitted.) 

5.  The  groups  in  No.  4  can  be  arranged  in  rows  as  in 
the  following  scheme  : — ■ 


■i'' 

2 
7' 

2 

3 

3 
T' 
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Add  the  beginnings  of  two  more  rows.  Then  write  the 
fractions  in  a  single  row,  reading  them  diagonally  in  the 
order  indicated  by  the  arrow-headed  lines.  How  does  the 
resulting  sequence  differ  from  that  of  No.  4  ? 

6.  Show  that  the  terms  of  the  sequence  of  No.  5  can  be 
brought  into  one-to-one  correspondence  with  the  integers,  1, 
2,  3.  .  .  .  What  does  this  circumstance  prove  with  regard  to 
the  number  of  the  (unequal)  rational  numbers  ? 


EXEEGISE  LXXII. 
lEBATIONAL  NUMBERS. 

§  1.  Continuity. — Is  it  possible,  given  a  certain  unit,  to 
express  any  given  length  in  terms  of  it  by  means  of  a  rational 
number  ?  For  example,  is  it  possible  to  express  the  length 
OP  (fig.  62)  as  an  integral  or  fractional  number  of  times  the 
length  OA  (which  is  a  centimetre)  wherever  P  is  taken? 
_"  Common  sense  "  would  probably  answer,  yes.  Por,  though 
it  may  be  necessary  to  subdivide  OA  into  a  great  number  of 
equal  parts  before  we  reach  a  length  which  is  contained  an 
exact  number  of  times  in  OP,  yet,  since  there  is  no  limit  im- 
posed  on  that  subdivision  there  seems  no  reason  why  the  thing 
should  not  be  done.  This  argument  shows  that  common 
sense  has  its  limitations. 
Por  let  OP  be  the  side  of  a 
square  whose  area  is  exactly 
2  square  centimetres ;  then  ^ 

it  is  easily  shown  that  OP  |  , 

cannot  be  measured  by  any 
rational  number  of  inches. 
Suppose  the  contrary ;  then,  "^' 

since  1^  =  1  and  2^  =  4,  the  length  of  OP,  measured  in  centi- 
metres, must  be  a  rational  number  between  1  and  2.     Gall  it 

1  +  7,  a  and  h  being  integers.     Let  the  rational  fraction  5-  be 

in  its  lowest  terms,  that  is,  let  a  and  b  have  no  common  factor 
other  than  1.     Then  we  have 
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(^nT 


=    1   +    2,   +    T^ 


a      2b  +  a 

b  •  ~~r~ 

a  b 

or  r  = 


=  1 


b      26  +  a 

Now  the  fraction  6/(26  +  a)  must  also  be  in  its  lowest  terms. 
For  suppose  that  it  can  be  cancelled  by  an  integer  c.  Then 
since  c  divides  exactly  into  6  in  the  denominator,  it  must  also 
divide  exactly  into  a,  which  is  contrary  to  the  hypothesis. 
Thus  the  numerators  of  the  two  fractions  must  be  identical. 
That  is  a  =  6  and  a/6  =  1.  But,  by  hypothesis,  ajb  <  1. 
Hence  a  and  6  cannot  be  integers  ;  that  is,  the  length  of  OP 
cannot  be  measured  by  a  rational  fraction. 

Similar  arguments,  leading  to  similar  conclusions,  apply  in 
an  endless  number  of  other  cases.  Only  a  small  proportion 
of  rational  numbers  are  "perfect  squares,"  "perfect  cubes," 
etc.,  whose  square  roots,  cube  roots,  etc.,  can  be  expressed  by 
numbers  which  are  themselves  rational.  It  is  also  known 
that  the  same  thing  holds  good  of  many  other  important 
numbers,  such  as  the  familiar  ir  and  the  number  "  e,"  which 
was  the  subject  of  Part  I,  Ex.  LIX.  The  fact  is  a  mo- 
mentous as  well  as  a  striking  one.  Its  consequences  may 
be  understood  from  the  following  considerations. 

Take  some  point  O  (as  in  fig.  62)  to  represent  the  integer 
zero,  a  second  point  A  to  represent  the  integer  one,  and  place 
along  the  straight  line,  OX,  determined  by  these  two  points, 
other  points  to  correspond,  one  by  one,  to  all  the  possible 
rational  numbers.  Then,  even  though  there  will  be  (as  was  seen 
in  Ex.  LXXI,  No.  1)  an  infinite  number  of  these  points  between 
any  two  which  we  care  to  select,  yet  they  wUl  not  make  up  the 
complete  line.  There  will  remain  an  endless  number  of  gaps 
where  it  is  possible  to  drive  another  line  across  OX  in  such  a 
way  as  to  escape  collision  with  any  of  the  points  already  fixed 
on  it.  For  example,  there  wUl  be  no  point  to  bar  the  way  to 
the  line  QP,  the  side  of  a  square  whose  area  is  2  square  inches ; 
for  there  is  no  rational  number  whose  square  is  2.  If,  then,  we 
are  to  regard  the  point  where  QP  crosses  OX  as  having  a 
number  corresponding  to  it,  we  must  go  for  its  name  and  its 
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symbol  outside  the  scheme  which  was  followed  in  construct- 
ing the  names  and  symbols  of  the  rational  numbers.  No 
general  plan  is  used  for  naming  and  symbolising  these  ad- 
ditional numbers.  Thus  the  number  corresponding  to  P  is 
called  "  the  square  root  of  two  "  and  is  symbolised  by  Jl.  If 
OP'  is  the  side  of  a  cube  whose  volume  is  7  cubic  centimetres, 
then  the  number  which  corresponds  to  OF  is  symbolised  as 
»/7.  In  these  two  cases  the  relations  of  the  new  numbers 
to  the  rationals  2  and  7  dictate  the  forms  of  the  names  and 
symbols.  But  if  00  is  the  length  of  the  circumference  of  a 
circle  whose  diameter  is  1  centimetre,  the  number  which  cor- 
responds to  0  is  referred  to  by  the  entirely  arbitrary  symbol, 
■IT.  All  these  additional  numbers  are  commonly  called 
irrationals.^ 

§  2.  Irrationals  as  Ordinal  "  Labels  ". — We  have  seen  that 
the  symbols,  either  of  the  integers  only  or  of  all  the  rational 
numbers,  can  be  regarded  as  labels  by  which  we  may  fix  the 
order  of  things  in  cases  where  there  is  no  idea  of  magnitude 
involved.  It  is  important  to  see  that  the  irrational  numbers 
can  be  thought  of  in  the  same  way.  It  is  not  possible  to 
find  a  genuinely  practical  case  in  which  irrationals  are  used 
merely  as  labels,  since  there  are  always  enough  rationals  for 
any  purpose,  such,  as  the  labelling  of  books,  etc.  It  is,  how- 
ever, not  difficult  to  invent  a  case,  fanciful  but  instructive. 

Suppose  that  we  have  a  number  of  cards  each  inscribed 
with  a  symbol  of  one  of  the  rational  numbers,  and  a  series  of 
boxes  to  keep  them  in.  Also  suppose  the  boxes  themselves 
to  be  labelled  outside  upon  the  plan  that  a  box  bearing  (say) 
the  symbol  "  7  "  is  to  be  used  only  to  contain  cards  stamped 
with  symbols  which  come  before  7  in  the  sequence  of  rationals. 
Thus  into  a  box  labelled  "  ^  "  any  card  may  be  placed  which 
bears  a  symbol  whose  place  in  the  sequence  is  before  J^, 
while  a  card  stamped  with  a  symbol  whose  place  in  the 
sequence  of  rationals  is  after  J^  must  be  stored  elsewhere. 
To  avoid  delay  in  finding  any  box  which  we  may  want,  it  will 
obviously  be  convenient  to  keep  all  the  boxes  arranged,  side  by 

^  The  discussion  should  have  shown  the  student  that  the  "ir- 
rational "  numbers  are  really  just  as  "  rational "  as  their  colleagues. 
The  opprobrious  epithet  was  applied  in  days  when  their  nature 
was  not  understood,  and  tradition  has,  as  in  many  other  cases,  per- 
petuated an  injustice  by  means  of  a  name  which  has  "  stuck  ". 
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side,  in  the  natural  order  of  the  symbols  with  which  they  are 
labelled.  Suppose  now  that  for  some  reason  we  want  a  box 
into  which  we  may  put  any  card  stamped  with  the  symbol  of 
a  number  whose  square  is  less  than  2,  but  no  others.  How 
is  this  box  to  be  labelled  ?  It  is  evident  that  its  label  can 
bear  the  symbol  of  no  rational  number ;  for  such  a  number 
must  be  one  whose  square  is  either  less  or  greater  than  2. 
If  it  is  less,  then  the  card  is  one  of  those  intended  to  go  into 
the  box ;  if  it  is  greater  its  place  is  in  (or  upon)  some  other 
box.  It  follows,  that  we  must  find  for  it  a  label  which  is 
different  from  the  symbol  of  any  rational  number.  For  this 
purpose  the  symbol  ^2  may  be  adopted.  Again  it  is  evident 
that  the  box  so  labelled  has  a  perfectly  definite  place  in  our 
arrangement.  It  should  lie  where  boxes  labelled  with  the 
symbols  of  rational  numbers  whose  squares  are  less  or  greater 
than  2  are  respectively  to  right  and  left  of  it.  Upon  the 
same  plan  boxes  labelled  "  ^7,"  "  tt,"  may  have  to  be  pro- 
vided to  receive  cards  stamped  in  the  one  case  with  the 
symbols  of  numbers  whose  cubes  are  less  than  7,  in  the  other 
case  with  symbols  of  numbers  less  than  tt.  In  many  cases  of 
this  kind  no  doubt  we  shall  have  to  invent  a  totally  new 
symbol.  The  points  to  be  clear  about  are  (i)  that  the  cards 
which  go  inside  the  boxes  are  stamped  with  symbols  of 
rational  numbers  only ;  (ii)  that  we  may  divide  the  whole 
sequence  of  cards  (supposed  laid  out  in  a  row  in  order)  into 
two  collections — a  collection  intended  to  go  into  a  certain 
box  and  a  collection  intended  not  to  go  into  that  box — by 
placing  the  finger  either  on  one  of  the  cards  or  between  two 
cards  ;  (iii)  that  in  the  former  case  the  card  touched  by  the 
finger  will  itself  serve  as  the  label  of  the  box,  whUe  in  the 
second  case  a  new  label  must  be  found  or  invented ;  (iv) 
lastly,  that  every  box  will  have  its  definite  "  natural  "  place 
whether  labelled  with  the  symbol  of  a  rational  number  or 
with  one  of  the  newly  invented  "  irrational  "  labels.  It  will 
also  be  seen  that  we  are  assuming  that  a  box  is  forthcoming 
for  every  division  of  the  sequence  of  cards  which  can  possibly 
be  made.  This  assumption  is  an  expression  of  what  is  usually 
called  "  Dedekind's  Postulate  ". 

This  illustration  will  have  served  its  purpose  if  it  has  made 
clear  the  effect  of  the  interpolation  of  symbols  for  irrational 
among  the  symbols  for  the  rational  numbers.  The  symbols 
of  the  rationals,  taken  by  themselves,  form  a  "  dense "  se- 
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quence,  but  it  is  still  a  sequence  with  gaps.  It  is  true  that 
if  we  fix  our  attention  upon  any  single  rational  symbol  we 
can  regard  it  as  dividing  the  whole  sequence  into  two  collec- 
tions, and  could,  therefore,  use  it  as  the  "  label "  for  the 
lower  of  these  two  collections.  But  we  could  not  say, 
conversely,  that  whenever  a  division  among  the  rationals  is 
thus  made  that  a  rational  itself  constitutes,  so  to  speak,  the 
dividing  fence  between  the  two  segments.  The  whole  of  the 
rational  symbols  might  fall  into  one  or  other  of  the  two 
collections,  so  that  no  symbol  is  left  to  act  either  as  a 
boundary  between  them  or  as  a  label.  But  by  the  interpola- 
tion of  the  irrational  symbols  this  deficiency  is  removed.  For 
an  irrational  symbol  is,  by  definition,  a  label  which  describes 
the  lower  of  the  two  collections  into  which  the  rational 
symbols  are  divided  whenever  that  division  is  not  effected  by 
a  rational  symbol.  Thus  the  complete  sequence  of  symbols, 
rational  and  irrational,  can  be  compared  with  a  straight  line 
in  which  every  possible  division  into  two  segments  is  effected 
by  a  point  which  itself  falls  into  neither  segment.  For  this 
reason  the  complete  sequence  is  said  to  be  continuous. 

§  3.  Beat  Numbers. — We  have  agreed  that  points  in  OX 
(fig.  62)  which  do  not  represent  rational  numbers  shall  be 
held  to  represent  "  irrational  numbers,"  but  we  have  as  yet 
assigned  no  definite  meaning  to  the  latter  term.  To  complete 
our  task  we  must,  therefore,  find  a  new  definition  of  the  word 
"number" — a  definition  which  will  give  us  "numbers"  cor- 
responding not  only  to  all  the  rationals  but  also  to  all  points 
on  OX  which  have  no  rationals  assigned  to  them. 

The  preceding  discussion  suggests  such  a  definition.  We 
have  seen  (i)  how  to  produce  a  sequence  of  symbols  such 
that  there  is  one  for  every  point  on  the  line,  and  (ii)  that  each 
symbol  corresponds  also  to  a  definite  set  of  rationals.  If, 
extending  further  the  plan  upon  which  we  have  already 
given  the  name  "number"  to  & padr  of  integers,  we  agree  to 
redefine  "number"  as  meaning  these  sets  of  rationals,  then 
every  point  in  OX  will  have  its  number.  To  distinguish  the 
new  sense  of  the  word  from  older  ones  it  is  usual  to  add  the 
adjective  "  real ".  Thus  every  point  P  on  OX  represents  a 
real  number,  that  number  consisting  in  the  whole  set  of 
rationals  connected  with  points  to  the  left  of  it. 

PT.  II.  2 
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Examples : — 

1.  Prove  that  the  square  root  of  3  cannot  be  expressed  as 
a  rational  fraction. 

2.  Draw  any  two  parallel  but  unequal  straight  lines  AB 
and  ab.  Join  Aa  and  B6  meeting  in  O.  Through  O  draw 
any  straight  line  meeting  ab  in  p  and  AB  in  P.  In  this  way 
it  is  obviously  possible  to  establish  one-to-one  correspondence 
between  all  the  points  in  the  two  lines.  What  does  this  fact 
prove  about  the  number  of  the  points  ? 

3.  Next  suppose  the  shorter  line  ab  to  be  superimposed 
upon  AB  so  that  it  becomes  part  of  it.  What  familiar 
"  axiom  "  appears  to  be  contradicted  by  the  result  of  No.  2? 
How  would  you  reply  to  a  person  who  argued  that  the  result 
of  No.  2  must  therefore  be  incorrect  ? 

4.  The  Greek  philosopher  Zeno  (c.  450  B.C.)  invented, 
among  others,  the  famous  paradox  called  "  Achilles  and  the 
Tortoise  ".  Suppose  Achilles  to  run  a  race  with  a  tortoise, 
giving  him  a  certain  amount  of  "  start ".  Then  it  can  be 
proved  that  the  warrior  cannot  possibly  win.  For  suppose 
the  tortoise  to  start  from  A  and  Achilles  from  O.  The  first 
thing  the  latter  must  do  is  to  run  from  O  to  A.  But  in  this 
time  the  tortoise  will  have  reached  another  point  B.  Thus 
Achilles  has  now  to  run  from  A  to  B — taking  a  certain  time 
during  which  the  tortoise  moves  on  to  C.  The  story  can  be 
continued  for  ever  in  the  same  way,  so  it  is  clear  that  Achilles 
can  never  even  catch  the  tortoise  up. 

Show  that  the  result  of  No.  2  explains  this  puzzle. 
[Suppose  the  paths  of  Achilles  and  the  tortoise  both  to  be 
broken  up  into  an  infinite  number  of  corresponding  parts.] 

5.  The  whole  series  of  rationals  in  their  natural  order  is 
divided  into  two  segments  in  such  a  way  that  the  first  seg- 
ment has  a  last  member.  Will  the  second  segment  have  or 
not  have  a  first  member  ?  Give  a  numerical  illustration  and 
describe  another  mode  of  section  of  the  rationals  with  similar 
properties. 

6.  The  whole  series  of  rationals  in  their  natural  order  is 
divided  into  two  segments  by  an  irrational  number.  What 
can  be  said  i?espeotively  about  the  end  and  the  beginning  of 
each  of  the  two  segments  ? 


BXBECISB  LXXIII. 
OPEEATIONS  UPON  NUMBEBS. 

§  1.  Addition  and  Subtraction  of  Integers. — In  the  last 
two  exercises  we  have  tried  to  obtain  clear  ideas  about  the 
numbers  with  which  we  are  constantly  concerned  in  mathe- 
matics. We  have  now  to  examine  in  the  same  spirit  the 
operations  called  addition,  subtraction,  etc.,  which  are  so 
constantly  applied  to  them.  It  is  natural  to  begin  with  the 
addition  and  subtraction  of  integers. 

The  root  idea  contained  in  the  notions  of  addition  and  sub- 
traction is  that  a  collection  composed  of  a  certain  number  of 
distinct  things  (e.g.  books  or  pebbles)  can  be  thought  of  as 
composed  of,  or  as  containing  within  itself,  sub-collections. 
For  example,  a  certain  collection  of  twelve  books  may  be 
thought  of  as  a  whole  composed  of  sub-collections  containing 
four  books  on  mathematics,  five  on  history,  and  three  books  of 
poetry.  From  this  point  of  view  it  is  possible  to  ask  two 
kinds  of  questions  :  (i)  Given  the  numbers  of  members  in  each 
sub-collection,  what  is  the  number  of  the  whole  collection  ? 
(ii)  Given  the  number  in  the  whole  collection  and  in  one 
sub-collection,  what  is  the  number  in  the  other  sub-collections 
which,  with  this  one,  makes  up  the  whole  ?  The  first  ques- 
tion is  the  problem  of  addition,  the  second  of  subtraction. 

The  primitive  method  of  solving  such  problems  and  the  one 
with  which  we  all  begin,  is  the  method  of  counting  the  objects 
themselves.  An  improvement  is  the  substitution  for  the 
original  objects  of  an  artificial  set  of  countable  things,  such  as 
pebbles  or  the  beads  of  an  abacus.  Since  these  objects  have 
one-to-one  correspondence  with  the  original  objects,  con- 
clusions drawn  from  counting  the  former  may  be  applied  to 
the  latter.  A  much  greater  improvement  is  to  dispense  with 
material  aids  altogether,  and  to  use  the  ordered  sequence  of 
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integers — the  results  obtained  by  counting  for  different  dis- 
tances along  this  sequence  being,  by  long  practice,  remem- 
bered. Thus  to  find  the  number  in  a  whole  composed  of  two 
sub-collections  of  five  things  and  three  things,  I  simply 
remember  that  if  I  counted  five  along  the  scale  of  integers  and 
then  three  more  I  should  come  to  the  integer  eight.  It  will 
be  noted  that  the  operation  of  counting  introduces  necessarily 
an  element  of  order  which  was  not  present  in  the  original 
notion  of  a  whole  or  compound  of  two  or  more  parts.  I  am 
bound  to  begin  by  counting  one  of  the  parts  rather  than  the 
.  other,  whether  I  count  the  objects  themselves,  or  the  beads  of 
the  abacus,  or  the  correlated  symbols  of'  the  scale  of  integers. 
On  the  other  hand,  it  does  not  matter  which  sub-collection  I 
count  off  first.  This  fact  is  expressed  by  the  statement  that 
the  operation  of  adding  integral  numbers  is  commutative. 
In  symbols, 

a  +  b  =  b  +  a 
a  and  b  being  any  two  integers. 

Examples : — 

1.  What  is  meant  by  the  statement  that  subtraction  is  the 
inverse  of  addition  ? 

2.  Is  the  operation  of  subtraction  commutative  ? 

3.  Show  that  the  symbolic  statement 

8-3  =  5 
corresponds  to  two  distinct  verbal  statements  about  material 
things  and  two  corresponding  statements  about  the  ordered 
sequence  of  integer-symbols. 

4.  Addition  of  integers  is  subject  to  the  law  of  association 
expressed  by  the  symbolism 

a  +  (6  -t-  c)  =  (a  +  6)  +  c 
Explain  this  statement. 

5.  Is  the  operation  of  subtraction  of  integers  associative  ? 

§  2.  Multiplication  and  Division  of  Integers. — The  process 
of  multiplication  of  integers  can  be  looked  at  in  two  ways 
which  should  be  carefully  distinguished,  (i)  It  may  be  re- 
garded as  repeated  addition.  Thus  the  product  4x3  = 
4  +  4  4-  4  =  12.  (ii)  Consider  two  classes  composed  respec- 
tively of  four  things  and  three  things.  Count  up  the  number 
of  pairs  that  can  be  made  by  taking  one  thing  from  each  class. 
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This  number  may  be  defined  as  the  product  of  four  and 
three. 

The  fact  that  the  product  of  two  integers  obtained  in  either 
way  will  always  be  the  same  is  made  obvious  by  the  following 
considerations.  Label  the  things  of  the  former  class  with 
heavy  typed  integer-symbols,  i,  2,  3,  4,  and  those  of  the 
latter  with  symbols  1,  2,  3,  in  ordinary  type.  Arrange  the 
former  in  a  row  and  place  above  each  one  in  succession  the 
various  members  of  the  second  class.  The  total  number  of 
possibilities  is  shown  by  the  arrangement — 

3         3         3         3 

2         2         2         2 
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To  find  the  total  number  of  pairs  we  must  evidently  count 
along  the  sequence  of  integer-symbols  either  four  threes  or 
three  fours. 

Examples : — 

6.  Show  that  there  are  two  ways  of  regarding  the  operation 
of  dividing  one  integer  by  another  so  as  to  produce  a  third 
integer. 

7.  How  will  you  describe  the  relation  of  division  to  multi- 
plication ? 

8.  Show  that  the  two  operations  called  multiplication  are 
both  commutative. 

9.  Show  that  they  are  also  associative. 

10.  Show  that  the  two  operations  called  division  are  also 
commutative  and  associative. 

§  3.  The  Addition  and  Subtraction  of  Rational  Non-integral 
Numbers. — When  we  consider  the  application  of  these  opera- 
tions to  rational  fractions  we  must  turn  from  counting  to 
measurement.  Thus  a  line  may  be  regarded  as  composed  of 
two  or  more  segments,  and  questions  of  addition  and  subtrac- 
tion may  arise  with  reference  to  the  lengths  of  the  whole  and  the 
segments.  Problems  of  either  kind  can  always  be  solved  by 
measurement  with  a  properly  graduated  scale  just  as  problems 
concerning  collections  can  always  be  solved  by  direct  counting. 
Put  when  we  seek  to  solve  them  by  means  of  the  ordered 
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sequence  of  rationals,  we  have  the  difSoulty  that  it  is  impos- 
sible to  remember  all  the  sums  of  different  fractional  lengths 
as  we  remember  that  3  and  5  are  8.  Fortunately  we  have  a 
method  of  determining  the  sum  of  two  given  fractions  which 
does  not  involve  actual  measurement.  Thus  we  can  prove, 
without  measurement,  that  if  two  segments  of  a  line  are 
respectively  §  inch  and  ^  inch  long  the  length  of  the  whole 

line  is  s ^ =  t#  inch.    In  all  calculations  in  vol  v- 

ing  fractions  the  number  ^  will  then  be  regarded  as  the  sum 
of  f  and  |-.  Speaking  generally,  we  define  the  sum  of  a/b  and 
eld,  these  being  rational  fractions,  as  (ad  +  bc)lbd. 

Examples : — 

11.  Show,  by  consideration  of  the  segments  of  a  straight 
line,  that  the  operations  of  addition  and  subtraction  as  applied 
to  all  rational  numbers  follow  the  laws  of  commutation  and 
association. 

12.  Show  that  the  product  or  the  quotient  of  a  fraction  by 
an  integer  can  be  regarded  as  repeated  addition  or  subtraction. 

13.  Why  cannot  the  product  of  an  integer  or  fraction  by  a 
fraction  be  regarded  as  repeated  addition  ? 

§  4.  Products  and  Quotients  of  Non-integers. — The  answer 
to  the  last  question  (No.  13)  is,  of  course,  that  although  a  length, 
say  of  4-J  inches,  may  be  "  stepped  "  along  a  line  3  times  or  4 
times,  yet  there  is,  strictly  speaking,  no  meaning  in  the  state- 
ment that  it  is  stepped  (say)  3|  times.  What  we  actually 
mean  in  the  last  case  is  that  we  measure  off  three  lengths  of 
4^  and  then  another  length  which  is  a  quarter  of  i^  inches. 
We  may,  if  we  please,  call  the  number  which  measures  the 
total  length  the  "  product  "  of  4^  and  3J,  but  the  product  is 
evidently  not  obtained  by  the  repeated  addition  of  lengths 
of  4^  inches. 

It  appears,  therefore,  that  the  first  way  of  regarding  multi- 
plication ceases  to  apply  when  we  leave  integers  and  deal 
with  fractions.  Let  us  see  whether  the  second  way  must 
also  be  abandoned. 

The  number  4^  or  -I  may  be  regarded  (as  in  Ex.  LXXII,  §  2) 
not  only  as  marking  a  particular  point  on  a  line,  but  also  as 
a  label  for  the  whole  collection  of  points  from  the  origin 
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up  to  itself,  each  with  its  associated  rational  or  irrational 
number.  The  same  may  be  said  of  the  number  3-|  or  i^.  In 
accordance  with  this  view,  and  with  the  second  definition  of 
multiplication,  the  product  of  f  and  ^  is  the  number 
which  labels  the  collection  of  all  possible  pairs  of  points, 
or  pairs  of  numbers,  formed  by  taking  one  from  each  of 
the  collections  labelled  f  and  ^.  It  will  be  convenient  to 
repeat  here  the  procedure  followed  in  §  2,  when  we  were 
considering  the  product  4x3.  Arrange  the  points  of  the  col- 
lection ^  in  a  row — that  is  draw  a  horizontal  line  3^  inches 
long.  Above  each  point  in  this  row  place  all  the  points  of  the 
collection  |^  in  a  vertical  column.  The  total  collection  of 
points  thus  obtained  is  equivalent  to  the  required  collection 
of  pairs.  For  the  collection  of  points  produced  by  carrying 
out  these  instructions  is  evidently  the  surface  of  a  rectangle 
3;^  inches  long  and  4^  inches  high ;  and  every  point  in 
this  surface  represents  a  certain  pair  of  numbers  or  "  co- 
ordinates "  X,  y,  of  which  x  is  taken  from  the  collection  of 
numbers  labelled  "  3J  "  and  y  from  the  collection  labelled 

"  ^ ". 

There  remains  the  difficulty  of  assigning  to  this  infinite 
collection  of  pairs  of  numbers  the  number  which  is  to  be 
considered  the  "  product  "  of  ^-^-  and  f .  We  must,  no  doubt, 
follow  the  method  already  used  in  numbering  the  linear 
collections  of  points  and  numbers.  That  is,  the  product  must 
be  taken  to  be  the  number  belonging  to  the  last  pair  in  the 
product-collection,  i.e.  the  number  belonging  to  the  pair  ^,  |, 
which  is  represented  by  the  top  right-hand  corner  point  of 
the  rectangle.  The  problem  narrows  down,  therefore,  to  the 
question  what  single  number  may  be  taken  as  equivalent,  in 
the  present  circumstances,  to  the  pair  ^,  f .  To  answer  this 
question  we  note  (i)  that  if  the  two  factors  were  integers  such 
as  13  and  9  (i.e.  Jj^  and  ^),  then  the  product  would  be  117 
(i.e.  ii^) ;  (ii)  that  if  one  of  the  factors  were  halved  the  pro-, 
duct  must  be  considered  halved  (i.e.  t^  x  f  =  ^^)  \  and  (iii) 
that  if  the  other  factor  were  reduced  to  a  quarter  of  its  original 
magnitude  the  product  must  suffer  a  similar  reduction  (i.e. 
J^  X  ^  =  ^-^).  We  conclude,  therefore,  that  the  product  of  a 
pair  of  rational  fractions  must  be  the  fraction  produced  by 
multiplpng  together  the  ojjmeratprs  and,  d.eno^xiinators  of,  thi,e 
fetOtors. 
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Examples : — 

14.  Show  by  an  appropriate  modification  of  the  foregoing 
argument  that  the  product  of  ^3  and  J2  is  ^6. 

15.  Show  that  the  muliiplication  of  any  two  numbers  is  a 
commutative  operation. 

16.  Give  a  definition  of  the  product  of  three  numbers  which 
is  universally  applicable.  Describe  models  which  illustrate 
your  definition  (i)  when  the  factors  are  integers,  (ii)  when 
the  factors  are  not  integers. 

17.  Show  that  the  product  of  three  numbers  is  commu- 
tative. 

18.  Show  that  the  multiplication  of  three  numbers  is  an 
associative  operation,  that  is,  that 

ah  y.  c  =  abc  —  a  x  be. 

19.  Show  that  there  are  always  two  ways  of  regarding  the 
operation  of  dividing  one  integer  by  another. 

20.  Show  that  only  one  of  these  ways  is  applicable  to 
division  by  a  non-integer  when  the  quotient  is  also  a  non- 
integer. 

21.  Show  that  successive  division  by  two  numbers  is 
commutative. 

22.  Show  that  successive  division  by  three  numbers  is 
associative. 

23.  Show  by  diagrams  that  the  multiplication  of  a  sum  of 
two  numbers  by  a  third  number  is  distributive,  that  is,  that 

{a  +  b)c  =  ac  +  be. 

24.  Show  similarly  that  (a  -  b)c  =  ac  -  be. 

25.  Show  that  the  result  of  dividing  a  sum  or  difference  of 
two  numbers  by  a  third  number  is  also  distributive. 


BXBECISE  LXXIV. 
THE  COMPLETE  NUMBER-SCALE. 

§  1.  Order  as  the  Basis  of  the  Number  Sequence. — Upon 
reviewing  at  this  point  the  discussion  contained  in  Bxs.  LXX- 
LXXII,  the  student  will  find  that  its  main  results  may  be 
summarised  as  follows.  We  began  in  Ex.  LXX  with  the 
cardinal  numbers  or  integers,  and  saw  that  from  their  natural 
order  of  magnitude  the  symbols  0,  1,  2,  3,  .  .  .  derive  a 
corresponding  fixed  order.  Then  in  Ex.  LXXI  we  found 
that  in  order  to  apply  calculation  to  problems  of  measure- 
ment a  new  sequence  of  symbols  is  necessary — the  symbols 
of  the  "  rational  numbers  ".  These  are  each  made  up  of  the 
symbols  of  two  integers  upon  a  plan  which  determines  for 
them  also  a  definite  natural  order  corresponding  to  the  order 
of  the  magnitudes  which  they  are  used  to  measure.  But  the 
rational  number- symbols  have  a  property  which  distinguishes 
them  sharply  from  the  integer-symbols,  namely,  that  the  plan 
of  their  qonstruction  makes  it  possible  always  to  interpolate  a 
new  symbol  between  any  other  two.  That  is,  they  form  a 
"  dense  "  sequence.  Lastly,  we  saw  in  Ex.  LXXII  that  the 
sequence  of  rational  number-symbols,  though  sufficient  for  all 
practical  measurements,  needs,  for  theoretical  purposes,  to  be 
supplemented  by  "  irrational "  number-symbols.  The  numbers 
to  which  these  correspond  are  based  upon  the  rational  numbers, 
much  as  the  rational  numbers  are  themselves  based  upon 
the  cardinals.  The  relation  of  any  given  irrational  to  the 
rationals  determines  quite  definitely  its  position  in  the  whole 
series,  but  there  is  no  universal  rule  fixing  the  form  of 
its  symbol.  The  addition  of  the  irrational  number-symbols 
converts  the  merely  "  dense  "  sequence  of  rationals  into  a 
"  continuous  "  sequence. 

At  each  stage  of  the  argument  stress  was  laid  on  the  fact 
th^t,  although  all  the  symbols  which  make  up  the  qomplete 
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continuous  sequence  have  actually  been  derived  from  the 
consideration  of  magnitudes  and  the  numbers  connected  with 
them,  yet  they  might  have  been  reached  without  any  reference 
either  to  counting  or  to  measurement.  A  great  genius,  seeking 
amusement  or  spurred  on  by  an  insatiable  love  of  logic,  might 
have  invented  the  symbols  0,  1,  2,  3,  .  .  .  simply  as  labels 
which  are  always  to  have  a  constant  order,  and  might  have 
elaborated  the  rest  of  the  sequence  without  introducing  any 
other  idea  than  the  idea  of  order. 


§  2.  Operations  iipon  Symbols. — The  student  should  now 
note  that  although  in  Ex.  LXXIII  we  spoke  of  addition,  sub- 
traction, multiplication,  and  division  as  operations  upon  num- 
bers, yet  everything  which  was  said  about  them  could  be 
regarded  as  applying  to  the  ordered  sequence  of  number- 
symbols  even  if  these  had  no  connexion   with   magnitude. 

For  example,  the  statement  6  -^  8  =  14  could  be  interpreted 
as  follows:  Take  the  natural  sequence  of  integers  from  1 
onwards  and  also  the  two  incomplete  sequences  which  run 
respectively  from  1  to  6  and  from  1  to  8.  Arrange  the  two 
incomplete  sequences  in  the  order  1,  2,  ...  6,  1,  2,  ...  8 
and  consider  the  one-to-one  correspondence  between  the  new 
sequence  and  as  much  as  is  required  of  the  natural  sequence. 
It  will  be  found  that  the  symbol  8  in  the  former  corresponds 
with  the  symbol  14  in  the  latter.  The  interpretation  of 
6  X  8  =  48  would  be  similar.  Set  down  all  the  pairs  that  can 
be  formed  by  taking  one  integer  from  the  sequence  1  ...  6 
and  another  from  the  sequence  1  ...  8.  Arrange  them  in 
any  order  in  one-to-one  correspondence  with  as  much  as  is 
required  of  the  natural  sequence  of  integers.  The  last  pair 
will  correspond  with  the  symbol  48. 

When  we  pass  from  the  sequence  of  integers  to  the  sequence 
of  rationals  this  simple  method  breaks  down  on  account  of 
the  fact  that  there  is  an  infinite  series  of  rationals  between 
any  two  numbers  of  the  sequence.  At  this  point,  therefore, 
our  hypothetical  genius  would  have  to  adopt  another  plan  of 
procedure.  He  would  start  from,  the  observation  that  when. 
a/b  and  cjd  have  integral  quotients,  then, 

a      c      ad  -{■  be 
h      d~       M 
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and  he  would  use  this  equivalence  as  his  definition  of  the  sum 
of  ajb  and  c/d  when  they  do  not  denote  integral  quotients. 
Similarly,  starting  from  the  observation  that  when  ajb  and 
cjd  denote  integers 

a      c      ac 
b"^  d^  bd 

he  would  use  this  equivalence  as  his  definition  of  the  product 
of  ajb  and  o/d  when  they  are  not  integral.  He  would  deal 
in  like  manner  with  subtraction  and  division. 

It  will  be  seen  that  to  a  man  who  explored  in  this  way  the 
properties  of  the  sequence  of  number-symbols,  the  four  funda- 
mental arithmetical  operations  would  be  simply  four  different 
rules  of  correspondence  between  one  member  of  the  sequence 
and  two  others.  Upon  this  view  6  -t-  8  =  14  states  that  the 
single  symbol  14  corresponds  to  the  pair,  6,  8,  when  the  rule 
of  correspondence  in  question  is  that  denoted  by  the  sign 
"  +  ".  Similarly,  6x8  =  48  states  that  the  single  symbol 
48  corresponds  to  the  same  pair,  6,  8,  when  the  rule  of  corre- 
spondence is  that  denoted  by  the  sign  "  x  ".  On  the  other 
hand,  we,  who  have  built  up  our  arithmetic  by  a  totally 
different  method,  know  that  these  results,  based  by  our  genius 
upon  considerations  of  order  only,  could  always  be  applied 
directly  to  the  problems  of  counting  and  measurement  pre- 
sented by  the  world  of  material  things. 

§  3.  Positive  and  Negative  Number-symbols. — The  ideas  of 
the  last  article  cease  to  be  merely  fanciful  when  we  consider 
them  in  connexion  with  the  properties  of  "directed,"  or 
positive  and  negative  numbers.  The  student  knows  well 
that  the  typical  use  of  these  numbers  is  to  deal  with  things — 
such  as  positions  on  a  line,  moments  of  time,  temperatiires, 
etc. — which  are  arranged  in  a  definite  order  but  have  no 
natural  and  inevitable  first  term.  In  other  words,  symbols 
such  as  +  4  and  -  12  are  used  in  algebra  much  more  like 
the  numbers  on  cloakroom  tickets  (Ex.  LXX,  §  2)  than  like 
numbers  in  measurement  or  counting.  Their  primary  re- 
ference is  to  the  order  of  the  things  for  which  they  are 
labels;  their  reference  to  magnitude,  if  present  at  all,  is 
secondary.  It  follows  that  when  we  add,  subtract,  multiply, 
or  divide  directed  numbers  we  are,  in  reality,  operating,  not 
upon  numbers,  but  upon  number-symbols,  in   exactly   the 
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manner  described  in  §  2.  In  fact  the  very  term  "directed 
number  "  is,  strictly  speaking,  a  metaphor.  The  "  numbers  " 
with  which  we  are  directly  concerned  in  algebra  are  really  only 
number-symbols  with  plus  and  minus  signs  attached  to  them. 
The  truth  of  these  remarks  will  be  brought  out  by  a  recon- 
sideration of  the  method  by  which  the  "rules  of  signs  "  for 
directed  numbers  were  discovered  in  Part  I,  Exs.  XXVIII  and 
XXIX.  It  will  be  seen  that  the  essence  of  the  problem  to  be 
solved  was  in  each  as  follows  :  Two  things  (e.g.  two  move- 
ments, or  a  velocity  and  a  time)  are  given  which  belong  either 
to  the  same  ordered  sequence  or  to  two  different  ordered 
sequences.  To  each  of  these  things  there  corresponds  a 
directed  number-symbol.  By  what  rules  can  we  derive  from 
the  two  given  symbols  a  third  symbol  which  shall  correspond 
to  the  result  of  combining  the  two  things  in  a  given  manner  ? 

Examples : — 

1.  Verify  the  preceding  statements  by  summarizing  the 
argument  by  which  the  rule  of  signs  was  established  for 
algebraic  addition.     [Part  I,  Ex.  XXVIII.] 

2.  Do  the  same  for  algebraic  subtraction. 

3.  Do  the  same  for  the  product  and  quotient  of  two  directed 
numbers.     [Ex.  XXIX.] 

4.  Do  the  same  for  algebraic  multiplication  and  division. 
[Exs.  XXXI,  XXXV.] 

5.  Why  is  it  improper  to  say  that  +  12  is  greater  than  +  3 
or  -  5  less  than  -f  2  ? 

§  4.  Oroups. — It  will  now  be  well  to  examine  more  closely 
the  nature  of  the  calculations  which  require,  or  are  facilitated 
by,  the  use  of  directed  number-symbols.  They  will  be  found 
always  to  be  concerned  with  what  mathematicians  call  a 
group  of  operations.  Consider,  as  a  simple  instance  of  a 
group,  the  operations  which  consist  in  successive  turnings  of 
a  wheel  (e.g.  a  bicycle-wheel)  forwards  or  backwards  from  a 
certain  standard  position.  It  will  be  helpful  (though  not 
necessary)  to  suppose  the  turnings  to  be  given  at  equal  inter- 
vals— say  one  every  second.  The  following  four  points  are 
then  obvious : — 

(i)  There  is  always  a  certain  single  turning  which  is  equiva' 
lerit  to  two  given  successive  turnings  of  the  wheej. 
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(ii)  Three  given  turnings  may  always  be  considered  as- 
sociative. That  is,  we  may  substitute  for  the  &st  two 
turnings  the  single  equivalent  turning  and  follow  it  by  the 
third,  or  we  may  produce  the  first  turning  and  follow  it  by  the 
single  turning  equivalent  to  the  second  and  third ;  the  final 
results  will  be  equivalent  to  one  another  and  to  the  result  of 
the  three  turnings  given  successively. 

(iii)  There  is  a  certain  "  turning  "  which  when  it  follows 
or  precedes  another  given  turning  makes  the  total  effect  the 
same  as  if  the  other  turning  had  been  given  by  itself.  [It 
consists,  of  course,  in  leaving  the  wheel  alone.]  This  par- 
ticular turning  would  be  called  the  identity  element  of  the 
group. 

(iv)  To  every  possible  turning  there  corresponds  another 
such  that  if  they  follow  one  another  in  either  order  the  total 
result  is  equivalent  to  the  identity  element.  [It  is,  of  course, 
an  equal  turning  in  the  opposite  direction.]  The  two  turn- 
ings are  in  this  case  said  to  be  inverse  elements  of  the 
group. 

Examples : — 

6.  Show  that  successive  movements  on  a  straight  line  form 
a  group. 

7.  Do  successive  changes  of  temperature  form  a  group  ? 

8.  A  point  may  be  moved  from  a  given  starting-point  to 
any  position  on  ^  an  endless  surface.  Show  that  successive 
movements  form  a  group.     Illustrate  by  vector-diagrams.      i 

9.  A  line  may  be  moved  parallel  to  itself  about  a  plane. 
Do  the  successive  movements  form  a  group  ? 

10.  Draw  an  equilateral  triangle  ABC  and  its  three  medians 
intersecting  at  its  centre  0.  The  following  six  movements 
are  permitted  :  anti-clockwise  rotations  of  the  triangle  about 
its  centre  through  120°,  240°,  or  360°,  and  rotations  one  way 
about  its  medians  through  180°.  Show  that  successive 
rotations  form  a  group.     [J.  W.  A.  Young.] 

11.  Consider  whether  the  groups  described  in  the  foregoing 
examples  are  or  are  not  commutative. 

12.  Show  that  as  far  as  the  operation  of  addition  is  con- 
cerned the  signless  integers  are  not  a  group.  Which  of  the 
necessary  conditions  is  lacking?  Do  the  signless  rationals 
form  a  group  for  addition  ? 

13.  Show  that  for  addition  the  sequence  of  positive  and 
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negative  integers  does  constitute  a  group.  Which  is  the 
identity  element  ?  What  numbers  (or  symbols)  are  inverse 
to  +  8  and  -  12  ? 

14.  Show  that  the  signless  integers  do  not,  but  that  the 
signless  rationals  do  constitute  a  group  for  the  operation  of 
multiplication.  What  is  the  identity  element  for  multiplica- 
tion ?     What  is  the  inverse  of  3,  of  2/7  ? 

15.  Show  that  for  multiplication  the  sequence  of  directed 
integers  does  not  but  that  the  complete  sequence  of  directed 
numbers  does  constitute  a  group.  State  the  identity  element 
and  the  inverse  of  -  6  and  +  4/9  ? 

16.  Are  the  number-groups  for  addition  and  subtraction 
commutative  or  non- commutative  ? 

§  5.  The  AppUoability  of  Directed  Numbers. — The  preced- 
ing examples  give  further  point  to  the  observations  of  §  3. 
They  show  that  the  special  value  of  the  complete  sequence 
of  directed  number-symbols  resides  in  the  fact  that  it  con- 
stitutes a  group  for  the  operations  both  of  addition  [and 
subtraction]  and  of  multiplication  [and  division].  It  can  be 
used,  therefore,  for  calculations  about  things  whenever  the 
operations  performed  upon  things  are  themselves  of  such  a 
nature  that  they  correspond  to  the  operations  of  addition  and 
multiplication  as  performed  upon  number-symbols. 

The  general  nature  of  these  operations  is  made  clear  by  the 
discussions  of  Ex.  LXXIII.  The  characteristic  of  addition  is 
the  combining  of  several  things  of  the  same  kind  into  a  whole. 
Whenever  these  things  are  capable  of  one-to-one  correspond- 
ence with  directed  number- symbols  or  elements  in  a  single 
ordered  sequence,  the  rules  of  algebraic  addition  and  sub- 
traction can  be  employed  to  make  calculations  about  them. 
This  is  true,  for  example,  of  movements  backwards  or  forwards 
in  a  single  line.  It  is  not  true  of  the  "  addition  "  of  vectors, 
because  all  vectors  cannot  be  regarded  as  forming  a  single 
ordered  sequence. 

On  the  other  hand,  the  characteristic  of  multiplication  is 
the  combination  of  things  into  pairs  taken  from  two  different 
ordered  sequences.  Thus  the  phenomenon  which  we  call  the 
movement  of  a  point  along  a  line  may  be  regarded  as  the 
association  of  certain  points  with  certain  movements  of  time. 
The  point  Pj  is  associated  with  the  movement  <j,  the  point  Pj 
with  the  movement  ij,  etc.,  the  points  Pj,  Pj,  .  .  .  being  the 
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positions  occupied  by  the  moving  point  at  the  times  ij,  L^  .  .  . 
Assuming,  as  before,  that  the  elements  thus  associated  in  pairs 
come  each  from  a  single  ordered  sequence,  calculations  may- 
be made  about  them  by  means  of  the  multiplication  and 
division  of  directed  numbers. 

It  should  be  noted  that  for  addition  and  multiplication  as 
ordinarily  defined  the  number-group  is  commutative.  It 
follows  that  operations  performed  upon  numbers  will  agree 
with  operations  involving  things  only  if  the  latter  also  are 
commutative  groups.  No.  10  gave  an  example  of  a  case  in 
which  this  condition  is  not  fulfilled.  The  student  who  pur- 
sues his  studies  into  the  interesting  region  called  vector- 
algebra  will  find  other  instances  of  real  importance.  To 
consider  these  here  would  carry  us  too  far  afield.  We  must 
be  content .  to  take  note  of  the  warning  that  there  is  no 
necessary  universal  virtue  in  the  laws  of  ordinary  algebra. 
Their  usefulness  depends  entirely  upon  their  having  been 
framed  to  facilitate  the  investigation  of  certain  departments 
of  the  world  of  phenomena  and  is  restricted  to  departments 
which  are  in  their  nature  congruent  with  these. 


EXERCISE  LXXV. 
FUNCTIONS  OP  ONE  VARIABLE. 

§  1.  The  Meaning  of  a  "Function". — Perhaps  the  most 
important  idea  which  can  be  learnt  from  an  elementary  study 
of  mathematics  is  the  idea  of  a  function.  Up  to  a  certain 
point  the  notion  is  universally  familiar.  Everybody  knows 
for  instance,  that  the  price  to  be  paid  for  a  quantity  of  straw- 
berries depends  upon  the  number  of  pounds  purchased,  that 
a  railway  fare  depends  upon  the  length  of  the  journey,  that 
the  amount  which  a  householder  pays  in  rates  depends  upon 
the  rateable  value  of  his  house,  etc.  But  when  the  mathe- 
matician uses  the  word  "function  "  in  connexion  with  facts 
of  this  kind,  he  is  not  merely  describing  familiar  things  in 
learned  language.  The  new  term  implies  a  real  addition  to 
what  everybody  already  recognizes.  It  records  the  percep- 
tions that  pairs  of  variables  of  very  different  character  may 
yet  exhibit  exactly  the  same  kind  of  dependence  of  one 
variable  upon  another.  Thus,  suppose  that,  in  the  examples 
given,  the  strawberries  are  twopence  a  pound,  the  first-class 
railway  fare  twopence  a  mile,  and  the  rates  for  the  quarter  two 
shillings  in  the  pound.  Then,  although  the  three  pairs  of 
variables  are  very  diflerent,  the  modes  of  connexion  exhibited 
by  them  would  be  identical.  This  feature  of  the  case  is  what 
the  mathematician  has  in  view  when  he  says  that  the  magni- 
tude of  the  first  member  of  each  pair  is  the  same  function 
of  the  magnitude  of  the  second.  i 

It  is  possible,  then,  to  study  the  connexion  between  two 
variables  from  two  distinct  points  of  view :  (i)  "We  may  be 
interested  in  the  variables  themselves,  and,  not  knowing  what 
law  governs  their  changes,  may  seek  to  determine  it.  Thus, 
an  engineer  may  inquire  into  the  connexion  between  the 
thickness  of  a  beam  and  the  weight  which  it  will  support 
without  breaking  ;  an  artillerist  may  inquire  how  the  range 
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of  a  gun  depends  upon  the  "  elevation  "  at  which  it  is  fired, 
(ii)  We  may  be  interested,  not  in  the  variables,  but  in  the 
mode  of  connexion  itself  and  its  properties.  In  the  latter 
case  our  inquiries  ignore  the  particular  nature  of  the  varying 
entities  and  become  a  study  of  the  function. 

This  difference  between  the  two  points  of  view  from  which 
a  connexion  between  variables  may  be  studied  is  reflected  in 
the  symbolism  employed  in  describing  it.  When  our  atten- 
tion is  directed  towards. the  actual  behaviour  of  a  particular 
pair  of  quantities,  we  use  symbols  which  readily  suggest  their 
names.  When  our  immediate  concern  is  not  with  these  but 
with  the  ' '  function  "  which  their  mode  of  connexion  exempli- 
fies, we  use  X  and  y  as  our  symbols,  precisely  in  order  to 
emphasise  the  fact  that  the  individuality  of  the  variables  is 
a  matter  of  indifference.  This  is  true  whether  the  analysis 
of  the  mode  of  connexion  is  expressed  in  a  formula  or  repre- 
sented graphically. 

The  student  will  remember  that  x  is  always  to  be  used  as 
the  symbol  of  the  independent  variable,  and  y  as  the  symbol 
of  the  variable  regarded  as  depending  upon  it.  It  is  specially 
important  to  bear  this  usage  in  mind  when  a  function  is  being 
contrasted  with  its  inverse.  Por  example,  let  the  distance 
which  a  moving  point  has  travelled  be  connected  with  its 
velocity  by  the  relation 

s  =  iv^. 
Then  the  velocity  is  evidently  connected  with  the  distance  by 
the  relation 

If  the  modes  of  connexion  exemplified  in  these  two  formulae 
are  to  be  studied  as  instances  of  a  pair  of  inverse  functions, 
they  must  be  described,  not  by  the  formulse 

y  =  ^x^  and  x  =  3  Jy 
in  which  s  is  replaced  on  each  occasion  by  y  and  v  by  x,  but 
by  the  formulae 

y  =  ^a?2  and  2/  =  3  Jx. 
That  is  to  say,  x  is  to  be  the  symbol,  not  of  a  particular  con- 
crete quantity  but  of  the  magnitude  of  the  quantity  which  is 
for  the  time  being  the  independent  variable. 

Lastly,  the  student  will  remember  that  the  function,  con- 
sidered apart  from  concrete  variables,  may  be  named  either 
from  some  characteristic  feature  of  its  algebraic  expression  or 
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by  reference  to  the  typical  shape  of  its  graph.     Thus  the 
function  whose  formula  is 

y  =  a' 
is  for  the  former  reason  called  the  exponential  function, 
while  the  function  whose  formula  is  of  the  type 

y  =  ax^  +  bx  +  c 
is  called  the  parabolic  function,  because  its  graph  is  always 
a  parabola. 

§  2.  The  Field  of  a  Function. — The  distinction  between  a 
particular  case  of  a  connexion  and  the  function  which  it 
exemplifies  is  often  important  in  another  way.  Consider,  for 
instance,  the  formula 

F=2d 
(which  may  be  taken  as  describing  the  connexion  between 
the  first-class  railway  fare  and  the  distance  travelled)  and  the 
formula 

2/  =  2a; 
which  describes  the  function  here  exemplified.  It  is  evident 
that  although  all  pairs  of  values  connected  by  the  first  formula 
are  also  included  in  the  range  of  the  second,  yet  the  converse 
statement  is  not  true.  The  negative  values  of  x  and  y  which 
form  half  the  range  of  the  function  have  no  place  in  the  con- 
nexion between  the  concrete  variables.  As  a  second  instance 
take  the  law  of  taxation  of  earned  incomes.  Here  the 
peculiarity  is  that  as  the  income  rises  the  dependence  of  the 
tax  upon  its  amount  exemplifies  not  one  but  several  functions. 
There  is  one  rule  for  incomes  under  £160,  another  for  incomes 
between  £160  and  £400,  and  so  on.  The  facts  may  be  ex- 
pressed in  both  cases  by  saying  that  the  connexion  between 
the  concrete  variables  occupies  only  part  of  the  field  of  the 
function. 

On  the  other  hand,  it  is  important  to  note  that  the  values 
of  X  and  y  which  can  enter  into  a  function  are  themselves 
limited  by  the  form  of  the  function.  Thus  an  examination 
of  any  function  must  always  include  an  inquiry  as  to  the 
"  fields  "  which  it  permits  to  the  values  of  the  variables. 

Examples : — 

A. 

1.  Write  down  the  algebraic  expression  of  the  different 
functions  which  are  exemplified  by  the  law  of  taxation  of 
earned  incomes  when  no  deductions  are  claimed  for  insurance. 
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etc.     State  what  range  of  income  falls  within  the  field  of  each 
of  the  functions. 

2.  Draw  on  one  sheet  of  squared  paper,  in  fine  lines,  the 
graphs  of  each  of  the  functions  of  No.  1.  Thicken  the  parts 
of  each  graph  which  apply  to  actual  incomes. 

3.  On  most  railway  lines  a  passenger  who  travels  with  a 
bicycle  has  to  pay,  in  addition  to  a  penny  a  mile  for  his  own 
ticket,  6d.  for  a  journey  not  exceeding  25  miles,  Is.  for  one 
exceeding  25  but  not  exceeding  50  miles,  Is,  6d.  for  one  ex- 
ceeding 50,  but  not  exceeding  75  miles,  and  so  on.  "Write 
down  the  functions  which  are  exemplified  by  the  total  charges 
(in  shillings)  made  for  distances  up  to  200  miles. 

4.  Illustrate  your  answer  to  this  problem  by  graphs  as  in 
No.  2. 

5.  Make  a  table  showing  the  field  of  x  and  the  field  of  y 
in  the  case  of  each  of  the  following  functions  : — 

(i)  y  =  3(x  -  zf  ;  (ii)  y  =  n/(9  -  2x)  ; 

(in)  y  =  3/(2x  -  13)  ;         (iv)  y  =  log  (x  +  4)  ; 
(v)  y  =  2('-3)  ;  (vi)  y  =  (2X  -  S)(x  +  7). 

6.  Write  down  the  functions  inverse  to  those  of  No.  5. 

7.  Determine  the  fields  of  x  and  y  in  the  case  of  each  of 
the  following  implicit  functions.  [What  does  this  term 
mean  ?]  : — 


(i)  x^  +  y^=i6; 

(ii)  x^  - 

-  y''  =  i6  ; 

X'         V^ 

x^ 

-?- 

(-)  s  - 

■s=- 

(vii)-^-y-=o; 

/  ■■■^  ^' 
(vui)  -^  - 

-s- 

8.  On  one  sheet  of  paper  sketch  the  graphs  of  No.  7  with 
sufficient  accuracy  to  indicate  clearly  their  relations. 

9.  Make  a  table  showing  in  which  of  the  examples  of 
Nos.  5,  6,  and  7  y  is  (i)  a  single-valued,  (ii)  a  two-valued 
function  of  x. 

§  3.  Continuous  and  Discontinuous  Functions. — Let  the 
curves  in  fig.  63  be  the  graphs  of  four  different  functions. 
Let  all  the  graphs  contain  the  points  Pj  and  Pj  for  which 
X  =r  a  and  b  respectively.     Let  0,  be  unbroken  between  P, 
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and  Pj,  and  also  be  continued  unbroken  for  some  distance, 
however  short,  to  the  left  of  P^  and  the  right  of  Pj.  Then 
the  function  of  x  of  which  it  is  the  graph  is  said  to  be  con- 
tinuous between  a  and  b.  Let  Cj  run  without  a  gap  from 
Pi  to  some  distance,  however  short,  to  the  right  of  Pj,  but  be 
broken  at  Pj.  Then  the  function  of  x  of  which  it  is  the 
graph  is  said  to  be  discontinuous  at  x  =  a.  Let  Cg  and  0^ 
be  broken  by  the  gaps  indicated  by  the  dotted  lines.  Then 
the  corresponding  functions  are  discontinuous  between 
a  and  b.  If  a  function  is  to  be  described  as  a  continuous 
function  of  x,  without  qualification,  it  must  be  possible,  in  the 
first  place,  to  find  points  on  its  graph  corresponding  to  any 


Pig.  63. 


two  values  of  x,  and,  in  the  second  place,  to  say  of  the  curve 
between  them  what  has  been  said  above  about  curve  Oj. 


Examples : — 

10.  Which  of  the  functions  of  Nos.  5,  6,  and  7  is  continuous 
for  all  values  of  x,  and  which  are  continuous  only  between 
certain  values  of  a;  ? 

11.  Where  do  discontinuities  occur  in  the  follovnng 
functions  ? 

(i) 


(iii)  y  =  log  (S  -  x)  ; 

(v)  y  =  X*. 


2/x  ;        (ii)  y(x  -  3)  =  I  ; 
(iv)  y  =  il[x  +  3)(io  -  x)  ; 

12.  In  No.  11  (v)  draw  a  graph  showing  all  values  of  the 
function  from  a;=-4toa;  =  +l.  [Take  a  wide  vertical 
scale.] 
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13.  Sketch  the  graphs  of  the  following  functions  in  which 
M  =  the  integer  (positive,  negative,  or  zero)  next  above  the 
value  of  X  : — 

(i)  y  =  n  -  X  ;        (ii)  y  =  nx  ;        (ill)  y  =  v/{(-  i)"-^  x}. 

14.  Show  that  the  function 

2/2  =  x^{x  -  1) 
has  a  value  for  a;  =  0  but  that  this  value  is  isolated.     Sketch 
its  graph. 

15.  Examine  the  following  functions  for  discontinuities 
and  sketch  their  graphs  : — 

(i)  y^  =  x(x  +  2f  ;         (ii)  (y  -  3)'  =  x»(x  -  4)  5 
(iii)  y^  =  x*/(x^  -  i). 

B. 

,  §  4.  Functions  with  given  Properties. — In  all  previous 
discussions  of  the  subject  a  function  has  been  specified  and 
the  problem  has  been  to  examine  it  and  discover  certain  of 
its  properties.  It  sometimes  happens — especially  in  physical 
investigations — that  we  know  certain  properties  and  want  to 
find  a  function  which  possesses  them.  In  such  cases  all  that 
can  be  said  at  the  outset  of  the  inquiry  is  :  "  y  is  some  func- 
tion of  a; ".     To  express  this  statement  concisely  the  notation 

is  employed.  The  same  notation  is  convenient  when  we  want 
to  make  statements  about  functions  in  general  without  re- 
ferring to  particular  instances.  In  both  cases  the  notation 
"f{a)  "  is  to  be  understood  to  mean  "  the  value  of  the  function 
when  X  =  a". 

Examples : — 

16.  Write  down  the  values  of/(2)  when/(a;)  stands  for  the 
functions : — 

(i)  x^  ;        (ii)  I  -  X  +  x'' ;        (iii)  a^  ; 
(iv)  logiox;         (v)  i/(x-  2)^ 

17.  Write  down  the  values  of  /(O)  in  each  of  the  same 
cases. 

18.  A  function  is  such  that  /(«)//(«)  =  x/a  for  all  values  of 
X.  Show  that  its  graph  must  be  a  straight  line  through  the 
origin.  Hence  write  down  a  general  formula  which  includes 
all  possible  instances. 

19.  Find  by  a  similar  method  a  general  formula  including 
all  functions  such  that 
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f{x)  -f{h)  ^x-b 
f{a)  -  m      a-b- 

20.  A  function  of  x  has  the  property 

/(-)  X  fO  =  4. 

Find  what  values  it  has  (if  any)  when  x  =  1. 

21.  A  function  is  such  that 

f(j>x)  =  pf{x) 
for  all  possible  values  of  p.     Show  that  its  graph  is  a  straight 
line  through  the  origin. 

22.  Show  by  a  graphic  illustration  that  the  property 

f{2x)  =  2f(x) 
may  be  possessed  by  functions  which  are  not  linear. 

23.  Fig.  64  represents 
the  graph,  between  x  '= 
+  1  and  X  =  +  2,  of  a 
function  subject  to  the 
property  described  in 
No.  22.  Continue  the 
graph  back  towards  the 
origin  and  forwards  to 
a;  =  +  8. 

24.  Given  that  the 
function  of  No.  23  has 
also  the  property 

show  how  to  continue 
the  graph  to  the  left  of 
the  origin. 

25.  What  function  do  you  know  which  has  the  property 

f{ab)=f{a)+f{b) 
for  all  positive  values  of  a  and  b  ? 

26.  What  function  do  you  know  which  has  the  property 

f{a+b)=f{a)  x/(6) 
for  all  values  of  a  and  b  ? 

27.  A  function  of  x  has  the  property 

fipx)  =  \/{x)Y 
for  all  possible  values  of  p.     Show  that  its  graph  must  be  an 
exponential  curve.     Write  a  general  formula  including  all 
possible  instances  of  the  function. 


Pig.  64. 
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I 

28.  A  function  has  the  property 

f{2x)  =  {f{x)Y. 
Show  that  it  need  not  necessarily  be  an  exponential  function. 
Continue  the  graph  of  fig.  64  for  some  distance  both  ways 
upon  the  assumption  that  it  is  part  of  the  graph  of  a  function 
which  has  the  property  in  question.  [The  vertical  scale 
must  be  such  that  the  ordinate  at  +  1  is  4-  2  and  the  ordinate 
at  +  2  is  +  4.] 

29.  Show  that  a  function  of  the  form 

y  =  ax^  +  bx*  +  ex*  +   ... 
in  which  only  even  positive  integral  powers  of  x  occur  has 
the  property 

and  that  a  function  of  the  form 

y  =  ax  +  bx^  +  cx^  +    ... 
in  which  only  odd  powers  of  x  occur  has  the  property 

f{-x)=   -fix). 
The  first  kind  are  called  even,  the  second  odd  functions. 

30.  What  peculiarities  distinguish  the  graphs  of  even  and 
odd  functions  respectively  ? 

31.  Show  that  all  functions  of  the  form 

y  =  X" 
where  n  is  an  even  positive  integer  have  the  value  + 1-  when 
X  is  either  +  1  or  -  1.  Draw  on  one  sheet  the  graphs  of  a 
number  of  such  functions,  giving  to  n  the  values  2,  4,  6,  10. 
Draw  in  thick  lines  the  form  to  which  the  graphs  approximate 
as  n  increases. 

32.  What  property  is  possessed  by  functions  of  the  form 

2/  =  a!" 
when  n  is  an  odd  positive  integer  ?     Draw  graphs  for  these 
functions  upon  the  plan  employed  in  No.  31. 


BXBROISB  LXXVI. 
SOME  PECULIAEITIES  OP  FUNCTIONS. 

§  1.  Asymptotic  Values. — Consider  the  simple  hyperbolic 
function  y  =  1/x.  For  convenience  suppose  x  to  start  varying 
upwards  from  the  value  +  1.  Then  the  value  of  y  sinks  from 
+  1  towards  zero.  However  large  x  is  taken  y  can  never 
actually  become  zero,  but  there  is  no  value  between  +  1  and 
zero  which  it  cannot  be  made  to  assume  by  taking  x  suffici- 
ently high.  The  facts  are  expressed  by  the  verbal  statement 
that,  as  X  becomes  higher  without  limit  y  approaches  zero, 
or  by  the  symbolic  statement 

y  -^0  SiS  X  -^  +  CD. 

Next  let  X  sink  from  +  1  towards  zero.  Then  the  value  of 
y  rises  from  +  1  without  end.  There  is  no  actual  value  of  y 
corresponding  to  a;  =  0,  but  there  is  no  value,  however  high, 
which  y  cannot  be  made  to  assume  by  taking  x  sufficiently 
near  to  zero.  This  result  may  be  expressed  verbally  by  the 
statement  that  y  increases  endlessly  as  x  approaches  zero, 
or  by  the  symbolic  statement 

y  -i-  +  00  as  a;  -*•  0. 

An  alternate  way  of  stating  both  these  properties  of  the 
function  is  to  say  that  the  axes  y  =  0  and  a;  =  0  are  asymp- 
totes of  the  graph  oiy  =  1/x. 

Examples : — 


1.  Make  the  corresponding  verbal  and  symbolic  state- 
ments with  reference  to  negative  values  of  x. 

2.  Examine  the  following  functions  for  similar  peculiarities. 
Sketch  the  graph  of  each  function  and  indicate  its  asymp- 
totes : — 

40 
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('>  y  =  ^ '    (")  (y  -  ^)(^  +  s)  =  I ; 

X  +  4 

('")  y  ^  (X  -  i)(x  +  2) '         ('^>  (y  -  3)'(^  +  ')  =  '"• 
3.  Show  that  the  function  y  =  3x'^/{x  -  l){x  +  2)  may  be 
written  in  the  form 

3 

y  = 


(-S(^-D- 


Deduce  the  behaviour  of  the  function  as  a;  -^  +  1,  a;  -s>  -  2, 
X  -^  +  ca ,  X  -^  -  00.     Sketch  the  graph  of  the  function. 

4.  Examine  in  a  similar  way  the  functions  : — 

«  y  =  (x-')^'^^)  =        (")  (y  -  -)(-  +  5)^  =  lox^ ; 
(iii)  (y  +  a)''(x  -  b)  =  cx= ;        (iv)  y  =  ^^^,. 

5.  Sketch  the  graph  of  the  function 

_  ahx 

^  ~  {x  -  a){x  -  b) 
(i)  when  a=  +3,  b=  +  i;        (ii)  when  a  =  b  =  +2. 
In  the  second  ease  one  of  the  asymptotes  is  called  a  double 
asymptote.     Which  is  this  and  why  is  it  so  called  ? 

6.  Examine  the  values  assumed  by  the  following  functions 
as  X  in  turn  rises  and  sinks  endlessly,  and  approaches  zero 
from  the  positive  and  negative  sides  : — 

(i)  y  =  a^'^  -  I  ;        (ii)  y  =  log>. 

7.  Examine  the  values  of  the  function 

as  X  approaches  +  1  and  +  2  from  the  positive  and  negative 
sides. 

8.  Why  is  it  impossible  to  determine  any  value  for  the 
function 

-       a'  -  1 
^  ~  a;2  +  a;  -  2 

when  a;  =  +  1  ? 

9.  Substitute!  +  fe  for  a;  in  the  foregoing  function  and  show 
that 
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Hence  deduce  that,  as  a;  -s-  +  1,  2/  -^  i- 

Note. — Since   x^  +  x  -  2  =  {x  -  l){x  +  2)   the    student 
might  be  tempted  to  argue  that 

X  -  1 


y 


v'^  +  X  -  2 
1 


a;  +  2 
=  J  when  a;  =  +  1. 
Consideration  will  show,  however,  that  this  argument  is 
legitimate  only  when  x  -  1  represents  a  number  which  can  be 
cancelled  in  the  numerator  and  denominator  of  the  fraction. 
But  when  x  =  +  1  the  factor  x  -  1  is  zero.  Thus  the  opera- 
tion of  cancelling  becomes  impossible,  for  we  cannot  divide  by 
zero.  All  we  can  do,  therefore,  is  to  determine  by  some  such 
argument  as  the  one  indicated  in  No.  9,  the  number  which 
the  value  of  the  fraction  approaches  as  x  approaches  +  1. 
When  a;  =  +  1  the  fraction  cannot  properly  be  said  to  have  a 
value  at  all. 

10.  Examine  the  values  of  the  following  functions  when  x 
has  the  value  specified  in  each  case : — 

(i)  y  =  — T! when  X  =   -  2  ; 

^ '  x"  -  4 

....  x^  +  3x  -  4      . 

(ii)  y  =  -= when  x  =  -  4  ; 

^   '  ■'       x^  +  sx  +  4  ^  ' 

jpS    2X^   X  "t"   2 

(iii)  y  =  —. 5 when  x  =  +  i  and  when  x  =  -  i . 

\      /   J         X-'  +   2X^  -   X  -   2 

11.  Assuming  that  the  binomial  theorem  holds  good  for  all 
values  of  m,  prove  that  when 

a;"*  -  1 


'^        x  -  1 
y  ->m  as  X  -*  +  1. 

B. 

§  2.  Bate  of  Change  of  a  Function. — The  student  will  re- 
member that  by  the  gradient  of  a  curve  at  any  point  P  is 
meant  the  tangent  of  the  angle  which  the  tangent  at  P  makes 
with  the  a!-axis.  Expressed  algebraically,  it  is  the  value  of 
SylSx  for  a  distance  along  the  curve  from  P  so  small  that, 
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within  the  degree  of  accuracy  assigned,  the  co-ordinates  of 
curve  and  tangent  may  be  taken  as  identical.  If  the  curve 
is  now  regarded  as  the  graph  of  some  function,  what  is  the 
significance  of  its  gradient  at  a  point  P?  To  answer  this 
question  we  note  that  if  x,  y  are  the  co-ordinates  of  P  and 
x',  y'  the  co-ordinates  of  a  neighbouring  point  P',  then  y'  -y 
measures  the  change  in  the  value  of  the  function  as  the  inde- 
pendent variable  changes  from  x  to  x'.     Thus  the  fraction 

y'  -  y 


measures  the  average  rate  of  change  of  the  value  of  the 
function  for  the  interval  from  x  to  x'.  If  P'  is  made  to  ap- 
proach P  this  average  rate  of  change  will,  as  a  rule,  have'  a 
different  value  for  each  position  of  P,  but  a  time  will  arrive 
after  which  a  still  closer  approximation  of  P'  to  P  will  no 
longer  affect  the  value  of  the  gradient  within  the  degree  of 
accuracy  specified  for  our  calculations,  however  high  that  may 
be.  Por  all  points  on  the  curve  within  the  range  so  defined 
we  have  then,  by  definition, 

y'  -  y  _  §y 

x'  -  X       Sx' 

It  appears,  then,  that  the  gradient  at  P  may  be  interpreted  as 
measuring  the  average  rate  of  change  of  the  function  per  unit 
change  in  x  (starting  of  course  from  the  value  of  x  which 
corresponds  to  P)  when  the  interval  in  x  is  taken  so  small 
that  further  diminution  ceases  to  affect  the  value  of  the 
average  rate  within  the  degree  of  accuracy  adopted.  For 
brevity  we  may  then  speak  of  SylSx  as  measuring  the  rate 
of  change  of  the  function  for  the  value  x,  but  the  student 
must  be  careful  to  note  that  this  statement  is  merely  a  con- 
venient abbreviation  of  what  goes  before  it.^ 

In  Part  I,  Ex.  LXVIII,  we  saw  how  to  find  the  value  of 
SyjSx  when  y  is  given  as  an  explicit  function  of  x.  In 
Ex.  XLIX  the  method  was  applied  to  determine  the  formula 
for  the  tangent  at  any  given  point  of  the  corresponding  curve. 
The  following  examples,  Nos.  13-22,  illustrate  a  much  simpler 

^  The  student  will  find  it  useful  to  compare  this  argument  with 
that  employed  in  Part  I,  p.  353,  when  the  measurement  of  velocity 
was  under  consideration. 
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method  which  can  be  applied  in  cases  in  which  the  function 
contains  powers  of  x  without  amy  constant  term. 

Examples : — 

12.  Prove  that  the  graph  of  any  function  of  the  form 

y  =  ax  +  bx^  +  cx^  +    ... 
necessarily  passes  through  the  origin. 

13.  By  considering  the  part  of  the  curve  which  is  so  near 
the  origin  that  all  powers  of  x  above  the  first  may  be  neglected, 
show  that  the  tangent  at  the  origin  is  the  straight  line 

y  =  ax. 

14.  What  is  the  rate  of  change  of  the  function  when 
a;  =  0? 

15.  Find  the  formula  of  the  tangent  at  the  origin  in  the 
case  of  each  of  the  following  parabolas  : — 

(!)  y  =  2x  +  ix'' ;        (ii)  y  =  -  x  +  2x^ ; 
(iii)  y  =  I'Sx  -  o'Sx^. 
Verify  by  drawing  the  graph  of  any  one  of  the  parabolas. 

16.  Find  by  differential  formulae  the  gradient  of  each  of  the 
parabolas  of  No.  16  at  the  origin. 

17.  Do  these  results  agree  with  those  of  No.  15  ? 

18.  Find  the  rate  of  change  of  each  of  the  following 
functions  when  x  =  0  :  (i)  y  =  3x  -  2a;^  +  x^ ;  (ii)  y  =  2x^ 
-  5a!. 

19.  Prove  that   the  a;-axis  is   a  tangent   to  each  of  the 
curves,  (i)    y  =  ax^ ;    (ii)   y  =  ax^ ;   (iii)   y  =  ax^  +  bx  + 
cx^  +   ... 

20.  Verify  that  the  parabola 

y  =  2  -  ix  -  3x^ 
passes  through  the  point  ( -  1,  +  3).  Shift  the  parabola  hori- 
zontally and  vertically  so  that  this  point  of  the  curve  becomes 
at  the  origin.  Find  the  formula  of  the  tangent  to  the  parabola 
in  its  present  position.  By  shifting  the  parabola  back  to  its 
original  position  deduce  the  formula  of  the  tangent  at  the 
point  (-  1,  +  3). 

21.  Show  that  the  point  {p,  ap^)  is  situated  on  the  parabola 
y  =  ax^,  and  use  the  method  of  No.  20  to  find  the  formula  of 
the  tangent  at  that  point. 

22.  Use  the  method  of  No.  20  to  find  the  formula  for  the 
tangent  at  the  point  (  +  2,  -  1)  on  the  graph  of 

2/  =   -  10  +  12-5a;  -  6x^  +  x\ 
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Deduce  the  rate  of  change  of  the  function  when  x  =  -  1. 
Verify  by  finding  the  value  of  SylSx  in  the  ordinary  way. 

C. 

§  3.  Singular  Values  of  a  Function. — Consider  the  curve 
described  by  the  formula 

y^  —  ix^  -  x^ 
which  evidently  passes  through  the  origin.  If  we  attempt  to 
apply  to  it  the  method  of  §  4  in  order  to  determine  the 
tangent  at  the  origin,  we  are  baffled  by  the  fact  that  each 
term  of  the  formula  involves  a  power  of  a;  or  of  j/  above  the 
first.  It  would  seem,  therefore,  that  nothing  is  to  be  learnt 
by  considering  a  portion  of  the  curve  so  near  the.  origin  that 
powers'  of  the  variables  above  the  first  may  be  neglected. 
But  if  we  take  into  account  such  a  length  of  the  curve  that 
although  the  third  powers  of  the  variables  may  be  neglected 
the  second  must  be  retained,  we  find  that 

2/2  =  4.a;2  or  y^  -  ix^  =  0. 
But  y^  -  ix^  =  0  gathers  into  a  single  formula  the  descrip- 
tions of  the  two  straight  lines  whose  formulae  are  y  -  2x  =  0 
and  y  +  2x  =  0;  for  if  any  pair  of  values  of  x  and  y  satisfies 
either  of  the  two  latter  equations  it  also  satisfies  the  equation 
y2  _  43,2  _  0.     "We  conclude  that  the  part  of  the  curve 

2/2  =  4a;2  -  x^ 
which  is  very  near  to  the  origin  may  be  considered  to  coin- 
cide with  the  pair  of  lines  y  =  2x  and  y  =  -  2x. 

This  striking  result  can  only  mean  that  the  curve  has  two 
branches  which  intersect  in  the  origin,  each  branch  having 
its  own  tangent.  We  can  also  express  it  by  saying  that  when 
X  =  0  the  rate  of  change  of  the  function  y^  =  4a;2  -  x^  is 
ambiguous.  It  has  two  distinct  values  corresponding  respec- 
tively to  two  distinct  branches  of  the  function. 

A  point  at  which  there  are  two  or  more  tangents  to  a  curve 
is  called  a  singular  point.  We  may  call  the  corresponding 
value  of  the  function  a  singular  value. 

Examples : — 

23.  Verify  the  foregoing  interpretation  by  plotting  the 
graph  of  the  function  y'^  =  ix^  -  x^  and  adding  the  lines 
y  =  +  2x  and  y  =  -  2x. 

24.  Show  that  the  function 

2/2  =  a;2  -1-  ^x^ 
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has  a  singular  value  when  133  =  0.    What  are  the  two  gradients 
or  rates  of  change  of  the  function  ?     Sketch  its  graph. 

25.  Show  that  the  point  (  +  1,  0)  is  situated  on  the  graph  of 

y^  =  x{x  -  Vf. 
Prove  by  the   method  of  No.    20  that  the   function  has   a 
singular  value  when  a;  ==  +  1.      What  are  the  two  rates  of 
change  ?     Sketch  the  graph. 

26.  Find  the  tangents  at  the  origin  in  the  case  of  the 
graph  of 

y^  =  aV  +  bx^. 
What  do  they  become  when  a  =  0  ? 

27.  Illustrate  your  conclusion  in  No.  26  by  drawing  the 
graph  of 

[The  singular  points  in  Nos.  23-25  are  called  nodes ;  'the 
one  in  the  present  example  is  called  a  cusp.] 

28.  Examine  the  rate  of  change  of  the  function 

4(2/  -  xY  =  «" 
when  a;  =  0.     Illustrate  your   conclusion  by   sketching  the 
graph  of  the  function. 

29.  Show  that  the  graph  of  the  function 

y^  =  x^  -  x^ 
has  a  cusp  at  the  origin.     How  does  it  differ  from  the  one 
in  No.  27  ? 

30.  In  Ex.  LXXV,  No.  14,  you  proved  that  the  origin  is  an 
isolated  point  of  the  graph  of  y'^  =  x\x  -  1).  Show  that  the 
same  conclusion  could  be  reached  by  the  method  used  to  find 
the  tangents  at  the  origin. 


EXEECISE  LXXVII. 
FUNCTIONS  OF  TWO  VAEIABLES.. 

§  1.  ^  Three-dimensioned  Graph. — If  Z  yards  of  a  certain 
material  are  bought  at  a  price  of  p  shillings  per  yard  the  total 
cost  in  pounds  is  given  by  the  formula 

C  =  ^pl. 
Supposing  that  you  wish  to  exhibit  graphically  the  facts  con- 
tained implicitly  in  this  formula,  how  will  you  proceed  ? 
The  following  is  one  method  which  is  likely  to  suggest  itself. 
Assign  to  0  a  deiinite  value — for  example  the  value  1 — and 
plot  a  graph  for  the  values  of  p  and  I  which  correspond  to  it. 
Next  assign  to  C  the  value  2,  and  again  plot  a  graph  exhibiting 
all  the  pairs  of  values  of  p  and  I  compatible  with  it.  Eepeat 
the  process,  putting  C  =  3,  C  =  4,  etc.,  in  succession.  The 
final  result  will  evidently  be  a  series  of  "  inverse  proportion 
curves  "  or  ■  rectangular  half-hyperbolas,  each  of  which  cor- 
responds to  a  certain  total  cost  and  may  be  labelled  with  a 
number  stating  its  amount  in  pounds.  If  we  want  to  read 
from  the  graph  the  cost  of  a  given  length  of  the  material  at  a 
given  price  we  have  only  to  find  the  point  whose  co-ordinates 
are  the  given  values  of  p  and  I  and  read  the  label  of  the  graph 
on  which  the  point  lies. 

There  is  an  obvious  defect  in  this  plan,  namely,  that  the 
graphs  correspond  only  to  certain  selected  values  of  the  total 
cost.  Moreover,  the  defect  is  inherent,  not  accidental.  For 
if  a  hyperbola  were  drawn  corresponding  to  every  conceivable 
total  cost  every  point  of  the  paper  would  be  occupied,  and 
the  separate  graphs  would  be  lost  in  a  uniform  layer  of  ink  ! 
In  practice  the  difficulty  here  suggested  would  not,  of  course, 
be  serious.  If  the  hyperbolas  were  drawn  at  fairly  small 
intervals  the  total  cost  represented  by  a  point  which  lies 
between  two  of  them  could  be  determined  with  sufficient 
accuracy  by  interpolation.     Nevertheless  the  plan  remains 
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unsatisfactory  from  the  theoretical  standpoint  and  it  is  worth 
while  inquiring  how  it  may  be  amended. 

A  simple  device  for  this  purpose  will  probably  be  at  once 
suggested.  Let  the  semi-hyperbolas,  instead  of  lying  all  in 
one  plane  of  the  graph,  be  separated  and  made  to  lie  in  a  series 
of  parallel  planes.  For  example,  let  the  graphs  corresponding 
to  0  =  1,  C  =  2,  C  =  3,  etc.,  he  exactly  above  their  present 
positions  in  planes  raised  1,  2,  3,  etc.,  scale  divisions  above 
the  plane  of  the  graph  proper.  This  plan  would  permit  the 
interpolation  of  an  endless  number  of  other  curves  without 
danger  of  confusion,  for  each  curve  would  lie  in  its  own  plane. 
It  is  evident  that  the  whole  assemblage  of  the  possible  curves 
marks  out  the  surface  of  a  solid  figure  lying  in  the  solid  angle 
marked  out  by  the  sheet  upon  which  the  curves  were  origin- 
ally drawn,  and  perpendicular  planes  through  the  ^-axis  and 
the  Z-axis.i  The  curves  ^pl  =  1,  ^pl  =  2,  -^pl  =  3,  etc.,  may 
be  pictured  as  running  along  the  surface  of  this  solid  like 
"  contour  lines  "  along  a  hill-side.  The  surface  itself  may  be 
regarded  as  a  three-dimensional  graph  showing  the  connexion 
between  the  price  and  length  of  the  material  bought  and  the 
total  cost. 

Examples  :— 

A. 

1.  Draw  a  series  of  diagrams  showing  the  sections  of  the 
surface  made  (i)  by  the  ^Z-plane  ;  (ii)  by  a  plane  ^  of  a  scale- 
unit  above  the  ^Z-pane  ;  (iii)  by  a  plane  5  units  above  it ; 
(iv)  by  a  plane  20  units  above  it.  Indicate  the  traces  of  the 
perpendicular  planes  by  dotted  lines. 

2.  What  can  be  said  about  the  asymptotes  of  these  and  all 
similar  sections  of  the  surface  ? 

3.  How  do  you  deduce  from  the  formula  G  =  -^pl  a  formula 
giving  the  cost  of  different  lengths  of  the  material  when  the 
price  is  10s.  per  yard  ? 

4.  By  what  process  could  you  obtain  from  the  solid  figure 
the  graph  which  corresponds  to  the  formula  of  No.  3  ? 

5.  How  could  you  obtain  from  the  surface  a  graph  exhibit- 

^  The  line  (perpendicular  to  the  original  sheet)  in  which  these 
two  planes  intersect  may  be  called  the  C-axis .  The  planes  bounded 
by  the  three  axes  may  be  called  the  pJ-plane,  the  pC-plane,  and  the 
C2-plane  respectively. 
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ing  the  cost  of  10  yards  of  the  material  at  different  prices  per 
yard? 

6.  Show  that  the  section  of  the  surface  by  a  plane  parallel 
either  to  the  ^0-plane  or  the  OZ-plane  is  a  straight  line  whose 
gradient  is  directly  proportional  to  the  distance  between  the 
planes. 

§  2.  Functions  of  Two  Variables. — It  is  obvious  that  the 
connexion  between  the  length,  price,  and  total  cost  of  the 
material  in  this  example  is  merely  one  concrete  instance  of  a 
type  of  connexion  of  which  an  indefinite  number  of  other 
instances  could  be  found  or  invented.  In  other  words,  it  is  an 
instance  of  a  function.  Comparing  it  with  the  functions  pre- 
viously studied,  we  note  that  it  involves  not  two,  but  three 
variables,  of  which  two  (namely,  the  price  and  the  length) 
must  be  regarded  as  independent,  and  the  third  dependent 
upon  the  values  of  these  two.  If,  therefore,  we  wish  to  give 
a  symbolic  expression  of  this  function  without  referring  to 
any  particular  variables  which  may  happen  to  illustrate  it, 
we  must  add  a  third  symbol  to  the  familiar  x  and  y.  The 
symbol  z  is  the  one  naturally  chosen.  It  is  generally  con- 
venient to  use  X  and  y  as  the  symbols  of  the  two  independent 
variables,  and  z  as  the  symbol  for  the  value  of  the  function  of 
X  and  y.  Thus  the  connexion  studied  in  §  1  is  to  be  con- 
sidered as  an  instance  of  the  function 

»  =  ^y- 

Examples : — 

7.  Show  that  the  formula  C  =  -^pl  occupies  only  part  of 
the  field  of  the  function  z  =  -^xy. 

8.  How  must  the  graphic  surface  studied  in  §  1  be  supple- 
mented so  as  to  represent  the  whole  field  of  the  function 

9.  The  complete  graphic  surface  corresponding  to  the 
function  z  =  4:xy  has  been  constructed.  Show  in  separate 
diagrams  the  cross-sections  of  this  surface  by  the  planes 
(i)  z  =  +  1,  (ii)  z  =  +  i,  (iii)  2  =   -  4,  (iv)  «  =  -  25. 

10.  Draw  diagrams  showing  the  cross- sections  of  the 
surface  by  the  planes  (i)  y  =  +  1,  (ii)  2/  =  +4,  (iii)  y  =  -  8. 

11.  Draw  diagrams  showing  the  cross-sections  of  the  surface 
by  the  planes  (i)  x  ~  +  3,  (ii)  x  =  -  5. 
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12.  Show  that  through  every  point  of  the  graphic  surface 
of  z  =  axy  a  straight  line  can  be  drawn  so  as  to  he  wholly  in 
the  surface.  [A  surface  which  has  this  property  is  called  a 
ruled  surface.] 

13.  Three  persons,  A,  B,  and  C,  have  drawn  upon  thin 
card  or  metal  a  number  of  equidistant  sections  of  the  graphic 
surface  corresponding  to  the  formula  i*=  axy.  A's  sections 
are  like  those  of  No.  9,  B's  like  those  of  No.  10,  C's  like  those 
of  No.  11.  Explain  how  each  person  might  proceed  to  con- 
struct from  his  sections  a  complete  model  of  the  graphic 
surface. 

14.  Consider  any  one  of  the  hyperbolic  sections  drawn  in 
No.  9.  Let  0  be  the  intersection  of  its  asymptotes — that  is, 
the  point  where  the  z-axis  cuts  the  plane  of  the  section.  It 
was  shown  in  Part  I,  Ex.  LXV,  that  if  the  curve  is  rotated 
about  0  through  an  angle  a  it  will  correspond  in  its  new  posi- 
tion to  the  formula  obtained  by  substituting  x  cos  a  +  y  sin  a 
for  X  and  y  cos  a  -  a;  sin  a  for  y  in  the  original  formula.  It  is 
evident  that  if  these  substitutions  for  x  and  y  are  made  in  the 
formula  z  =  axy  the  resulting  formula  must  describe  the 
graphic  surface  after  it  has  been  rotated  as  a  whole  about 
the  0-axis. 

The  graphic  surface  corresponding  to  z  —  axy  is  rotated 
through  45°  in  the  clockwise  direction.  Show  that  it  now 
corresponds  to  the  formula 

z=  lif-x-^). 

15.  Show  that  in  the  new  position  of  the  surface  any  plane 
parallel  to  either  the  yz--pl&ne  or  the  «a;-plane  cuts  it  in  a 
parabola,  and  any  plane  parallel  to  the  xy--p\a,ne  in  a  hyper- 
bola. 

[On  account  of  these  two  properties  the  surface  is  called  a 
hyperbolic  paraboloid.] 

16.  How  do  the  parabolas  included  in  one  of  the  two  sets 
of  sections  (i)  resemble  one  another,  (ii)  differ  from  one  an- 
other ?  How  do  the  parabolas  of  the  one  set  resemble  and 
differ  from  those  of  the  other  set  ? 

17.  In  what  directions  must  a  plane  now  be  drawn  in  order 
to  cut  the  surface  in  a  straight  line  ? 

18.  Determine,  by  examining  the  sections  made  by  planes 
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parallel  to  the  co-ordinate  planes,  how  the  hyperbolic  para- 
boloid corresponding  to  the  function 

differs  from  the  one  hitherto  studied. 

19.  Is  it  possible  to  rotate  the  surface  described  in  No.  18 
about  the  «-axis  into  a  position  in  which  planes  parallel  to 
either  of  the  co-ordinate  planes  will  cut  it  in  straight  lines  ? 
[Note  that  your  result  suggests,  though  it  does  not  fully  prove, 
that  a  hyperbolic  paraboloid  is  a  ruled  surface  only  if  its  hyper- 
bolic sections  are  rectangular  hyperbolas.] 

20.  Give  a  general  account  of  the  sections  made  by  planes 
parallel  to  the  co-ordinate  planes  in  the  case  of  each  of  the 
graphic  surfaces  which  correspond  to  the  following  formulae  ■ — 

(i)  z  =  ?5  ;  (ii)  z   =  £  ; 


y  '  2x 

x^ 

4 


(iii)  z  =  -  -  '-;       (iv)  z"  =  —  -  37- 


B. 

§  3.  Oraphic  Surfaces  of  the  First  and  Second  Degrees. — 
It  will  now  be  evident  that  there  is  a  characteristic  graphic 
surface  corresponding  to  every  explicit  function  of  two  vari- 
ables and  to  every  implicit  function  involving  three  variables. 
The  following  examples  deal  with  the  simpler  of  these  sur- 
faces. They  are  confined  to  those  which  are  the  graphic  ex- 
pression of  functions  of  the  first  or  second  degrees.  Such 
surfaces  are  themselves  said  to  be  of  the  first  or  the  second 
degree,  as  the  case  may  be. 

Examples : — 

21.  A  plane,  originally  coincident  with  the  xy--pla,ne,  re- 
volves about  the  y-&%is  through  an  angle  of  a.  Show  that  it 
corresponds  to  the  formula  e  =  ax  where  a  =  tan  a. 

22.  The  same  plane  rotates  from  its  original  position  about 
the  a;-axis  through  an  angle  whose  tangent  is  h.  Write  down 
its  formula. 

23.  A  plane,  originally  coincident  with  the  «a;-plane,  rotates 
about  the  .j-axis  through  an  angle  whose  tangent  is  c.  Write 
down  its  formula. 

24.  Describe  the  position  of  the  graphic  surfaces  which 

4* 


52  ALGEBRA 

correspond    to    the    formulae :    (i)     z  =  O'Sa;,    (ii)    y  =  2«, 
(iii)  X  =  l-5y. 

25.  The  plane  z  =  2y  is  rotated  about  the  z-axis  through 
the  angle  whose  sine  is  3/5  (i.e.  36°  52').  Write  down  the 
formula  which  describes  it  in  its  new  position. 

26.  The  graphic  surface  of  a  function  of  two  variables  is  a 
plane  passing  through  the  origin,  and  inclined  at  an  angle  of 
45°  to  the  a;2/-plane.  Its  line  of  intersection  with  that  plane 
makes  an  angle  of  22°  37'  with  the  j/-axis.  Find  the  formula 
of  the  function. 

27.  The  plane  of  No.  25,  after  being  rotated,  is  moved 
parallel  to  itself  in  such  a  way  that  every  point  travels  +  3 
scale -units  parallel  to  the  ai-axis.  To  what  formula  does  it 
now  correspond  ?  What  is  the  formula  of  the  line  in  which 
it  cuts  (i)  the  as^z-plane,  (ii)  the  j/a-plane  ? 

28.  The  plane  of  No.  26  is  shifted  so  that  every  point  travels 
-  5   scale-units  parallel  to   the  z-axis.     Write   down   the 

formula  which  now  describes  it.     Give  also  the  formulae  of  its 
intersections  with  the  three  co-ordinate  planes. 

29.  The  plane  whose  formula  is 

«  =  ia;  -  k  +  2 
is  to  be  moved  parallel  to  the  a;-axis  until  its  line  of  intersec- 
tion with  the  a;2/-plane  passes  through  the  origin.  Through 
what  distance  must  it  be  moved,  and  what  will  then  be  its 
formula  ?  It  is  now  to  be  rotated  about  the  2-axis  until  the 
same  line  is  coincident  with  the  j^-axis.  Through  what  angle 
must  it  be  turned,  and  what  will  be  its  final  formula  ?  What 
is  the  angle  between  the  plane  and  the  ic^z-plane  ? 

30.  Determine  by  the  method  of  No.  29  the  angles  between 
the  a;i/-plane  and  the  planes 

(i)  2x  -  37  H-  4z  -  I  =  o  ;        (ii)   3x -1-7-42 -1-9  =  0; 
(iii)  i  =  ax  -t-  by  -1-  c. 

C. 

31.  The  graphic  surface  corresponding  to  a  certain  implicit 
function  involving  three  variables  is  a  sphere  of  radius  r  with 
its  centre  at  the  origin.     What  is  the  formula  of  the  function  ? 

32.  The  sphere  of  No.  31  is  cut  by  the  plane  z  =  a.  Find 
by  algebraic  substitution  the  shape  and  size  of  the  section. 
Confirm  your  conclusion  by  a  geometrical  investigation. 

Note. — Strictly  speaking,  the  formula 
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IBS   +   2/2  =    r2    -   ffl2 

describes,  not  the  section  of  the  sphere  by  the  plane,  but  the 
projection  of  that  section  upon  the  aiy-plane.  To  describe 
the  section  itself  we  must  give  not  only  the  formula 
x'^  +  y^  =  r^  -  a^,  but  also  the  formula  z  =  a.  For  if  the 
sphere  were  raised  or  lowered  the  section  whose  projection  is 
a;^  +  2/2  _  J.2  _  ^2  ^ould  be  produced  by  a  different  plane, 
and  would,  therefore,  be  in  a  different  position. 

33.  The  sphere  x^  +  y^  +  z^  =  r^  is  cut  by  the  plane 
z  =  ay.  Determine  the  projections  of  the  section  upon  each 
of  the  three  co-ordinate  planes.  Explain  the  nature  of  your 
results.  If  you  were  asked  to  describe  the  section  itself  by 
formulae  what  reply  would  you  give  ? 

84.  The  sphere  x^  +  y^  +  z^  =  100  is  cut  by  the  plane 
z  =  ^x  +  ^y  -  1.  Find  the  formulae  which  describe  the 
projections  of  the  section  upon  the  co-ordinate  planes.  Give 
two  alternative  descriptions  of  the  section  itself. 

35.  How  would  you  describe  a  straight  line  which  does 
not  lie  in  any  of  the  co-ordinate  planes  ?  Compare  the 
method  with  the  one  employed  in  describing  the  position  of 
a  point  in  a  plane. 

36.  A  graphic  surface  corresponds  to  the  implicit  function 

x^  +  y^       •^^  _  1 
a^       "^  P  "    • 

Investigate  its  sections  by  the  co-ordinate  planes  and  by 
planes  parallel  to  them. 

37.  Prove  that  if  the  surface  described  in  No.  36  is  rotated 
about  the  «-axis  through  any  angle,  the  formula  corresponding 
to  it  remains  the  same.  Deduce  that  the  surface  could  be 
produced  by  the  rotation  of  a  certain  ellipse  about  a  certain 
line. 

38.  The  surface  is  called  a  spheroid.  If  a<&  the  spheroid 
is  prolate,  if  a>b  it  is  oblate.  What  do  you  know  about 
the  figure  of  the  earth  ? 

39.  Investigate  the  nature  of  the  sections  of  the  surface 

a;2       «2      z'^     , 
—  +  - — I-  —  =  1 

made  by  planes  parallel  to  the  three  co-ordinate  axes.  The 
surface  is  called  an  ellipsoid.     The  origin  is  its  centre. 
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40.  How  could  a  sphere  be  converted  (i)  into  a  spheroid  ; 
(ii)  into  an  ellipsoid  ? 

41.  The  parabola  z  =  ax^  is  rotated  about  the  «-axis.  Give 
the  formula  of  the  resulting  surface  (called  a  paraboloid  of 
revolution). 

42.  How  does  the  surface  whose  formula  is 

^       if 

differ  from  (i)  a  paraboloid  of  revolution,  (ii)  a  hyperbolic 
paraboloid  ?     What  name  do  you  suggest  for  it  ? 

43.  The  hyperbol  ^  =  1  is  rotated,  first  about  the 

c 

2-axis,  and  next  about  the  a;-axis.  Write  down  the  formulas 
of  the  resulting  surfaces.  They  are  hyperboloids  of  revo- 
lution ;  the  former  a  hyperboloid  of  one  sheet,  the  latter  a 
hyperboloid  of  two  sheets.  Explain  these  terms  by  refer- 
ence to  the  nature  of  the  sections  of  the  surface. 

44.  How  do  the  surfaces  described  by  the  formulae 

differ  from  those  of  No.  42  ? 

45.  The  surfaces  whose  formulae  are 

are  all  called  cones.  Which  of  them  is  the  surface  ordinarily 
thought  of  as  a  cone  ?  How  do  the  other  two  differ  from 
and  resemble  the  ordinary  cone  ? 

46.  The  ordinary  or  circular  cone  whose  formula  is 

a!2  +  2/2  -  pz^  =  0 
is  cut  by  the  plane  «  =  aa;  +  6.  Show,  by  examining  its  pro- 
jection upon  the  a32/-plane,  that  the  section  is  an  ellipse  if  a  is 
less  than  1/p,  a  hyperbola  if  a  is  greater  than  Ijp,  and  a  para- 
bola if  a  =  1/p.  [The  ellipse,  hyperbola,  and  parabola  are 
called  conic  sections  on  account  of  this  relation  to  the 
circular  cone.] 


BXBECISB  LXXVIII. 
THE  DEVELOPMENT  OP  ALGEBRAIC  SYMBOLISM. 

§  1.  Algebra  and  Language. — Anyone  who  reflects  upon 
the  nature  and  history  of  algebra  is  bound  to  be  struck  by  the 
resemblance  between  its  development  and  that  of  a  spoken 
language.  Thus  new  symbols  come  into  use  in  much  the 
same  circumstances  as  new  words.  Sometimes  the  new  word 
is  invented — like  the  word  "  aeroplane  " — to  describe  an  en- 
tirely new  thing.  To  this  invention  we  may  liken  the  intro- 
duction of  the  symbol  8y/8x  in  Ex.  XL VIII.  At  other  times, 
like  the  word  "boycott"'  (taken  from  the  name  of  a  land- 
owner, in  the  Irish  troubles  of  1880),  the  new  term  obtains 
currency  because  it  enables  us  to  refer  more  precisely  and 
concisely  than  before-  to  something  which  may  not  be  novel 
in  itself  but  has  suddenly  acquired  a  novel  importance  and 
become  the  subject  of  frequent  discussion.  In  the  same  way 
the  symbol  a"  was  introduced .  into  algebra  as  a  means  of  re- 
ferring precisely  and  concisely  to  the  operation  of  repeated 
multiplication  by  the  same  number. 

Another  instructive  similarity  between  algebra  and  a  spoken 
language  will  be  found  in  the  way  in  which  the  original 
meaning  of  words  and  symbols  extends  in  the  course  of  their 
use.  A  simple  instance  of  this  familiar  phenomenon  in  the 
history  of  words  is  offered  by  the  word  comprehend  which 
originally  (in  Latin)  meant  to  grasp  physically,  as  with  the 
hand,  but  afterwards  came  to  signify  also  the  analogous  act 
of  "  grasping  with  the  mind  ".  With  this  extension  we  may 
compare  the  use  of  the  symbolism  y  =  a'  to  represent  the 
fact  that  X  is  the  logarithm  of  y  to  the  base  a  (or  that  y  is  the 
antilogarithm  of  x).  We  are  here  a  long  way  from  the  simple 
idea  of  repeated  multiplication  by  a,  but  to  anyone  who  has 
followed  the  theory  of  logarithms  this  extension  of  the  original 
use  of  the  symbolism  is  as  natural  as  the  extension  of  the 
meaning  of  "  comprehend  ". 
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Power-indices  illustrate  so  well  the  conditions  under  which 
the  development  of  the  meaning  of  symbols  occurs  that  it  will 
be  profitable  to  review  here  the  course  of  our  dealings  with 
them. 

§  2.  Steps  in  the  Development  of  Indices. — At  the  outset 
of  our  work  in  Algebra  the  index  was  used  only  as  a 
concise  way  of  indicating  repeated  multiplication.  Thus 
Pa"  was  regarded  merely  as  a  condensation  of  the  symbolism 
IP  xa  X  a  X  a  X  a  .  .  .  when  the  factor  a  occurs n  times ; 
it  was,  therefore,  necessarily  a  non-directed  whole  number. 
At  a  later  stage  this  use  of  the  index  was  extended  to  include 
repeated  division  as  well  as  repeated  multiplication.  Thus  if 
n  =  +  p  {n  being  now  a  directed  but  p  a  non-directed 
number)  Pa"  was  defined  to  mean  Pxaxax.ax.  .  .  (p 
times),  while  if  m  =  -  p  the  same  symbolism  was  defined  to 
mean  (  (  (  (P  -^  a)  -r-  a)  -r  a)  -r-  a)  ...  {p  times).  In  this 
way  the  index  became  a  directed  number  capable  of  assuming 
any  value,  positive  or  negative,  provided  that  it  was  integral. 

Lastly  came  the  extension  of  the  Ex.  LVIII.  The  index 
was  once  more  re-defined  so  that  a"  should  mean  the 
number  whose  logarithm  is  n  .to  the.  base  a  or  the  anti- 
logarithm  of  n  to  base  a.  Since  a  logarithm  to  any  base  was 
shown  to  be  capable  of  assuming  any  value,  it  followed  that 
with  this  meaning  the  index  could  be  any  number,  positive  or 
negative,  integral  or  fractional. 

It  should  be  noted  that  each  of  these  fresh  definitions  of 
the  index  includes  each  of  the  previous  ones.  Thus  if  Pa"  is 
taken  to  mean  P  x  (the  number  whose  logarithm  is  n  to  base 
a),  it  also  means,  when  n  is  integral,  w-fold  multiplication  or 
division  by  a. 

These  extensions  of  the  meaning  or  definition  of  the  index 
were  successively  proposed  because  they  promised  to  be  useful. 
But  before  adopting  them  it  was  necessary  in  each  case  to  make 
sure  that  the  index  as  newly  defined  would  still  obey  the  old 
laws.  If  p  and  q  are  non-directed  numbers,  p  being  >  q,  then 
P  X  a*  X  a'  =  P  X  a*  +  »  and  P  x  a*  -r-  a"  =  P  x  a'-".  If 
these  rules  could  not  be  shown  to  continue  to  hold  good  when 
the  use  of  the  index  was  extended,  with  the  second  definition, 
to  include  positive  and  negative  integers,  and,  with  the 
third  definition,  to  include  all  numbers,  these  extensions  would 
not  have  been  worth  making.     Intended  to  produce  simplicity 
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they  would  actually  have  produced  confusion.  Thus  each 
extension  was  adopted  only  after  it  had  been  shown  that 
newly  defined  indices  would  still  follow  the  old  laws. 

Examples  : — 

1.  Prove  that  if  the  symbol  a~"  is  defined  to  mean  n  suc- 
cessive divisions  by  the  number  a,  it  will  combine  in  accord- 
ance with  the  laws  of  indices  both  with  a"""  and  with  a"'. 
(Both  m  and  n  are,  of  course,  positive  integers.) 

2.  The  symbols  a"  and  a"  (where  m  and  n  may  have  any 
value)  are  defined  as  to  mean  the  logarithms  of  two  numbers 
M  and  N  to  the  base  a.  Prove  that  the  symbols  obey  the 
law  of  indices. 

3.  Point  out  the  difference  between  the  original  use  of  the 
symbol  x  in  such  expressions  as  3  x  4  (which  may  be  read 
as  "  four  times  three  ")  and  its  use  in  such  expressions  as 
f  X  ^.  What  is  the  analogy  which  led  to,  and  justified,  the 
extension  of  the  original  meaning  of  the  symbol  ? 

4.  Bring  out  the  difference  in .  meaning  of  the  sign  plus  in 
the  expressions  5-1-7  and  a  +  b,  a  and  b  being  directed 
numbers.  Explain  how  rules  may  be  determined  for  calculat- 
ing the  value  oi  a  +  b  when  given  directed  numbers  are 
substituted  for  the  symbols. 

5.  Discuss  similarly  the  uses  of  the  minus  in  such  expres- 
sions as  7  -  2  and  a  -  b. 

6.  Point  out  the  novelty  introduced  when  a  and  b  in  the 
symbolism  ab  are  taken  to  refer  to  directed  numbers.  Ex- 
plain how  the  "rule  of  signs"  may  be  determined  in  this 
case. 

§  3.  Another  Method  of  Development. — The  development  of 
the  use  and  theory  of  indices  just  recapitulated  offers  a  good 
example  of  the  way  in  which  the  fundamental  forms  of 
algebraic  symbolism  have  actually  grown  up.  The  principle 
governing  the  growth  is,  as  we  have  seen,  that  extensions 
beyond  the  original  meaning  of  the  symbols  are  made — as 
in  the  case  of  words — when  they  are  needed.  There  is,  how- 
ever, always  another  very  different  way  in  which  the  develop- 
ment of  the  meaning  of  symbols  might  have  taken  place,  and 
in  some  cases   has  actually  done  so.     This  second  mode  of 
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development  might  have  been  followed  in  our  treatment  of 
power-indices.  We  might,  as  before,  have  begun  by  adopting 
"  X  a""  as  a  concise  method  of  expressing  the  operation 
"  X  a  "  performed  n  times  in  succession.  From  this  definition 
the  laws 

a"  X  a"  =  0"+"  and  a"  -r  rt"  =  oT'" 
would  have  been  deduced,  m  and  n  being  non-directed  numbers 
and  w  >  «.  We  might  then  have  raised  the  question  :  In  the 
symbolism  a"  is  it  possible  to  suppose  that  n  is  other  than  a 
non-directed  whole  number  ?  In  other  words.  Is  it  possible  to 
find  a  new  meaning  for  a"  which  will  permit  the  assumption 
by  n  of  {a)  fractional  values,  (6)  negative  values  ?  Any  attempt 
to  answer  this  question  must,  as  before,  be  based  upon  the 
principle  that  though  the  meaning  of  the  notation  may  change, 
the  laws  of  combination  established  for  it  must  remain  intact. 
With  this  understanding  the  argument  might  have  run  as 
follows  : — 

(a)  Let  ^  be  a  non-directed  number.  It  is  required  to  find 
what  meaning,  if  any,  can  be  attached   to   the   symbolism 

Since  the  symbolism  is  to  obey  the  laws  of  indices,  we  have 
P  X  {a".^y  =  P  X  a^'"  X  aV'  X    ...  {ji  times) 
=  P  X  a^'*"^ 
=  P  X  a 
from  which  it  appears  that 

a}"'  =  ^a.         .         .         .  (i) 

Next  let  q  be  another  non-directed  number,  and  let  it  be 
required  to  find  the  value,  if  any,  of  the  symbolism  a'"'*.  By 
the  laws  of  indices  we  have 

P  X  a"'"  =  P  X  (a^")" 

=  P  X  ( IJaY  by  (i)  above 
whence  a""  =  ( ijaf  .         .         .  (ii) 

But  we  might  also  argue  thus : — 

P  X  a","  =  P  X  {a^f!' 

=  P  X    ^a"  by  (i)  above 
whence  a","  =   ^a"  .         .         .         (ii)' 

It  is  easy  to  show  that  results  (ii)  and  (ii)'  are  equivalent. 
Let  a  =  h^so  that  ^a  =  h.  Then  (^a)"  =  h",  while 
^a"  =   4/fc"  =  h"  again. 


EXEECISB  LXXVIII  59 

Thus  meanings  consistent  with  the  first  law  of  indices  and 
with  one  another  can  always  be  found  for  a"  when  w  is  a  non- 
directed  number. 

Moreover,  if  p,  q,  r,  s,  are  all  non-directed  numbers,  the 
expressions  a*"  and  a''"  interpreted  as  above  can  be  shown  to 
follow  the  laws  of  indices  in  their  combinations.  By  these 
laws,  if  p/q  >  r/s,  we  have 

dP/i  X  a'''  =  a  '»/«+'■/*'  =  q(p'+''i)ii' 
and 

gpM  ^  a'''  =  a^i'-'l'^  =  a.'*' -••«)/!(•. 

Let  a  =  h"'  so  that  h  =  X/"' 

then  <xi'«  =   4/a  =   ^h''  =  h' 

and  a"!^  =  («!/«)''  =  h'". 

Similarly  a'''  =  h"'. 

Thus  a"!^  X  a'/'  =  h"'  x  h^ 

=  h'"+'^. 

But  gif  +  ir)/!,    _    /f^l/s'\(l"  +  tr) 

Hence  a"'^  x  a'/'  =  a^i'+'f)  in  accordance  with  the  first 
law  of  indices. 

In  exactly  the  same  way  it  can  be  shown  that  a'''^  -r-  a'l'  — 
Q^ip/i-rM  jjj  accordance  with  the  second  law  of  indices.  We 
conclude  that  fractional  non-directed  indices,  with  the  mean- 
ings assigned  to  them  above,  may  be  combined  with  one 
another  in  exactly  the  same  way  as  integral  indices. 

(b)  Let  p  be  any  non-directed  or  positive  number,  integral 
or  fractional.  It  is  now  required  to  find  what  meaning,  if  any, 
can  be  attached  to  the  symbolism  a~'-  Let  q  be  any  other 
non-directed  or  positive  number.  Then  if  the  symbolism 
a  "^  is  to  obey  the  two  laws  of  indices,  we  should  have 

a"*'  X  a-"  =  a' 

Both  of  these  conditions  would  be  satisfied  if  a"*"  =  1/a''. 

In  this  argument  it  is  assumed  that  a  number  with  a 
negative  index  can  be  combined,  in  accordance  with  the  two 
laws  of  indices,  with  a  number  with  a  positive  index  numeric- 
ally larger.  It  is  easily  shown  that  such  numbers  can  combine, 
in  accordance  with  the  same  laws,  with  a  number  possessing 
a  positive  index  numerically  smaller  and  with  a  number  with 
a  negative  index. 
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For  the  first  we 

have, 

if  3>P> 

a* 

X  a-«  =  of-' 

=  a-"-"' 
=  l/a'-" 
=  a"  ^  a' 

a" 

=  a"  y.  a" 
=  a*  -f-  (1/a'). 

In  the  second  case  we 

have 

a-" 

X  «-«  =  a-'^+«' 
=  a'/*  X  a"-!" 

a-" 

-i-  a~'  =  a-^+' 
=  a"  ^  a" 

As  a  special  case 

1  of  this  argument  we  have 

a" 

X  a-"  =  a" 

But 

a" 

X  a-"  =  a"  X  a^i"  =  1 

Hence 

a"  =  1  for  all  values  of  a. 

We  conclude,  finally,  that  with  the  interpretations  given 
above  expressions  of  the  form  a"  and  a"  may  be  used  and  com- 
bined in  accordance  with  the  laws  of  indices  for  all  values  of  m 
and  n. 

On  comparing  the  foregoing  argument  with  that  of  §  2,  the 
student  will  note  that  the  difference  in  the  modes  of  procedure 
corresponds  to  a  difference  of  motive  for  investigation  in  the 
two  eases.  In  the  former  case  the  motive  was  practical; 
that  is,  we  were  led  to  inquire  whether  we  might  use  the 
symbolism  a'  for  all  values  of  x,  because  such  a  use,  if  legiti- 
mate, would  be  convenient.  In  the  latter  case  the  motive 
was  theoretical ;  having  adopted  the  symbolism  a"  in  the  case 
when  X  is  integral,  we  cannot  find  intellectual  satisfaction 
unless  until  we  have  discovered  an  interpretation  of  it  which 
makes  it  possible  to  use  it  also  when  x  is  not  integral. 

Examples : — 

7.  Find  in  accordance  with  the  foregoing  method  an  inter- 
pretation of  the  following  symbols :  (i)  ai,  (ii)  aJ,  (iii)  a~^, 
(iv)  a». 

8.  Show  that,  with  the  interpretations  of  No.  1,  the  symbols 
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ai  and  aJ  can  be  multiplied  and  divided  in  accordance  with 
the  laws  of  indices. 

9.  Do  the  same  (i)  with  the  symbols  a^  and  a~^,  and 
(ii)  with  the  symbols  a~'  and  a~^. 

10.  Explain  how  the  "  theoretical "  demand  that  the 
symbolism  m  -  n  =  p  should  have  a  meaning  for  all  possible 
numerical  values  of  the  symbols  might  have  led  to  the  inven- 
tion of  negative  numbers. 

§  4.  Logarithms. — It  will  be.observed  that  logarithms  have 
not  been  mentioned  in  the  second  account  of  indices.  Instead 
of  passing  from  logarithms  to  fractional  indices,  it  is  natural  in 
this  case  to  pass  from  fractional  indices  to  logarithms. 

Let  q  =  a",  q  being  any  number,  positive  or  negative, 
integral  or  fractional.  Then  p  may  be  defined  as  the  logarithm 
of  q  to  the  base  a,  or  log„  q  —  p.  Similarly,  if  s  =  a'', 
log„  s  =  r.      Since  a''  x  a''  —  a'^+''  =  q  x  s,  we  have 

log^  qs  =  p+  r  =  log„  q  +  log„  s 

Similarly,  it  may  be  shown  by  the  law  of  indices  that 

log„  q  -  log„  s  =  log„  q/s. 

The  use  of  a  table  of  logarithms  is  based  upon  the  assump- 
tion that  given  any  value  of  a;  a  corresponding  value  of  y  can 
be  found  such  that  x  =  a"  or  y  =  log„  x  to  any  required 
degree  of  approximation.  The  argument  of  Ex.  LVIII  can 
be  used  in  a  modified  form  to  establish  this  assumption. 
When  2/  =  0,  a;  =  1,  for  a"  =  1  (§  3).  As  y  increases  from 
0  to  a  small  number  h,  let  x  increase  from  1  to  1  -f-  A;.  Then 
we  have  1  -i-  fc  =  a*  or  log„  (1  -(-  &)  =  h.  Suppose  y  to 
become  2h,  then  x  becomes  (1  +  ¥f,  for 

a^"  =  (a*)2  =  (1  -1-  ky 

Thus  if  y  increases  (or  decreases)  in  a.p.  with  a  constant 
difference  h,  x  will  increase  (or  decrease)  in  g.p.  with  a  con- 
stant factor  1  +  h.  It  is  possible  to  suppose  the  larger  of 
the  two  numbers  /i  or  &  so  small  that,  as  y  and  x  vary  in 
correspondence  with  one  another  and  in  accordance  with  the 
above  laws,  they  pass  through  any  given  pair  of  rational 
values  that  anyone  can  mention.  That  is,  we  can  take  the 
symbolism  y  =  log„  x  as  describing  a  function  of  x  which  has 
a  value  for  every  possible  rational  value  of  the  variable. 
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Examples : — 

11.  Use  the  second  definition  of  logarithms  to  prove  the 
following  equivalences : 

(i)  log  a""  =  m  log  a, 

(ii)  log^a  =  -  log  a, 

(iii)  log  a"''  =  ^  log  a, 

the  base  being  any  positive  number  b. 

12.  Prove  in  the  same  way  that  a'°v  =  x. 

13.  Prove  that  log^a;  =  logja;  x  log,6  =  logja;/logsa. 

14.  Show  that  upon  both  ways  of  regarding  logarithms  the 
logarithms  themselves  must  be  supposed  rational  numbers 
though  their  antilogarithms  may  be  irrational. 

15.  Give,  in  connexion  with  either  of  the  ways  of  defining 
logarithms,  a  definition  of  the  antilogarithm  of  an  irrational 
logarithm  such  as  ^^2. 


EXEECISB  LXXIX. 
ANNUITIES-CERTAIN. 

§  1.  Kinds  of  Annuities. — The  student  has  already  learnt 
(Bxs.  XXXVI,  LVII)  that  the  term  annuity  is  given  to  a 
series  of  regular  (i.e.  annual,  quarterly,  etc.)  payments  made 
in  consideration  of  a  sum  previously  paid  down  or  of  some 
other  "value  received".  Thus  if  a  person  borrows  money 
from  a  Building  Society  in  order  to  pay  for  his  house  he 
generally  repays  the  loan  by  an  annuity ;  municipal  and 
national  governments  constantly  repay  in  this  way  the  money 
borrowed  from  the  public  in  order  to  carry  out  works  which 
are  too  costly  to  be  gaid  for  out  of  the  rates  or  taxes  of  a  single 
year ;  a  retired  of&cer  of  one  of  the  public  services  commonly 
receives  part  of  the  reward  of  his  labours  in  the  form  of  an 
annuity  called  a  pension.  Annuities  play  in  public  and 
private  economic  life  a  part  which  it  is  no  exaggeration  to 
call  one  of  enormous  importance.  Their  theory  will,  there- 
fore, be  the  subject  of  the  next  two  exercises. 

Annuities  are  of  two  kinds :  (a)  annuities-certain  which 
are  payable  either  for  a  definite  term  of  years,  agreed  upon 
at  the  outset  (terminable  annuities),  or  for  ever  (perpe- 
tuities), and  (6)  contingent  annuities  whose  term  depends 
upon  circumstances  which  cannot  be  exactly  foreseen.  The 
annuities  by  which  a  municipality  or  a  state  repays  its  loans 
are  of  the  former  kind;  life-annuities,  payable  only  during 
the  lifetime  of  the  annuitant,  are  an  example  of  the  second 
kind. 

An  annuity  of  either  kind  may  be  immediate  or  deferred. 
The  first  instalment  of  an  immediate  annuity  is  payable  at  the 
end  of  the  first  period  after  the  purchase  of  the  annuity. 
Thus,  if  the  annuity  is  paid  annually  the  first  instalment  is 
due  on  the  first  anniversary  of  the  purchase ;  if  (like  Post 
Office  annuities)  it  is  paid  half-yearly  the  first  instalment  is 
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due  six  months  after  the  purchase.  If  the  annuity  is  deferred 
the  first  instalment  is  paid  an  agreed  number  of  years  after 
purchase  plus  the  period  of  the  annuity.  Thus  the  first 
payment  of  an  annuity  payable  half-yearly  but  deferred  for 
ten  years  becomes  due  ten  years  and  six  months  after  the  day 
of  purchase. 

Examples  : — 


1.  How  much  must  I  pay  for  an  immediate  annuity  of  £10 
per  annum  payable  yearly  for  twenty-five  years,  the  interest 
being  reckoned  at  3  per  cent  per  annum  ? 

2.  How  much  must  I  pay  for  this  annuity  if  it  is  deferred 
for  five  years  ? 

3.  How  much  must  I  pay  for  the  annuity  of  No.  1  if  it  is 
payable  in  half-yearly  instalments  of  £5,  the  interest  being 
nominally  the  same  as  before  ? 

4.  P  is  the  present  value  or  cost  of  an  immediate  annuity, 
n  the  term,  a  the  rent  or  sum  payable  annually,  i  the  rate  of 
interest  per  £1  per  annum,  show  that 

V  =  a/  {1  +  i)  +  a/  {1  +  i)^  +  .  .  .  a/  {1  +  if 
==  a  {1  -  (1  -f  i)  -"}/* 

Change  this  formula  into  one  giving  the  rent  a  which  can 
be  purchased  for  a  given  sum  P. 

5.  A  town  council  wishes  to  borrow  £30,000  to  spend  upon 
tramway  extensions.  It  is  proposed  to  extinguish  the  loan 
by  immediate  annuities,  paid  annually  out  of  the  rates,  to 
terminate  in  twelve  years.  Subscribers  to  the  loan  are  to 
receive  interest  at  4  per  cent.  Calbulate  the  annual  charge 
upon  the  rates. 

6.  Give  the  formula  for  the  present  value  of  an  immediate 
annuity  of  a  per  annum,  paid  in  equal  instalments  p  times 
a  year,  for  n  years,  the  nominal  interest  being  j  per  £1  per 
annum. 

What  does  this  formula  become  when  the  annuity  is  paid 
continuously  ? 

7.  Prom  the  formulae  of  Nos.  4  and  6  derive  formulae  in 
which  the  subject  is  n,  the  term  of  the  annuity. 

8.  A  friend  told  me  that  he  had  bought  the  lease  of  his 
house  subject  to  a  ground  rent  of  £10  a  year  paid  annually. 
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He  told  me,  further,  that  he  was  about  to  extinguish  the 
ground  rent  by  paying  the  owner  of  the  land  £200.  Assuming 
that  interest  was  reckoned  at  4  per  cent,  find  how  many  years 
the  lease  had  still  to  run. 

9.  A  man  who  enjoyed  a  pension  of  £100  a  year,  paid 
quarterly,  commuted  it  for  a  sum  of  £1127,  interest  being 
reckoned  at  5  per  cent  per  annum  (nominal).  For  how  many 
years  was  it  assumed  that  he  would  have  continued  to  draw 
the  pension  if  it  had  not  been  commuted  ? 

10.  A  man  tells  me  that  he  has  borrowed  £2120  from  a 
Building  Society  in  order  to  buy  his  house  and  that  he  has  to 
pay  £100  a  year  in  equal  quarterly  instalments  until  the  loan 
is  extinguished.  In  how  many  years  will  he  have  discharged 
his  debt,  if  the  Building  Society  demands  interest  at  4  per 
cent  per  annum  ? 

11.  The  rent  of  a  cottage  is  £26  a  year  paid  weekly.  How 
much  ought  I  pay  for  it  on  a  twenty-one  years'  lease,  interest 
being  reckoned  at  6  per  cent  ? 

[Assume  that  the  rent  is  paid  continuously.  See  Ex.  LIX, 
No.  14.] 

§  2.  The  National  Debt. — The  British  Government  has, 
from  the  reign  of  William  and  Mary,  raised  by  means  of 
annuities  the  greatest  part  of  the  loans  which  it  has  needed 
for  war  and  other  special  services.  The  money  subscribed  for 
these  annuities  constitute  the  bulk  of  the  National  Debt.  In 
1751  nine  different  sets  of  annuities  (all  giving  3  per  cent) 
were  "  consolidated"  into  one  set ;  these  were  the  beginning 
of  the  "consols"  which  are  still  the  typical  Government 
sfock.  They  are,  practically,  perpetual  annuities,  because  the 
Government  does  not  bind  itself  to  repay  the  principal  of 
the  loans.  Nevertheless  the  Government  may  "  redeem  " 
the  annuities  if  it  pleases,  and,  as  a  matter  of  fact,  some 
millions  of  the  debt  are  redeemed  almost  every  year.i  On 
the  other  hand,  £92,000,000  of  fresh  consols  were  created  in 
1902  to  meet  the  expenses  of  the  Boer  War. 

Prom  1751  to  1888  the  holder  of  £100  of  consols  (or 
"  stock  ")  was  the  recipient  of  an  annuity  of  £3  a  year,  paid 

1  "  The  Statesman's  Year  Book  "  and  "  Whitaker's  Almanack  " 
give  information  annually  upon  these  points.  The  student  may  also 
consult  the  article  on  "National  Debt"  in  the  " Encyclopsedia 
Britanaica  "  (11th  edition). 

PT.  II.  5 
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in  quarterly  instalments.  In  1888  Mr.  Goschen  "  converted  " 
these  into  annuities  of  less  value.  The  holder  of  £100 
consols  was  to  receive  £3  for  one  year,  £2|  for  the  next 
fourteen  years,  and  £2J  thereafter.  Moreover,  Government 
relinquished  the  right  to  redeem  the  new  annuities  until 
1923.  Holders  who  declined  to  accept  the  new  annuities 
in  exchange  for  the  old  ones  were  repaid  the  amount  of 
their  stock.  Out  of  £528,000,000  of  stock  only  £19,000,000 
had  thus  to  be  redeemed. 

Examples : — 

12.  What  was  the  cash  value  of  £100  of  consols  immedi- 
ately after  the  conversion  of  1888  upon  the  assumptions  (i) 
that  the  debt  would  never  be  redeemed,  and  (ii)  that  the 
holder  could  obtain  a  return  equivalent  to  interest  at  3  per 
cent  per  annum,  paid  quarterly,  by  choosing  another  invest- 
ment ? 

13.  Upon  the  assumptions  of  No.  12,  what  loss  would  a 
holder  of  £100  consols  suffer  through  the  conversion  ? 

14.  The  King  of  Brentford  raises  a  loan  by  issuing  bonds 
bearing  interest  at  i  per  cent  per  annum,  paid  half-yearly, 
and  repayable  at  par  after  twelve  years.  On  account  of  the 
weak  credit  of  this  government  I  am  willing  to  subscribe  to  the 
loan  only  if  I  can  secure  interest  at  6  per  cent  per  annum. 
How  much  should  I  offer  for  £100  share  in  the  loan  ? 

15.  One  cause  of  the  present  low  price  of  2J  per  cent 
consols  is  said  to  be  the  fact  that  investors  can  obtain  higher 
interest  with  equal  security  by  other  investments.  Assum- 
ing that  £100  can  purchase  £3  5s.  per  annum  paid  half-yearly 
for  ever  what  price  shall  I  be  willing  to  pay  for  £100  of  the 
present  (2|  per  cent)  consols  ?  [Make  the  usual  assumption 
that  these  wUl  not  be  redeemed,  or  that,  if  they  are  redeemed 
in  1923,  the  same  rate  of  interest  can  still  be  secured  by  some 
other  investment.] 

16.  A  tradesman  pays  £100  a  year  for  his  shop  on  a  lease 
which  has  five  more  years  to  run.  He  wishes  to  pay  a  sum 
down  to  secure  the  lease  of  the  property,  without  rent,  for 
twenty-one  years,  commencing  upon  the  expiry  of  the  present 
lease.  The  owner  agrees  to  grant  the  lease  on  the  assumption 
that  the  rent  would  have  been  raised  to  £140  a  year.  Calcu- 
late how  much  the  shopkeeper  must  pay  for  the  lease  reckon- 
ing interest  at  8  per  cent  per  annum.     [Why  is  interest 
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Reckoned  at  a  higher  rate  in  dealing  with  house-property  than 
in  deaHng  with  other  investments  ?] 

17.  My  father  sold  the  lease  of  a  house  for  twenty-one 
years.  In  six  years  from  now  the  property  will  "  revert "  to 
me  and  I  may  expect  to  let  the  house  for  £12  a  quarter  for 
an  indefinite  period.  In  order  to  obtain  ready  money  for  im- 
mediate investment  I  am  anxious  to  sell  the  reversion.  How 
much  should  I  ask,  interest  being  reckoned  at  8^  per  cent  ? 
[Note  that  since  100/8|  =  12,  this  rate  of  interest  may  also 
be  described  as  "  twelve  years'  purchase  ".] 


§  3.  Foreign  Loans. — Foreign  Governments,  especially 
those  whose  credit  is  inferior,  often  raise  money  by  the 
following  plan.  To  each  subscriber  of  a  certain  sum  B  a  bond 
is  issued,  i.e.  a  numbered  document  entitling  him  to  receive  h 
per  annum  until  the  sum  of  B  is  returned  to  him.  At  regular 
intervals  some  of  the  bonds — -determined  by  drawing  lots — are 
redeemed.  That  is,  the  sum  B  represented  by  each  of  these 
bonds  is  repaid  to  its  owner  who  ceases  henceforward  to  re- 
ceive any  interest.  Supposing  the  payment  of  interest  and 
the  redemption  of  the  bonds  to  occur  half-yearly  the  govern- 
ment has,  then,  to  provide  every  six  months  a  sum  sufficient 
(i)  to  pay  the  interest  on  all  the  bonds  outstanding  during  the 
previous  half-year,  (ii)  to  repay  the  capital  represented  by  the 
tonds  whose  numbers  are  drawn  for  redemption.  As  a  rule 
the  number  of  bonds  to  be  redeemed  is  so  chosen  that  the 
total  sum  to  be  provided  is  the  same  every  half-year  until 
the  loan  is  extinguished.  Thus  from  the  point  of  view 
•of  the  borrowing  government  the  repayment  of  the  loan 
takes  the  form  of  a  terminable  annuity  paid  out  of  the  taxes, 
etc. 

It  is  assumed  in  this  account  that  a  bond  of  value  B  is  ob- 
tained by  subscribing  B.  When  this  is  actually  the  case  the 
bonds  are  said  to  be  issued  at  par.  Sometimes  the  borrowing 
government  finds  it  necessary  (in  order  to  attract  subscribers) 
to  issue  the  bonds  at  a  discount.  In  this  case  a  subscription 
of  B'  (<  B)  will  secure  the  annual  rent  of  b  and  the  sum  of  B 
when  the  bond  is  drawn  for  redemption.  On  the  other  hand 
bonds  which  are  attractive  to  investors  may  be  issued  at  a 
premium  Ci.e.  B'>B). 
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Exathpies  '.— 

B. 

18.  A  government  raises  a  loan  by  issuing  bonds  to  a  total 
value  of  P  carrying  interest  at  i  per  unit  per  annum.  The 
interest  is  paid  and  the  bonds  redeemed  at  yearly  intervals,  a 
sum  of  a  per  annum  being  set  aside  for  these  purposes  out  of 
the  taxes.  Let  the  amount  of  bonds  outstanding  during  the  r  th 
year  be  P,.  and  the  amount  redeemed  at  the  end  of  that  year 
Q,.  Show  that  Q,.  =  a  -  iP,  and  P,+  i  =  (1  +  «)  P,  -  a. 
Hence  show  that 

Q.+  i=  (1  +  *)Q..=  (l  +  irQv 

Give  a  verbal  interpretation  of  this  result. 

19.  Show  that  the  amount  of  bonds  to  be  redeemed  at 
the  end  of  the  first  year  is  a  (1  +  i) "",  n  being  the  number 
of  years  taken  to  redeem  the  whole  loan.     Hence  show  that 

Q,+  i  =  a(l  +  *)-'  +  '• 

and  that  the   amount   of   interest   paid  at  the  end  of    the 
(r  +  l)th  year  is 

Ir+i  =  a  {1-(1  +  ^) -"  +  '■}. 

20.  Show  that  the  interest  paid  and  the  amount  of  bonds 
redeemed  at  the  end  of  the  (r  +  l)th  year  are  also  given  re- 
spectively by  the  formulae 

i-i = ^' ■  i-(i+V"  '"^  ^-^^  =  ^' ■  i-(i  +  ^)-"- 

21.  Adapt  the  formulae  of  Nos.  19  and  20  to  the  case  in 
which  the  interest  is  paid  and  the  bonds  drawn  for  redemption 
half-yearly.  Take  I^^j  and  Q,  +  i  to  represent  the  sums  paid 
under  these  heads  at  the  end  of  the  (r  +  l)th  half-year. 
Take  j  to  represent  the  nominal  annual  interest  per  unit  and 
11  (as  before)  to  represent  the  total  term  of  the  loan. 

22.  A  foreign  Government  raises  a  loan  of  £1,000,000  by 
issuing  at  par  £100  bonds  bearing  interest  at  6  per  cent  per 
annum.  Some  of  the  bonds  are  drawn  for  redemption  every 
six  months  and  the  interest  on  the  bonds  outstanding  during 
the  previous  six  months  is  paid  at  the  same  time.  The  whole 
loan  is  to  be  extinguished  in  ten  years  by  means  of  a  constant- 
annual  sum  secured  upon  the  customs  dues  of  the  principal 
port  of  the  state.     Calculate  (i)  the  amount  of  the  bonds  to- 
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be  drawn  for  redemption  at  the  end  of  the  first  half  of  the 
third  year ;  (ii)  the  amount  of  the  bonds  outstanding  during 
the  last  six  months  of  the  loan. 

Note.' — The  amounts  obtained  in  the  foregoing  question 
are  not  exaot  multiples  of  £100.  In  praotioe,  as  many  bonds 
would  be  redeemed  as  the  sums  allow,  while  the  residues 
(which  must,  of  course,  be  less  than  £100)  are  added  to  the 
interest  which  is  divided  among  the  holders  of  the  outstanding 
bonds. 

23.  Calculate  (i)  the  amount  which  is  required  annually 
for  the  service  of  the  loan  of  No.  22 ;  and  (ii)  the  amount  of 
interest  paid  at  the  end  of  each  of  the  half-years  mentioned 
in  that  question.  [The  importance  of  this  way  of  regarding 
the  annuity  lies  in  the  fact  that  income  tax  is  payable  only 
on  the  interest  on  a  loan,  not  on  the  refunded  borrowings. 
For  this  reason  subscribers  to  a  municipal  loan  are  furnished 
with  a  schedule  showing  how  much  of  each  payment  of  the 
annuity  is  interest  and  how  much  is  refunded  capital.] 

24.  An  annuity  of  a  per  annum  is  paid  in  equal  instalments 
p  times  a  year  for  n  years,  interest  being  reckoned  at  j  per 
£1  per  annum.  Find  the  present  value  of  the  residue  of  the 
annuity  (i)  immediately  after  r,  (ii)  immediately  after  r  +  1 
instalments  have  been  paid.  Hence  obtain  expressions  for 
(iii)  the  refunded  capital,  and  (iv)  the  interest  contained  in 
the  (r  +  l)th  payment  of  the  annuity.  Do  these  results 
agree  with  those  of  No.  19 '? 

25.  Show  that  the  sum  of  the  geometric  series  of  repay- 
ments of  capital  in  No.  24  is  equal  to  the  sum  originally 
invested  in  the  annuity. 

26.  A  man  subscribes  £600  to  a  loan  raised  by  a  munici- 
pality and  to  be  discharged  in  seven  years  by  annuities  cal- 
culated at  4  per  cent  per  annum  and  paid  annually.  Find 
the  rent  of  the  annuity  and  draw  up  a  schedule  showing  the 
amounts  of  interest  and  refunded  capital  contained  in  each  of 
the  annual  payments. 

27.  Illustrate  No.  26  by  a  column-graph  showing  the 
capital  outstanding  at  the  end  of  each  year,  and  the  propor- 
tions of  capital  and  interest. 

§  4.  Capital  and  Interest. — In  the  loans  just  studied  a 
clear  separation  is  made  between  the  sums  which  are  set  aside 
§ach  year  or  half  year  for  refunding  the  borrowed  capital, 


70  ALGEBRA 

and  the  sums  which  are  paid  by  way  of  interest  on  the  undis- 
charged part  of  the  loan.  In  the  ease  of  ordinary  loans, 
discharged  by  annuities  running  for  a  definite  period  (e.g. 
loans  raised  by  municipal  bodies)  the  various  subscribers 
are  not  paid  off  at  intervals  during  the  tetm  of  the  loan ; 
each  receives  an  annuity  which  lasts  throughout  the  whole 
of  that  term.  In  such  cases  it  is  usual  to  consider  the 
payments  received  by  a  subscriber  as  consisting,  on  each 
occasion,  of  a  part  of  the  money  which  he  subscribed  to- 
gether with  interest  on  that  part  of  his  subscription  which 
was  outstanding  during  the  interval  between  this  payment 
and  the  last.  Upon  this  assumption  the  capital  subscribed 
will  be  returned  to  each  subscriber  in  successive  instalments 
whose  amounts  increase  in  g.p.  as  in  No.  19.  The  interest 
involved  in  any  given  payment  will  be  the  difference  between 
the  rent  of  the  annuity  and  the  refunded  capital  involved  in 
the  successive  annual  payments. 

Examples  :— 

C. 

28.  A  man  who  is  in  receipt  for  n  years  of  an  annuity  of  a 
paid  annually,  sets  aside  each  year  out  of  the  rent  a  sum  s 
and  invests  it  at  a  rate  of  interest  identical  with  that  involved 
in  the  annuity.  When  the  last  instalment  of  the  annuity  is  paid 
he  deducts  s  (as  usual)  and  now  finds  that  the  total  amount 
of  the  successive  deductions,  together  with  the  interest  which 
they  have  earned,  is  exactly  equal  to  the  sum  which  he  gave 
for  the  annuity.     Show  that 

1  -  (1  +  t)-"_        a 
^  ~  '^  ■    (1  +  i)"  -  1    ~  (1  +  if 

Note. — No.  28  indicates  another  way  of  regarding  the 
annuity.  Bach  instalment  can  be  supposed  to  be  divided 
into  two  parts,  the  same  for  each  instalment.  One  of  these 
(s)  is  a  sum  which,  if  invested  annually,  will  reproduce  at  the 
end  of  the  term,  exactly  the  sum  which  the  annuity  cost. 
Upon  this  view  the  capital  is  not  paid  back  directly,  but  the 
payments  s  constitute  a  sinking  fund  which  at  the  end  of  the 
term  is  equivalent  in  value  to  the  original  capital.  The  other 
part  of  each  instalment,  namely  a-s,  ought  therefore  to  be 
the  annual  interest  on  the  sum  paid  for  the  annuity,  that  is  iP, 
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29.  Confirm  the  argument  of  the  preceding  note  by  show- 
ing that  s  +  iP  =  a.  Deduce  a  formula  for  s  in  terms  of 
P  and  i. 

30.  Calculate  the  sinking  fund  necessary  to  extinguish  the 
loan  in  No.  26. 


EXEECISB  LXXX. 

CONTINGENT  ANNUITIES. 

§  1.  Life^ Annuities. — The  most  important  example  of  a  con- 
tingent annuity  is  a  life  annuity,  the  instalments  of  which 
are  paid  only  so  long  as  the  owner  is  alive  to  receive  them. 
The  annuity  may  be  payable  between  certain  specified  ages  of 
the  annuitant  or  it  may  be  a  whole  life  annuity.  Again  it 
may  come  into  operation  immediately,  or  may  be  deferred 
until  an  agreed  age  of  the  annuitant.  Every  British  subject 
in  the  United  Kingdom  whose  private  means  are  not  more 
than  £26  a  year  may  consider  himself  (subject  to  certain 
conditions)  as  the  owner  of  a  whole  life  annuity  of  5s.  a  week 
deferred  until  the  age  of  70  years.  Life  annuities  of  all  kinds 
can  be  obtained  from  most  life  insurance  companies.  They 
were  formerly  and,  it  is  stated  [1913],  will  shortly  again  be 
sold  by  the  Savings  Bank  department  of  the  Post  Ofl&ce. 

The  purchase  money  for  a  given  annuity  is  calculated  on 
the  assumption  that  it  will  be  sought  by  a  large  number  of 
persons  of  the  same  age.  Suppose  that  L  persons  of  a  certain 
age  apply  for  an  immediate  whole  life  annuity  of  £1  paid 
annually.  Then  from  statistics  which  have  been  collected 
over  a  number  of  years,  it  is  known  that  of  these  L  persons 
ij  will  be  alive  to  receive  the  first  payment,  l^  to  receive  the 
second  payment,  Zg  the  third,  and  so  on.  The  insurance  com- 
pany (or  the  Government)  must,  therefore,  collect  from  the  L 
persons  a  sum  equal  to  the  present  value  (at  a  certain  rate  of 
interest — usually  3  per  cent)  of  the  £1^  which  must  be  paid 
in  one  year's  time,  of  the  £l2  due  in  two  years,  the  £1^  due  in 
three  years,  etc.  Each  person  will,  of  course,  be  required  to 
pay  1/L  of  this  total  present  value. 

The  data  used  in  these  calculations  constitute  a  Life  Table. 
The  following  is  part  of  the  life  table  given  in  "Whitaker's 
Almanack  ".     It  states,  L,  the  number  of  persons  (male)  who, 
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out  of  100,000  born,  reach  the  age  of  n  years.  A  third 
column  gives,  for  use  in  another  connexion,  the  number,  d, 
who  die  in  the  nth  year  of  their  age. 

Life  Table  (fob  Males). 


Age 

L 

d 

Age 

L 

d 

10 

73430 

175 

20 

71171 

315 

11 

73273 

167 

21 

70846 

325 

12 

73106 

177 

22 

70504 

342 

13 

72926 

180 

65 

33234 

1614 

14 

72736 

190 

66 

31583 

1651 

15 

72537 

199 

67 

29896 

1687 

16 

72316 

221 

68 

28176 

1720 

17 

72062 

254 

69 

26430 

1746 

18 

71780 

282 

70 

24663 

1767 

19 

71481 

299 

71 

22884 

1779 

Examples : — 

A. 

1.  Show  that  the  money  required  to  purchase  an  immediate 
whole  life  annuity  of  a  paid  annually,  interest  being  reckoned 
at  i  per  unit  per  annum,  is  given  by  the  formula  : — 

P=  a{{l  +  i)-Kl^+  {l  +  i)-^.l^  +  {l  +  i)~s.l^+  ...}/L 

■^         1 

2.  Write  a  formula  for  calculating  the  value  of  a  whole  life 
annuity  deferred  d  years. 

Note. — The  computations  in  some  of  the  following  examples 
may  be  shared  among  the  class. 

3.  A  man  whose  son  is  just  sixteen  negotiates  with  an 
insurance  company  in  order  to  secure  for  the  boy  an  income 
of  £160  a  year  for  five  years  to  cover  the  expenses  of  his 
education  at  school  and  college.  What  sum  wiU  buy  this 
annuity  if  the  rent  is  paid  annually  on  the  anniversary  of 
the  purchase  and  interest  is  reckoned  at  3  per  cent  ? 

4.  What  sum  should  be  paid  to  insure  the  same  benefit  if 
it  is  purchased  when  the  boy  is  ten  years  old  ;  the  first  pay- 
ment being  due,  as  before,  when  he  is  seventeen  years  old  ? 

5.  A  spectator  of  an  heroic  act  performed  by  a  boy  of 
12  gave  £6  to  be  invested  on  the  boy's  next  birthday  so  as  to 
bring  him  in  an  annuity  payable  annually  from  his, sixty-fifth 


74  ALGEBRA 

to  his  seventieth  birthday  inclusive  (when  he  would,  if  he 
needed  it,  become  the  recipient  of  an  old  age  pension). 
Assuming  interest  at  3  per  cent  find  the  annual  value  of  this 
annuity. 

6.  What  sum  would  have  been  secured  if  the  annuity  in 
No.  5  had  been  purchased  on  the  boy's  seventeenth  birthday  ? 

§  2.  Deferred  lAfe  AnnmUes. — A  deferred  life  annuity  may 
be  secured  by  a  number  of  payments  made  at  regular  intervals 
instead  of  by  a  single  payment.  To  calculate  the  amount 'of 
this  regular  payment  or  premiumiit  must  again  be'supposed 
that  a  large  number  of  persons  of  the  same  age  enter  into 
the  same  contract  with  the  insurance  company  at  the  same 
moment.  The  total  present  value  at  the  moment  of  the 
first  payment  of  all  the  series  of  payments  made  by  each 
person  must  be  equal  to  the  total  present  value  at  the  same 
moment  of  all  the  annuity  payments  which  the '^company 
will  have  to  make. 

Examples : — 

7.  Out  of  a  certain  population  the  numbers  who  reach  the 
age  of  w,  re  +  1,  w  +  2,  .  .  .  w  +  r,  TO  +  r  +  1,  etc.,  are 
respectively  Z„,  Z„+i,  Z„+2.  •  ■  ■  k  +  r,  k  +  r+v  etc.  Find  the 
annual  premium  p  which  must  be  paid  f or  c  +  1  years,  at 
the  ages  of  m,  w  +  1,  .  .  .  w  +  c,  to  secure  a  whole  life 
annuity  of  a  per  annum,  deferred  m  years  from  the  first  pay- 
ment of  the  premium. 

8.  If  the  man  in  No.  5  instead  of  paying  the  insurance 
company  £6  down  had  agreed  to  pay  them  £1  a  year  for  six 
years  on  the  boy's  thirteenth  and  following  birthdays,  what 
difference  would  have  been  made  to  the  annual  value  of  the 
annuity  secured  ?  [It  is  understood  that  if  the  boy  died  before 
he  reached  the  age  of  21  no  more,  premiums  would  beipaid  and 
none  of  those  already  paid  returned.] 

B. 

9.  Out  of  L  persons  who  reach  their-  »th  birthday  d-^  are 
destined  to  die  before  the  next  or  (%  +  l)th  birthday,  d^  be- 
tween the  (w  +  l)th  and  (n  +  2)tb,  .  .  .  d,.  between  the 
[n  +  r  -  l)th  and  (w  +  r)th,  etc.  Express  by  means  of  these 
symbols  the  single  pirenaium  P  required!  to  purchase  ait  age  rk 
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an  immediate  whole  life  annuity  of  a  per  annum  paid  every 
birthday. 

10.  Give  the  corresponding  formula  for  a  whole  life  annuity 
deferred  m  years. 

11.  Express  by  means  of  the  symbols  of  No.  9  the  pre- 
mium p  which  is  to  be  paid  annually  for  c  +  1  years,  com- 
mencing on  the  9ith  birthday,  to  secure  an  annuity  of  a  per 
annum,  deferred  m  years  from  the  nth  birthday. 

12.  Of  the  persons  who  die  in  a  given  year  of  their  age 
some  will  die  in  the  first  month,  some  in  the  second,  .  .  . 
some  in  the  last.  In  many  actuarial  calculations  sufficiently 
accurate  results  are  obtained  by  assuming  that  all  the  deaths 
occur  exactly  half  way  through  the  year.  Show  (using  the 
symbols  of  No.  9)  that  the  average  number  of  years  of  life  (E) 
still  to  be  enjoyed  by  persons  aged  x  is 

'E  =  {d^  +  Sd^  +  5d3  +   ...    +  {2r  -  1)  d,  +   ...  }/2L 

=   I  (2r  -  1)  d,/2h. 

Note. — The  number  E  is  called  the  expectation  of  life 

at  age  n. 

13.  The  present  value  of  a  life  annuity  to  commence  at  a 
given  age,  n,  is  often  calculated  upon  the  assumption  that  it 
will  be  paid  for  B  years,  B  being  the  expectation  of  life  at 
age  n.  Determine,  by  comparing  the  formulae  of  Nos.  9  and 
12,  whether  the  value  thus  calculated  is  too  large  or  too 
small. 

14.  The  expectation  of  life  of  a  man  on  his  fifty-fifth  birthday 
is  15*95  years,  that  of  a  woman  17'33.  Find  approximately 
how  much  each  must  pay  for  an  immediate  whole  life  annuity 
of  £100  paid  annually,  assuming  interest  at  3-^  per  cent. 

15.  A  man  aged  60  is  in  possession  of  a  pension  of  £400  a 
year  paid  half-yearly  and  wishes  to  commute  it  for  a  present 
payment.  The  body  which  pays  the  pension  consents  to  a  com- 
mutation at  5  per  cent.  The  expectation  of  life  of  a  man  of  60 
is  13-14  years.    How  much  (approximately)  should  he  receive  ? 

16.  Out  of  635  women  who  reach  their  thirty-fifth  birthday 
423  are  alive  at  60.  The  expectation  of  life  of  a  woman  at 
this  age  is  14-24  years.  Find  approximately  what  annuity 
payable  half-yearly  can  be  purchased  at  the  age  of  35  for 
£1000,  if  its  operation  is  deferred  until  the  age  of  60.  As,, 
^ijme  interest  at  5  per  cent  per  an,n,um,. 


BXBECISB  LXXXI. 
LIFE  INSURANCE. 

The  Kinds  of  Life  Insurance. — The  benefit  secured  by  in- 
surance falls,  as  a  rule,  under  one  of  two  headings.  In  the 
case  of  a  whole  life  insurance  it  consists  of  a  sum  of  money 
payable  by  the  insurance  company  immediately  after  the  death 
of  the  insured  whenever  that  occurs.  In  the  case  of  an  en- 
dowment insurance  the  sum  is  payable  when  the  insured 
person  reaches  a  specified  age  or  immediately  after  his  death  if 
this  event  occurs  before  he  reaches  the  specified  age.  The 
premium  may  be  either  (1)  a  single  sum  paid  when  the 
contract  is  made  with  the  company ;  (2)  a  sum  paid  at  regu- 
lar intervals  (yearly,  quarterly,  or  weekly,  etc.)  during  the 
lifetime  of  the  insured  person  ;  or  (3)  a  limited  number  of  such 
successive  payments. 

The  premium  is  in  each  case  calculated  upon  the  principles 
explained  in  connexion  with  Contingent  Annuities.  It  is 
assumed  that  a  large  number  of  persons,  L,  of  the  age  in 
question  take  out  similar  insurance  policies  at  the  same 
moment.  The  present  value  at  this  moment,  of  all. the  pre- 
miums which  the  company  may  reckon  upon  receiving,  must 
be  considered  equal  to  the  present  value  at  the  same  moment 
of  all  the  sums  which  must  be  paid  as  they  become  due. 
In  estimating  the  latter  value  it  may  be  assumed,  as  in  B, 
No.  12,  that  all  persons  who  die  in  their  nth  year  do  so  exactly 
half  way  through  the  year.  It  will  also  be  assumed  here  that 
they  enter  upon  the  insurance  on  the  rsth  birthday. 

Examples : — 

1.  Out  of  L  persons  who  reach  their  wth  birthday,  l^  reach 
the  rth  birthday  after  this  one,  while  d,.  die  between  the 
(r  -  l)th  and  the  rth  birthdays.  Show  that  a  person  who 
takes  out  a  whole  life  policy  at  this  age  can  secure  a  sum  of 
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A  payable  at  his  death  by  payment  of  a  single  premium,  P, 
calculated  by  the  formula 

P  =  A.  I  d,  (1  +  i)-"-ii/L 

2.  Show  that  the  single  premium  required  to  effect  an  en- 
dowment insurance  to  mature  in  m  years'  time  is 


■/rt> 

A  {l„,  (1  +  i)-»  +  s  d^  (1  +  i)-<'-i)}/L 


3.  A  man  who  is  just  65  years  of  age  effects  an  endowment 
assurance  of  his  life  for  £500  payable  on  his  seventieth  birth- 
day or  at  his  death,  if  he  dies  before  he  reaches  that  birthday. 
Calculate  the  single  premium  he  should  pay,  using  the  life 
table  on  p.  73  and  assuming  interest  at  3|  per  cent. 

4.  Show  that  the  annual  premium,  p,  which  should  be  paid 
to  insure  a  sum  of  A  at  death  is  given  by  the  formula 

p=  A.3,  d,{l  +  i)-('-i>/{L  +  %  I,  (l.-f.  i)-}. 

5.  Find  a  formula  for  the  annual  premium  for  an  endow- 
ment insurance  of  A  which  will  mature  in  m  years  after  the 
policy  is  taken  out. 

6.  Calculate  the  annual  premium  in  the  case  of  the  endow- 
ment insurance  described  in  No.  3. 

7.  Give  formulse,  corresponding  to  those  in  Nos.  4  and  5,  for 
cases  in  which  payment  of  the  annual  premium  is  to  cease 
after  it  has  been  made  c  times.  (If  the  insured  person  dies 
before  he  has  made  these  c  payments  the  company  still 
pays  the  benefit.) 

8.  When  the  premium  for  a  whole  life  insurance  is  paid 
t  times  a  year  it  may  be  assumed  without  serious  error  that 
the  deaths  during  each  ttb.  part  of  a  given  year  of  age  are  1/i 
■of  the  total  deaths  during  that  year,  and  that  they  take  place 
exactly  in  the  middle  of  the  period  in  which  they  fall.  Upon 
this  assumption  show  that  the  present  value,  at  the  moment 
when  the  policy  is  taken  out,  of  the  premiums  payable  during 
ihe  (r  +  l)th  year  after  that  moment  is  given  by  the  formula 

»=o  t 
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9.  Show  also  that  the  present  value  at  the  same  moment 
of  the  benefits  which  will  fall  due  during  that  year  is  given 
by  the  formula 

«;,+  !  =  (Ai,+  Jt) .' '%    (1  +  i/t)  - 1-  +  •  +  ii 
«=  0 

10.  Hence  show  that  the  premium  is  given  by  the  formula 

r=0  <=0 


What  form  does  this  result  take  when  the  premium  is  paid 
(i)  quarterly,  (ii)  weekly ;  interest  being  reckoned  at  3  per 
cent  per  annum  ? 


EXBEGISE  LXXXII. 
THE  EXPONENTIAL  FUNCTION  AND  CUBVE. 

The  Exponential  Gurve. — 'The  student  first  made  acquaint- 
ance with  the  exponential  curve  in  Section  III  where,  under 
the  name  of  the  "  growth  curve,"  it  played  an  essential  part 
in  leading  us  to  the  invention  and  theory  of  logarithms. 
Towards  the  end  of  the  section  we  found  further  use  for  it  in 
connexion  with  our  discussion  of  the  doctrine  of  compound 
interest,  the  law  of  growth  of  populations,  etc.  In  the  course 
of  this  discussion  we  found  that  the  curve — whose  funda- 
mental property  is  that  equidistant  ordinates  always  have  the 
same  ratio — may  be  conveniently  described  either  by  the 
formula  y  =  Ar""  or  by  the  equivalent  formula  y  =  Ae''"'.  In 
these  formulae  A  is  the  ordinate  at  the  origin,  r  the  constant 
"growth-factor  "  (i.e.  the  ratio  of  ordinates  at  unit  distance) 
and  e  is  the  important  number  2-718  .... 

The  importance  of  the  part  played  by  the  exponential 
curve  and  its  corresponding  function  in  the  description  of  the 
phenomena  of  finance  and  life  must  not  make  us  forget  that 
they  are  also  often  useful  in  the  description  of  physical  pheno- 
mena. The  following  examples  illustrate  the  fact  that  the 
"  growth-curve  "  is  also  the  "  curve  of  cooling  ". 

Examples : — 


1.  The  exponential  curve  y  =  r^  is  shifted  to  the  left 
through  a  distance  of  a  scale  divisions.  Show  that  it  cor- 
responds in  its  new  position  to  the  formula  y  =  kr"  where 
A  is  a  coefficient  whose  value  depends  on  a. 

2.  Express  in  formulae  the  functions  which  are  the  inverse 
to  those  given  in  No  1.  How  are  their  graphs  obtained  from 
the  graph  oiy  =  r^l 
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3.  What  is  the  relation  between  the  graph  oi  y  =  IQ"  and 
the  graph  of  (i)  y  =Z.  {lOf ;  (ii)  y  =  0-3  (10)' ;  (iii) 
y  =  logio  W50) ;  (iv)  y  =  log^o  27a: ;  (v)  ?/  =   -  65  (10)'? 

i.  Express  in  the  form  y  =  Ar'  +  b  the  formula  of  the 
curve  produced  by  shifting  the  graph  oi  y  =•  (3*2)'  (i)  10  to 
the  left ;  (ii)  6  to  the  right ;  (iii)  4  to  the  left  and  13  down- 
wards ;  (iv)  100  to  the  right  and  17  upwards. 

5.  Bach  of  the  five  curves  mentioned  in  No.  4  is  first 
turned  through  180°  about  the  a;-axis  and  then  turned  anti- 
clockwise through  90°  about  an  axis  through  the  origin  per- 
pendicular to  the  paper.  Find  the  formulae  which  describe 
the  curves  in  their  new  positions. 

6.  The  graph  oi  y  =  3-2  .  (0-6)'  is  first  turned  through  180° 
about  the  a;-axis,  and  then  throiigh  180°  about  the  y-a,sis. 
It  is  finally  shifted  3  to  the  left  and  4-8  upwards.  Write 
down  the  formula  which  describes  it  in  its  new  position. 

7.  Give  the  formula  of  the  function  which  is  the  inverse  of 
the  function  whose  graph  is  the  curve  of  No.  6  in  its  final 
position. 

8.  The  graph  of  y  =  log(a;/5)  +  2'5  is  first  rotated 
through  180°  about  the  ^/-axis  and  then  through  180°  about 
the  a;-axis.  Finally  it  is  shifted  4-3  downwards  and  0-8  to 
the  right.  Write  down  the  formula  which  describes  it  in  its 
new  position. 

9.  Give  the  formula  of  the  function  which  is  the  inverse  of 
the  function  whose  graph  is  the  curve  of  No.  8  in  its  final 
position. 

10.  Show  that  the  function  y  =  Ar'  can  always  be  ex- 
pressed in  the  form  y  =  Ae'"  where  ^  is  a  constant  whose 
value  depends  upon  the  value  of  r. 

11.  Express  in  the  standard  form  y  =  Ae*"  the  formulae 
(i)2/=  3-6.  (1-4)';  {u)y=   -  2.(0-8)'. 

12.  Draw  o  i  one  sheet  the  graphs  of  the  formulae  of  No. 
11.    (Use  the  original,  not  the  standard,  forms  of  the  formulae.) 

B. 

13.  A  series  of  ordinates  at  equal  distances  (h)  is  drawn  to 
the  curve  y  =  Ar".  Show  that  the  difference  between  the 
logarithms  (to  any  base)  of  the  heights  of  consecutive  members 
of  this  series  is  constant  and  is  independent  of  the  value  of  A. 

Note. — The  constant  difference  mentioned   in    No.    13  is 
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called  the  logarithmic  increment  (or  decrement)  of  the 
ordinates. 

14.  It  is  known  that  any  series  of  equidistant  ordinates  of 
a  curve  has  a  constant  logarithmic  increment  (or  decrement) 
h  log  r,  h  being  the  distance  between  consecutive  ordinates. 
What  can  be  inferred  with  regard  to  the  formula  of  the  curve  ? 

15.  Equidistant  ordinates  of  a  certain  curve  are  found  to 
have  a  constant  logarithmic  increment  whatever  be  the  dis- 
tance between  them.  When  this  distance  is  0'2  the  logar- 
ithmic increment  (to  base  10)  is  1-9031.  The  height  of  the 
ordinate  at  the  origin  is  12 '6.  Find  the  formula  of  the  curve 
in  the  standard  form. 

16.  The  ordinate  at  the  origin  of  an  exponential  curve  is 
21-3  and  the  logarithmic  increment  (to  base  10)  of  ordinates 
0-5  apart  is  1'8451.  Find  the  formula  of  the  curve  in  the 
standard  form. 

17.  The  following  table  gives  the  temperatures  (T)  at  the 
end  of  successive  minutes  (i)  of  a  large  thermometer  which 
is  heated  and  then  allowed  to  cool  in  a  room  the  temperature 
of  which  is  kept  at  freezing-point  (0°).  Show  that  the 
logarithmic  decrement  of  the  temperatures  is  nearly  con- 
stant. Find  its  median  and  quartile  values.  Assuming 
that  the  temperature  is  an  exponential  function  of  the  time 
and  that  the  initial  temperature  was  correctly  recorded,  cal- 
culate three  formulae  of  the  form  T  =  Ae*"  corresponding  re- 
spectively to  the  median  and  quartile  values  of  the  logarithmic 
decrement. 

<01*23  4  5        6        789 

T  98°  65-6°  44°  29-5°  19-7°   13-2°  8-9°  5-9°  4-0°  2-7° 

18.  Ordinates  at  equal  distances  h  are  drawn  to  the  curve 
y  =  Ar"  +  b  [or  y  =  ke^  +  b).  Show  that  the  differences 
between  successive  ordinates  have  a  constant  logarithmic 
increment  (or  decrement),  the  value  of  which  is  log  (r*  -  1) 
or  log  (1  -  r*). 

19.  Ordinates  to  a  curve  are  drawn  at  unit  distances  apart. 
The  heights  of  the  ordinates  where  iC  =  0  and  a;  =  +  1  are 
respectively  6-1  and  5 "5.  The  ordinates  are  found  to  have  no 
constant  logarithmic  increment,  but  the  logarithmic  increment 
of  their  differences  is  1  •92082.  Find  the  formula  of  the  curve 
assuming  it  to  be  of  the  exponential  form. 
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20.  The  following  table  gives  the  temperatures  at  intervals 
of  one  minute  of  a  cooling  thermometer.  Show  that  they 
satisfy  approximately  a  relation  of  the  form  T  =  Ae*"  +  h. 
Assuming  that  the  first  two  temperatures  were  recorded  cor- 
rectly, find  values  for  the  constants  corresponding  to  the 
median  value  of  the  logarithmic  decrement  of  the  temperature 
differences. 

t0123456789        10       11 
T  95°  77-8°  64-0°  53°  43-9°  36-6°  30-6°  25-7°  21-8°  18-6°  16-0°  140° 


EXEECISE  LXXXIII. 
DIFFERENTIAL  POBMUL^. 


1.  PN  and  P'N'  are  any  two  consecutive  members  of  a 
series  of  equidistant  ordinates  of  the  curve  y  =  ar",  PN  being 
the  one  nearer  to  the  y-sisiB.  Through  P  draw  PQ'  parallel 
to  the  a;-axis  to  cut  FN'  in  Q'.  The  co-ordinates  of  P  are 
[x,  y)  and  the  common  distance  between  the  ordinates  is  h. 
Show  that 

^'Q'/y  =  constant. 

2.  Use  the  result  of  No.  1  to  show  that  the  temperatures 
recorded  in  Ex.  LXXXII,  No.  17,  are  an  exponential  function 
of  the  time.     Find  the  formula. 

3.  If  the  curve  mentioned  in  No.  1  corresponded  to  the 
formula  y  =  ar"  +  b,  show  that  the  first  differences  of  y  would 
be  given  by  the  formula 

FQ7(2/  -  b)  =  constant. 

4.  Eind  the  successive  values  of  P'Q'  for  the  table  of  tem- 
peratures given  in  Ex.  LXXXII,  No.  20.  Determine  a  value  of 
b  which  would  give  PQ7(2/  -  &)  tlie  same  value  in  the  case  of 
the  first  and  last  differences.  Show  that  this  value  of  b 
makes  ^'Q'/{y  -  b)  approximately  constant  for  all  the  other 
differences.     Hence  find  the  relation  connecting  T  and  t. 

Note. — In  fig.  65  let  AP  be  the  curve  y  =  r%  AT  the  tangent 
at  A,  PN  the  ordinate  whose  abscissa  ON  =  1  (i.e.,  let  PN  =  r). 
Let  tan  TAQ  =  g,  AQ  being  parallel  to  ON.  Then  TQ  =  AQ 
tan  TAQ  =  1  x.  g  =  g.  Through  T  draw  TF  parallel  to  the 
ai-axis  to  meet  the  curve  in  P'.  Then  FQ'  =  g  and  P'N'  = 
1-1-9'.     It  follows,  as  in  Ex.  LIX,  that  PN  =  e".     That  is, 

r  =  e' 
or  log,r  =  g. 
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Now  let  pn  be  an  ordinate  at  distance  b  from  the  origin. 
Then^re  =  r'  and^g  =  r*  -  1.  But  by  making  6  small  enough 
p  may  be  brought  so  near  to  the  tangent  AT  that  pq  differs 
from  g^  X  Ag  by  less  than  an  amount  (say  c  per  cent)  which 
may  be  chosen  as  small  as  we  please.  For  b  we  may  now 
substitute  8x  and  we  have 

pq  =  r^'  -  1  =  gSx 

=  log^r .  8a;. 

5.  Use  the  foregoing  note  and  the  result  of  No.  1  to  show 
that  if  2/  =  a»^> 

Sy/y  =  log.r  .  Bx  or  Sy/Sx  =  air" .  log^r. 

6.  What  do    these   differential    formulae    become    when 


7.  Write  down  in  two  forms  the  differential  formula  of  the 
first  order  derived  from  the  relation  y  =  ar"  +  6. 

8.  What  is  the  primitive  of  the  differential  formula  ^jSx  = 
ar^ .  \og„r  ? 

9.  Calculate  the  gradients  of  the  following  curves  at  the 
points  specified :  (i)  y  =  (1"3)*  where  x  =  +  4 ;  (ii)  2/  =  (0-8)' 
where  aj  =  -  5 ;  (iii)  y  =  4(2-72)*  where  a;  =  -  3. 

The  results  of  (i)  and  (ii)  may  be  tested  by  drawing  very 
light  lines  through  the  specified  points  and  with  the  calculated 
gradients  in  Part  I,  fig.  50  (p.  273). 

10.  Find  the  value  of  S'y/Sx^  when  y  =  ar".  Also  find  the 
value  of  S"y/Sx"  when  n  is  any  integral  non-directed  number. 
What  do  the  results  become  when  r  =  e  ? 

11.  Prove  that  the  exponential  curve  y  =  ar'^  (i)  has  no 
turning  points,  (ii)  no  points  of  inflexion. 
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12.  A  certain  curve  cuts  the  y-ar&is  at  an  angle  of  42°  with 
the  horizontal  where  y  =  +  12-3.  In  addition  you  are  given 
that  8^y/8x^  =  lOe^     Pind  its  formula. 


13.  Show  by  means  of  No.  5  that,  ii  y  =  log,.a!, 

8y/Sx  =  log,e/a;. 
What  does  this  result  become  (i)  if  r  =  e,  (ii)  if  r  =  10  ? 

[Interchange  x  and  y  my  =  r"  and  the  differential  formula 
derived  from  it.] 

14.  Find  the  value  of  Sy/Sa;  (i)  when  y  =  log,.(a;/a) ;  (ii) 
when  y  =  log,.(a;  -  a) ;  (iii)  when  y  =  a\og~{x  -  bjjc. 

15.  When  x  =  l,  the  value  of  a  certain  function  of  x  is 
-  1-7.  It  is  also  known  that  SyjSx  =  1/x.  Find  the  func- 
tion. 

16.  Given  that  s  =  alog^a;  and  also  that  z  =  blog^y  show  that 

Sz  =  aSx/x  =  b8y/y. 
Hence  find  an  expression  for  Sy/8x. 

17.  Show  that  ii  y  —  x";  Sy/Sx  —  nx"~''-  for  all  values 
of  n.  [Take  the  logarithm  of  each  side  to  base  e,  and  apply 
No.  16.     Substitute  a;"  for  y  in  the  final  expression  for  SyjSx.] 

18.  Show  that  if  ?/  =  kx'",  Sy/Sx  =  nkx"-\ 

Note. — No.  18  is  extremely  important.  It  shows  that  in 
finding  a  differential  formula  of  the  first  order  Wallis's  Law 
holds  good  for  all  values  of  w,  positive  or  negative,  integral 
or  fractional.  But  since  a  differential  formula  of  the  second 
order  is  derived  from  one  of  the  first  order  by  exactly  the 
same  process  as  that  by  which  the  latter  is  derived  from  its 
primitive,  it  follows  that  the  value  of  S^y/Sx^  can  be  obtained 
from  y  =  leaf  by  two  successive  applications  of  Wallis's  Law. 
This  rule  can  obviously  be  extended  to  include  the  differential 
formula  of  any  order. 

19.  Find  SyjSx  in  the  case  of  each  of  the  following  re- 
lations :— 

(i)  y  =  x^-^         (ii)  y  =  4-6xi-8.        (iii)  y  =  o-Sx-^-". 
(iv)  y  =  loo(x'-'  -  X--'-').         (v)  y  =  (x'  -  l)/x'. 
(vi)  y  =  (xi-"*  -  i)Vx».  (vii)  y  =  (x^  -  i)/(x  -  i). 

(viii)  y  =  (x«  +  l)/(x  +  i). 

20.  Find  PyjSx^  in  the  case  of  No.  19  (i),  (ii),  (iii),  and  (iv). 

21.  Find  S^y/hx^  in  the  case  of  No.  19  (v),  (vii),  and  (viii). 

22.  Find  S^y/Sx*  in  the  case  of  No.  19  (vii)  and  (viii). 
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23.  Find    the    primitives    of    the    following     differential 
formulae :  — 

(i)  8y/8x  =  2x'.  (u)  8y/8x  =  2/x'. 

(iii)  Sy/8x  =  x-"-'.  (iv)  8'ylSx^  =  rzx-'-". 

(v)  S^y/Sx"  =  Jx->-'.        (vi)  82y/8x»  =  x'-"  +  x-'-K 

24.  Deduce  the  values  of  the  unknown  constants  in  the 
primitives  of  No.  23  from  the  following  information : — 

(i)  When  x  =  +  i,  y  =  +  J.         (ii)  When  x  =  -  i,  y  =  o. 

(iii^  y  =  -  2/7  when  x  =  +  i. 

(iv^  y  =   -  18  when  x  =  +  16  ;  and  y  =  -  24"6  when  x  =  +81. 

(v)  When  x  =  o,  8y/8x  =  o  and  y  =  o. 

(vi)  When  x  =  +  i,  8y/8x  =  -  1/4-62  and  y  =  -  i/3'003- 

25.  Find  the  primitive  formulae  corresponding  to  :  (i)  Sy/Sx 
=  2jx,  given  that  y  =  0  when  x  =  e;  (ii)  8yj&x  =  {x  -  l)/a;, 
given  that  ^  =  !0  when  x  =  +  1;  (iii)  Sy/Sx  =  l/{x  -  2), 
given  that  y  =  0  when  x  =  +  3;  (iv)  SyjSx  =  l/{x  -  1)  - 
l/{x  +  1),  given  that  y  =  -  log,3  when  a;  =  +  2 ;  (v)  hyjhx 
=  1  -  2/a;  +  4/a;^,  given  that  y  =  -  2  when  a;  =  +  1. 

26.  In  the  case  of  the  rectangular  hyperbola 

xy  =  a 

show  that  -^-  =  -. 

hx      X 

Hence  show  that  the  area  under  the  curve  between  the  ordi- 
nates  whose  abscissae  are  x^  and  x-2  is 

a(log  x^  -  log  ajj), 

the  logarithms  being  taken  to  base  e.  Why  is  it  impossible 
to  determine  the  area  from  the  2/-axis  up  to  a  given  ordinate  ? 

[If  a  =  1  the  area  included  between  tWo  ordinates  of  the 
rectangular  hyperbola  is  equal  to  the  difference  between  the 
logarithms  of  the  abscissae  to  base  e.  It  is  for  this  reason 
that  logarithms  to  base  e  are  often  called  hyperbolic  logar- 
ithms.] 

27.  Draw  upon  squared  paper  the  graph  of  the  hyperbola 
from  x  =  0'5  to  a;  =  2.  Draw  the  ordinates  whose  abscissae 
are  0'5,  1,  1'3,  1-6,  2.  By  counting  the  squares  included  be- 
tween the  ordinate  at  1  and  the  others,  determine  approxi- 
mately the  logarithms  to  base  e  of  0*5,  1'3,  1'6,  and  2.  Why 
must  the  first  logarithm  be  counted  negative  ?  Compare  your 
results  with  those  given  in  a  table  of  "  natural,''  "  Napierian," 
or  "  hyperbolic  "  logarithms. 
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28.  Find  the  area-functions  corresponding  to  the  following 
ordinate-functions : — 

(i)  y  =  Vx.  (ii)  y  =  -  ^'■'- 

(iii)  7  =  1".  loger.  (iv)  y  =  af. 

(v)  y  =  io(3-32>.  (vi)  y  =  ae". 

(vii)  y  =  aeP".  (viii)  y  =  aeP"  +  bx  +  c. 

Note. — Suppose  that  SA  =  -  Sx/x^.  In  accordance  with 
the  rule  the  primitive  would  be  A  =  1/x  +  p.  But  it  is 
impossible  to  find  the  area-function  in  this  ease,  for  when 
X  =  0  there  is  no  value  of  p.  As  x  approaches  zero  p  increases 
without  limit.  The  only  questions  which  can  be  answered 
are  those  which  inquire  the  area  between  two  given  ordinates 
on  the  same  side  of  the  y-axis.  This  remark  evidently  ap- 
plies whenever  the  primitive  contains  a  power  of  x  in  the 
denominator,  and  also  when  it  contains  log  x  in  the  numerator. 

29.  Find  the  area  between  the  specified  ordinates  in  the 
case  of  each  of  the  curves  whose  ordinate-functions  are  as 
follows : — 

(i)  y  =  -  3/x^,  (between  x  =  +  i  and  x  =  +  loo). 
(ii)  y  =  i/x',  (between  x  =  -  i  and  x  =  -  lo). 
(iii)  y  =  i/x""'  -  i/x^'',  (between  x  =  +  4  and  x  =  +  36). 
(iv)  y  =  (x^  -  i)/x',  (between  x  =  +  i  and  x  =  +  10). 

30.  Find  the  area  between  the  specified  ordinates  in  the 
case  of  each  of  the  curves  whose  ordinate-functions  are  as 
follows : — 

(i)  y  =  -  I  /(x  +  i)'',  (between  the  y-axis  and  x  =  +  10). 
(ii)  y  =  +  i/(x  -  3)^",  (between  x  =  +  3'S  and  x  =  +  20"S  and 

also  between  x  =  +2-9  and  x  =   -  7). 
fiii)  y  =  i/(x  +  i),  (between  x  =  o  and  x  =  +  9). 
(iv)  y  =  -  i/(x  -  4),  (between  x  =  +  5  and  x  =  +25). 
(v)  y  =  i/(x  -  3)  -  i/(x  +  3),  (between  x  =  +  4  and  x  =  +  24). 
In  each  of  these  problems  the  specified  ordinates  must 
both  lie  on  the  same  side  of  a  certain  point  on  the  x-axis. 
State  the  positions  of  these  points. 

C. 

Note. — Any  solid  figure  may  be  supposed  to  be  divided 
into  "  slabs  "  by  a  series  of  parallel  or  equidistant  planes. 
The  common  orientation  of  these  planes  can  be  fixed  by 
saying  that  they  are  all  perpendicular  to  a  certain  straight 
line  which  may  be  taken  as  the  axis  of  x.  Any  point  con- 
veniently situated  upon  this  line  may  be  taken  as  the  origin. 
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Just  as  in  the  case  of  a  curve  there  is  always  a  rule  for 
calculating  y,  the  height  of  the  ordinate  whose  abscissa  is  x, 
so  there  will  in  this  case  be  a  rule  for  calculating  the  area, 
A,  of  the  cross-section  of  the  solid  made  by  the  perpendicular 
plane  whose  distance  from  the  origin  is  x.  And  just  as  in 
the  former  ease  there  is  a  further  rule  for  calculating  the 
area  under  the  curve  between  the  2/-axis  and  the  ordinate  at 
any  point  x  on  the  a;-axis,  so  here  there  will  be  a  further  rule 
for  calculating  the  volume  V  of  the  solid  between  the  section 
made  by  the  plane  through  the  origin  and  the  section  made 
by  the  plane  through  any  point  x. 

31.  Explain  with  reference  to  a  solid  figure  and  the  series 
of  equidistant  planes  described  in  the  foregoing  note  the 
meaning  of  the  differential  formula 

hi  =  Ate. 
Explain  also  how  the  volume-formula  (or  volume-function) 
of  a  given  solid  figure  can  be  derived  from  it.     (Cf.  the  Note 
on  pp.  351-2  of  Part  I.) 

32.  Each  of  the  following  formulae  gives  the  area  of  the 
section  of  a  certain  solid  figure  made  by  a  plane  through  the 
point  X  perpendicular  to  the  a;-axis.  Obtain  in  each  case  a 
formula  for  the  volume  of  the  solid  included  between  this 
plane  and  the  parallel  plane  through  the  origin  : — 

(i)  A  =  x\  (ii)  A  =  (x  4-  i)^ 

(iii)  A  =  px"-*.  (iv)  A  =  ae". 

(v)  A  =  aebx.  (vi)  A  =  ae=t  +  l>. 

(vii)  A  =  r"  loger.  (viii)  A  =  ar*. 

(ix)  A  =  ar^x.  (i)  A  =  ar^x  +  c. 

33.  Calculate  in  each  of  the  following  cases  the  volume  of 
the  solid  body  included  between  the  specified  planes.  Show 
in  each  case  that  these  planes  must  both  be  on  the  same  side 
of  a  certain  plane  whose  position  is  to  be  stated. 

(i)  A  =  a/x'',     (between    the    planes    through    x  =  -t-  i    and 

X  =    -H  20). 

(ii)  A  =  2/(x  -  4)',    (between    the  planes    at     x  =  +  3    and 

X  =  -  14). 
(lii)  A  =  i2-8(x  +  s)-*-",  (between  the  planes  at  x  =   -  2  and 

X  =  -t-  7). 
(iv)  A  =  i/x,  (between  the  planes  at  x  =  -t-  i  and  x  =  +  7"  39). 
(v)  A  =  i/(x  +  3-2),   (between  the  planes  at  x  =  -  o'48  and 

X  =  +  55)- 
Note. — Let  the  closed  figure  bounded  by  a  given  curve,  the 
a;-axis,    and  two  given  ordinates   revolve  about  the  a;-axis. 
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The  solid  figure  which  it   traces  out   in  space  is  called  a 
solid  of  revolution. 

34:.  Write  down  formulae  for  calculating  the  volunae  be- 
tween the  planes  through  the  origin  and  the  point  x  of  the 
solids  of  revolution  derived  from  the  following : — 

(i)  y  =  X.  (ii)  y  =  2x  +  3. 

(iii)  y  =  3x_-  7.         (iv)  y  =  4x^ 
(v)  y  =  ^'x.  (vi)  y  =  x'-'. 

(vii)  y  =  ae".  (viii)  y  =  r^loger. 

(ix)  y  =  rx.  (x)  y  =  ar"  +  b. 

35.  Sketch  the  curves  y  =  l-5(l-3)^  and  y  =  (l-25)»^  from 
the  origin  to  a;  =  +  3.  Calculate  the  volume  included  between 
the  surfaces  of  revolution  produced  by  rotating  the  curves 
about  the  a;-axis. 

36.  A  point  is  moving  along  a  straight  line.  The  following 
formulae  give  its  average  velocity  during  a  short  time  St  after 
it  passes,  at  time  t,  a  given  point  situated  at  a  distance  s  from 
the  origin.  Find  a  formula  for  s,  given  that  t  is  measured 
from  the  moment  when  it  passes  the  origin :  (i)  v  —  32<  ; 
(ii)  «  =  lO^i;  (iii)  v  =  ai^-*  -  5-7;  (iv)  v  =  aj  Jt.  Show 
that  in  (ii)  the  moving  point  can  never  be  on  the  negative 
side  of  the  origin,  and  that  in  (iv)  it  must  be  supposed  to  start 
not  exactly  from  the  origin  but  from  a  point  at  an  indefinably 
short  distance  to  the  right  of  the  origin  and  a  moment  which 
is  an  indefinably  little  later  than  the  time  when  4=0. 

37.  A  point  is  moving  towards  a  fixed  point  O.  Observa- 
tions of  its  positions  are  commenced  (i.e.  t  =  0)  at  the  moment 
when  its  distance  from  0  is  s„.  Its  average  velocity  during 
a  short  time  U  after  it  passes  any  given  point  at  a  distance 
s  from  O  is  given  by  one  of  the  following  formulae.  Find  a 
formula  for  s  in  each  case  : — 

(i)  V  =   -  at-'.         (ii)  V  =  a  -  bt^ 
(iii)  v  =  aet.  (iv)  v  =  -  a/(t  +  i). 

38.  Pind  the  position  of  the  moving  point  under  the 
following  conditions : — 

(i)  S^s/St^  =  p,  Ss/St  =  o  when  t  =  o,  s  =  o  when  t  =  o. 
(ii)  SHjbt^  =  p  -  qt,  Ss/8t  =  o  when  t  =  o,  s  =  a  when  t  =  o. 
(iii)  g^s/St^  =  p/t^  8s/8t  =  -  i  when  t  =  p,  s  =  q  when  t  =  +  i. 


EXEECISB  LXXXIV. 
SUPPLEMENTARY  EXAMPLES. 

A.     Ebvision  Papeb  1. 

1.  Describe  the  nature  and  position  of  the  graphs  of  the 
following  functions  :  (i)  y  =  3x  -  13  ;  (ii)  2xy  +  ix  +  3y  - 
11  =  0 ;  (iii)  xyi6  +  2/V25  =  1. 

2.  Find  for  what  values  of  the  independent  variable  the 
first  function  in  No.  1  has  the  same  value  as  (i)  the  second, 
(ii)  the  third.  State  what  the  values  of  the  functions  are  in 
each  case.  How  would  the  facts  you  determine  appear  in 
the  graphs  ? 

3.  What  vertical  movement  of  the  graph  of  No.  1  (i)  will 
make  it  pass  through  the  point  (  -  12,  +  18)  ? 

4.  The  graph  of  No.  1  (ii)  is  rotated  clockwise  about  the 
origin  through  an  angle  of  45° ;  to  what  function  does  it  now 
correspond  ? 

5.  What  are  the  relations  between  the  graph  of  No.  1  (iii) 
and  the  graphs  of  (i)  a!V25  +  y'^/W  =  1 ;  (ii)  xyi6  -  y'/25 
=  1 ;  (iii)  a;V16  -  y^/25  =  -  1  ?  Sketch  the  graphs  roughly 
on  a  single  sheet  of  plain  or  squared  paper. 

6.  Calculate  the  angles  between  the  asymptotes  of  No.  5 
(ii)  and  (iii). 

7.  A  road  runs  from  a  point  A  to  a  point  B  as  follows  : 
23°  E.  of  N. ,  220  yards ;  28°  B.  of  N.,  460  yards  ;  85°  E.  of  S., 
336  yards  ;  47°  B.  of  S.,  325  yards.  Find  the  direct  distance 
of  B  from  A  and  its  bearing. 

8.  Theory  shows  that  the  velocity  of  sound  in  air  when  the 
temperature  is  t°  Centigrade  should  be  connected  with  the 
velocity  (VJ  when  the  temperature  is  zero  by  the  formula 

Y  =  Y^J{1  + at) 
a  being  a  small  constant.     Write  down  an  approximation- 

90 
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formula  by  which  the  velocity  may  be  calculated  without 
extracting  a  square  root.  Given  that  V„  =  33,200  cms./sec. 
and  that  a  =  0-00367,  express  the  formula  in  the  form 

V  =  A  +  B«. 
Use  it  to  calculate  the  velocity  of  sound  when  the  temperature 
is  20°  C. 

9.  Theory  indicates  that  the  speed  (v)  with  which  a  wave 
of  height  h  travels  across  the  sea  where  the  depth  is  d  should 
be  given  by  the  formula 

V  =  J(cid  +  bh). 
Find  the  values  of  the  coefficients  a  and  b,  given  that  when 
the  sea  is  10  feet  deep  a  wave  2  feet  high  travels  at  11"3  ft./sec, 
and  that  when  the  sea  is  24  feet  deep  a  wave  4  feet  high  travels 
at  34  ft./sec. 

10.  Two  cyclists  are  riding  round  a  track  of  length  a  feet 
with  velocities  of  u  and  v  ft./sec.  respectively.  When  they  ride 
opposite  ways  round  they  pass  one  another  every  b  seconds ; 
when  they  ride  the  same  way  round  the  former  overtakes 
the  latter  every  c  seconds.     Find  expressions  for  u  and  v. 

B.     Ebvision  Paper  2. 

11.  Describe  the  nature  and  position  of  the  graph  of  the 
function 

y  =  -  4a;2  +  24a;  -  21. 
What  is  the  magnitude  and  nature  of  the  turning  value  of  the 
function  ? 

12.  Write  down  the  function  inverse  to  that  of  No.  11. 
How  is  its  graph  related  to  that  of  No.   11  ? 

13.  Find  by  calculation  where  the  two  graphs  cut  the 
a;-axis. 

14.  Find  the  gradient  of  the  graph  of  No.  11  at  the  point 
where  x  =  +  3.  Use  the  result  to  find  the  formula  of  the 
line  which  touches  the  curve  at  that  point.  Write  down  (i) 
the  co-ordinates  of  the  corresponding  point  of  the  graph  of 
No.  12  and  (ii)  the  formula  of  the  tangent  line  at  that  point. 

15.  Show  that  the  line  whose  formula  is  y  =  mx  +  m^/lG 
is  a  tangent  to  the  graph  of  the  function  y  =  -  4a;^  whatever 
be  the  value  of  m.  Deduce  the  formula  of  a  line  which,  for 
all  values  of  m,  will  touch  the  graph  of  No.  11.  Translate  the 
statements  about  the  graphs  into  statements  about  the  values 
of  the  functions. 
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16.  Simplify  the  function 

2^ = & + ^ + 0  ^'''  ~  *  +  ^) 

and  prove  that  it  is  capable  of  positive  values  only.  Find 
its  turning  values  (i)  by  expressing  the  function  as  the  sum 
of  two  terms  of  which  the  first  is  a  perfect  square ;  (ii)  by 
determining  the  gradient.  Determine  by  means  of  the  second 
differential  formula  the  nature  of  the  turning  values.  What 
are  the  asymptotic  values  of  the  function  ?     Sketch  its  graph. 

17.  The  following  formula  is  taken  from  a  book  on  mag- 
netic measurements.  Change  the  subject  of  the  formula  to  d, 
making  your  expression  as  simple  as  you  can  : — 

r% 
m  =  

1    - 


(r2    +   d2)3'2 

Calculate  the  value  of  d  when  r  =  10,  h  =  0'56,  m  =  64. 

18.  In  a  town  water  supply  the  level  of  the  reservoir  is  H 
feet  above  the  taps  in  the  houses.  Owing  to  the  friction  in 
the  pipes  the  water  flows  only  as  quickly  as  it  would  flow 
from  a  height  oiH  -  h  feet  if  the  pipes  were  frictionless.  The 
"  loss  of  head  "  h  is  given  by  the  formula 

h  =  -^(0-0036  +  -^)3-2 

L  being  the  length  of  the  pipe  in  feet,  d  its  diameter  in  inches, 
and  s  the  speed  of  the  flow  in  feet  per  second. 

Write  down  the  dififerential  formulae  which  give  the  dififer- 
enoe  in  h  caused  by  (i)  a  slight  dififerenoe  d  in  the  diameter 
of  the  pipe ;  (ii)  a  slight  difference  s  in  the  speed  of  flow, 
(iii)  Write  also  an  expression  for  the  total  difference  in  h 
when  small  changes  are  made  both  in  the  diameter  of  the 
pipe  and  in  the  speed  of  flow.  [It  may  be  assumed  that  these 
two  effects  are  independent  of  one  another  so  that  they 
may  be  added.     Can  you  give  a  reason  for  this  assumption  ?] 

Calculate  the  loss  of  head  when  water  is  flowing  at  a  speed 
of  9  ft./sec.  through  a  6-inch  main  a  mile  long.  What  differ- 
ence would  be  made  in  the  loss  of  head  if  the  diameter  of  the 
pipe  were  a  quarter  of  an  inch  greater  and  the  speed  3  in./sec. 
faster  ? 

19.  Compound  interest  is  paid  p  times  a  year  upon  a  sum 
of  money  at  the  nominal  annual  rate  of  i  per  pound.     Give 
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an  expression  for  the  ratio  of  the  amount  at  the  end  of  n 
years  to  the  amount  at  the  same  rate  of  simple  interest. 
What  form  does  the  ratio  take  when  the  interest  is  paid  every 
moment  ?  Evaluate  the  ratio  in  this  case  assuming  i  =  0'03, 
w  =  10,  logioe  =  0-4343. 

20.  Two  men  are  walking  along  roads  which  lie  at  right 
angles  to  one  another.  The  first  is  3  miles  from  the  crossing, 
and  is  walking  away  from  it  at  3  mls./hr.  ;  the  other  is  4 
miles  from  the  crossing,  and  is  walking  towards  it  at  4  mls./hr. 
Show  that  they  can  never  be  nearer  to  one  another  than  4 '8 
miles.  At  what  time  are  they  at  this  distance  apart,  and  at 
what  times  is  the  distance  between  them  10  miles  ? 

C.     Eb VISION  Papee  3. 

21.  Find  the  pairs  of  values  of  x  and  y  common  to  the 
relations 

xy  =  -  24  and  y  =  x'^  -  x  -  14: 
by  plotting  their  graphs  on  a  single  sheet.     Explain  how  the 
results  give  the  roots  of  the  equation 

a;3  _  a;2  _  14a,  +  24  =  0. 

22.  The  product  of  the  roots  of  the  equation 

1  1  1 

X  +  a      X  +  b       c 
is  1.     Show  that  the  sum  of  the  roots  is  -  {a?  +b^+  2)/(a  +  b). 

23.  Express  the  function 

2g!  -  3 

a;(4a;^  -  1) 

as  the  sum  of  three  "  partial  fractions  "  with  denominators 

X,  2x  -  l,2x  +  1.    Use  your  result  to  graph  the  function  from 

X  =   -ltoa;=+l. 

24.  Determine  what  values  of  a  and  b  make 

2x^  -  x^  +  ax  +  b 
exactly  divisible  both  by  a;  +  2  and  by  a;  -  4. 

25.  A  man  rows  from  the  foot  of  a  lighthouse  5  miles  in  a 
direction  76°  W.  of  N.  He  then  enters  a  current  running  at 
4  miles  an  hour  in  which  he  drifts  for  45  minutes.  He  now 
observes  that  the  lighthouse  bears  82°  B.  of  N.  Show  that 
he  must  be  in  one  of  two  positions  with  regard  to  the  light- 
house.    Exhibit  them  in  a  diagram. 
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26.  Given  that  E  =  Pr»  -  Q(r"-i  +  r"-^  +  r"-^  +  . .  .  + 1) 
determine  a  logarithmic  formula  of  which  the  subject  is  n. 

A  man  inherits  a  fortune  of  £69,800  invested  at  4|7o  ''o™" 
pound  interest.  He  withdraws  £4350  every  year  to  meet 
his  expenditure.  He  dies  immediately  after  one  of  these 
withdrawals,  leaving  £8510.  For  how  many  years  did  he 
enjoy  the  money  ? 

Si7.  Determine  values  of  x  such  that 

(i)  log  (3x  +  5)2  +  log  (2x  -  7)^  =  3  ; 
(ii)   log  x/(3x  -  2)  -  log  n/(sx  +  i)  =  I  ; 
/■■■\  I  ,  I 

(ill)     i i ; =    I. 

S  -  log  X       I  +  log  X 

28.  The  following  table  gives  the  values  of  a  certain  func- 
tion corresponding  to  the  specified  values  of  x.  Determine 
by  the  method  of  differences  the  simplest  possible  form  of  the 
function. 

a;  .•-4-3-2-1       0+1   +   2   +   3  +   4 
2/;   -51    -20   -5       0+1+4+15   +40   +85 

29.  Show  that  the  function  of  No.  28  has  no  turning 
values  but  that  its  graph  has  a  point  of  inflection  where 
x=  -  1/3. 

30.  Calculate  by  the  binomial  theorem  the  value  to  two 
decimal  places  of  (0-9)  i". 

D.     Eevision  Papee  4. 

•   31.  Draw  the  contour  lines  of  the  tridimensional  graph  of 
the  function 

z  =  x^/lOy 
for  values  of  z  at  unit  intervals  from    -  4  to  +  4.     Sketch 
also  the  trace  of  the  graphic  surface  upon  (i)  the  plane  a;  =  +  6, 
(ii)  the  plane  y  =   -  i,  (iii)  the  plane  lOz  +  y  -  10  =  0. 

32.  Find  the  values  of  the  constants  in  the  function 

y  =  aa;^  +  hx  +  c 
given  that  y  =  +  Q  when  a;  =  +  1,  and  that  the  function 
has  a  minimum  value  of  +  4  when  a;  =  +  3. 

33.  Find  by  the  method  of  No.  21  one  root  of  the  cubic 
equation 

2a;3  _  a;2  -  a;  -  3  =  0. 
Prove  that  there  is  no  other  root. 
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34.  Determine  the  integral  expression  and  the  fractional 
complement  which  are  together  equivalent  to  the  quotient 

(2a;*  +  x^  -  15a;2  +  15a;  +  2)/{x^  +  2x  -  5). 
What   is   the   numerical    value   of   the    complement   when 
X  =  +3-5? 

35.  Find  by  the  binomial  theorem  an  approximation- 
expansion  for  1/(1  -  2xy.  For  what  values  of  x  is  it  service- 
able? Use  it  to  evaluate  the  function  to  two  places  of 
decimals  when  x  =  +  ^. 

36.  Show  that  the  quadratic  function 

2x^  -  2y^  -  3xy  +  5x  -  5y  +  3 
is  the  product  of  two  linear  functions.     [Solve  as  a  quad- 
ratic equation  in  y,  x  being  treated  as  if  it  were  constant.] 
What  is  the  angle  between  the  two  lines  which  constitute  the 
graph  of  the  function  ?     Where  do  they  intersect  ? 

37.  What  is  the  relation  of  the  graphs  of  the  functions 
2x^  -  2y^  -  Zxy+6x  -6y  +  lb  and  2x'^  -  2y'^  -3xy  +  5x-5y-9 
to  the  graph  of  No.  36  ?     What  do  the  functions  become  if 
the  graphs  are  moved  without  rotation  until  the  intersection 
of  the  lines  in  No.  36  coincides  with  the  origin  ? 

38.  Through  what  angle  must  the  lines  of  No.  36  now  be 
rotated  so  as  to  coincide  with  the  axes?  What  have  the 
functions  of  No.  37  now  become? 

39.  A  regular  hexagon  is  circumscribed  about  a  circle  of 
radius  10  cms.  Calculate  its  perimeter  and  area.  The 
figure  is  made  to  trace  out  a  ring-shaped  solid  by  rotation 
about  a  line  in  its  plane  30  cms.  from  the  centre  of  the  circle. 
Calculate  by  Guldin's  method  the  area  of  the  surface  and  the 
volume  of  the  ring.    [Part  I,  p.  334.] 

40.  Consider  a  swarm  of  points  whose  centroid  C  is  at  a 
distance  c  from  a  straight  line  AB.  Let  A'B'  be  a  line 
through  C  parallel  to  AB.  Prove  from  the  definition  of  the 
centroid  that,  if  x  is  the  distance  of  one  of  the  points  of  the 
swarm  from  A'B',  So;  =  0.  Hence  show  that  the  sum  of  the 
squares  of  the  distances  of  the  points  of  the  swarm  from  AB  is 

%x^  +  no^ 
n  being  the  number  of  points. 

From  this  result  deduce  that  if  the  root-mean-square  of 
the  distances  of  the  points  from  A'B'  is  d  then  the  root-mean- 
square  of  their  distances  from  AB  is 
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Give  a  formula  for  the  root-mean-square  distance  of  the 
points  (i)  of  the  circumference,  (ii)  of  the  surface  of  a  circle 
of  radius  r  from  one  of  the  tangents.  [See  Part  I,  Ex. 
LXVII.] 

B.   Eevision  Paper  5.     Scales  op  Notation. 

41.  The  relation  between  two  variables  P  and  Q  is  believed 
to  be  of  the  form 

PQ"  =  h. 
The  following  table  gives  a  number  of  simultaneous  values  of 
P  and  Q.     Plot  log  P  against  log  Q  and  use  the  resulting 
graph  to  determine  the  values  of  n  and  h. 

P      8-0     5-3     4-1     3-45     2-95     2-68 
Q        1        2        3         4  5  6 

42.  Find  the  limits  within  which  the  value  of  the  function 

_  a;^  -  3a;  -I-  4 
^  ~  a;2  +  3a;  H-  4 

varies  for  different  values  of  x.     What  are  the  values  of  x  at 
which  its  turning  values  occur  ? 

43.  Find  the  values  of  the  variables  which  satisfy  simul- 
taneously the  relations 

[y  +  a)(a;  -f  2/  H-  z)  =  2 
(z  +  a;)(a;  +  y  +  z)  =  % 
{x  +  y){x  +  y  +  z)  =  i 

44.  According  to  the  binomial  theorem  (1  +  x)"  =  1  +  nx 
is  a  first  approximation-formula  for  all  values  of  n,  provided 
that  X  is  numerically  less  than  unity.  Let  x  have  in  succes- 
sion the  values  0-05,  0-1,  0-2,  0'4,  0'6,  0-8,  and  plot  against 
these  numbers  the  values  of  {X  +  «)"  as  given  by  the  approxi- 
mation-formula and  also  as  calculated  by  logarithms.  Let 
each  member  of  the  class  assign  to  n  one  of  the  values 
+  i,  -  i.  -  f .  +  2"5,  -  6-8.  What  conclusions  do  you  draw 
as  to  the  adequacy  of  the  approximation  formula  ? 

45.  In  the  ordinary  system  of  numeration  the  expression 
2375  means 

2<3  +  3t^  +  7t  +  5 
where  t  =  10.      We  may  express  this  fact  by  saying  that 
numbers  are  ordinarily  expressed  in  the  scale  of  ten.     It 
is,  however,  only  an  historical  accident  that  ten  has  been 
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taken  as  the  radix  of  numeration — an  accident  due,  no  doubt, 
to  man's  possession  of  ten  fingers.  Other  radices  have  been 
used  (e.g.  five,  the  "  score,"  etc.)  even  by  European  peoples. 
What  number  in  the  scale  of  ten  would  be  equivalent  to  2375 
if  the  latter  were  in  a  scale  of  notation  whose  radix  is 
(i)  6,  (ii)  12  ? 

4:6.  Take  any  number  N  in  the  scale  of  ten.  Divide  it  by 
any  integer  r  less  than  itself ;  let  the  quotient  be  Qj  and  the 
remainder  «„.  Divide  Qj  by  r,  let  the  quotient  be  Q^  and 
the  remainder  asj.  Eepeat  the  process  until  the  quotient 
is  less  than  r.    Prove  that 

N  =  osj  +  a^r  +  a^r^  +   .  .  .  . 

47.  Use  No.  46  to  convert  the  number-symbol  58736  in  the 
scale  of  10  into  a  number-symbol  in  the  scale  of  8. 

48.  Multiply  and  divide  41204  by  3  in  the  scale  of  5. 

49.  Our  "  decimal  fractions  "  are  an  example  of  what  may 
be  called  in  general  radix  fractions.  Let  a  fraction  P  be 
expressed  by  a  series  of  radix  fractions,  the  radix  being  r  : — 

p  =  !^i  +  'ia  +  ^  + 

f     ^    ^2    ^    f3   ^     ■    ■    ■     ■ 

Multiply  both  sides  of  the  equality  by  r  ;  then  it  is  clear  that 
the  integral  part  of  the  left-hand  side  will  be  the  value  of  the 
numerator  Uy  A  second  multiplication  by  r  will  bring  to 
light  the  value  of  Wj,  and  so  on.  Use  this  method  to  express 
the  fraction  2/3  as  the  sum  of  a  series  of  radix  fractions  in 
which  r  =  5. 

60.  Show  that  the  number  represented  in  any  scale  of 
notation  by  the  number-symbol  12321  is  a  perfect  square. 
Of  what  other  number-symbols  is  this  same  statement  true  ? 

Note. — The  later  Greek  mathematicians  and  astronomers 
(e.g.  Ptolemy,  c.  120  a.d.)  used  radix  fractions  in  which  the 
radix  was  60.  They  used  these  for  approximate  calculations 
much  as  we  use  decimals.  The  successive  fractions  were 
called  "  minutes,"  "  seconds,"  "  thirds,"  etc.  Our  familiar 
mode  of  estimating  the  fractions  of  an  hour  and  a  degree  are 
simply  remnants  of  this  once  universal  method  of  fractional 
numeration. 

F.     LOGAEITHMIO   ApPEOXIMATION-SbEIES. 

Note. — The  area-function  corresponding  to  the  ordinate 
function  y  =  0x"  is^  as  we  know,  given  by  Wallis's,  Law  for 

PT.  II.  7 
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all  values  of  n  except  -  1.  We  saw  in  Ex.  LXXXIII,  No. 
26,  that  in  this  case  there  is  no  area-function  in  the  sense 
hitherto  given  to  the  term,  but  that  the  area  between  two 
ordinates  whose  abscissae  are  cBj  and  oij  is  log  ajj  -  log  ajj.  In 
this  sense  log  x  may  be  called  the  area-function.  Wallis 
himself  (in  his  "  Arithmetic  of  Infinites  ")  showed  that  his 
law  breaks  down  for  «  =  -  1  and  also  that  the  area  of  the 
rectangular  hyperbola  y  =  ajx,  from  the  y-axis  up  to  the  or- 
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dinate  whose  abscissae  is  x  must  always  be  considered  infinite. 
These  results  led  mathematicians  to  take  great  interest  in  the 
problem  of  "  squaring  the  hyperbola  " — that  is,  of  finding  its 
area-function.  Between  1655  and  1670  three  methods  were 
discovered  of  expressing  the  area  between  two  ordinates  of  a 
rectangular  hyperbola  as  the  limiting  sum  of  an  endless  series. 
Nos.  51-3  illustrate  the  method  invented  by  Wallis  himself. 
No.  54  that  of  Nicholas  Mercator,  and  Nos.  66-60  the  one 
announced  by  Lord  Brouncker,  the  first  president  of  the 
Eoyal  Society,  in  1668. 
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Examples : — 

51.  The  curve  PQ  (fig.  66)  is  part  of  the  rectangular  hyper- 
bola xy  =  1 .  OM  =  1  and  MNj  =  a,  where  a  is,  of  course, 
less  than  unity.  Prove  that  the  ordinate  QiNj  can  be  ex- 
pressed to  any  required  degree  of  exactness  by  the  equivalence 

QjNi  =  1  +  a  +  a'^  +  a^  +  a'^  +   .  .  .  . 

52.  Hence  prove  by  Wallis's  Law  that  the  hyperbolic  area 
PMNjQi  is  given  by  the  formula 

A  =  a  +  ^a^  +  ^a^  +  la*  +   .  .  . 

53.  Show  that  the  sum  of  any  number  (however  great)  of 
the  terms  of  this  series  which  follow  the  term  a""V(ra  -  1) 
can  never  reach  a"/n{l  -  a).  Hence  show  (a  being,  by  hypo- 
thesis, <  1)  that  the  hyberbolic  area  can,  by  means  of  the 
series,  be  calculated  to  any  required  degree  of  exactness. 

54.  Let  MNj  =  a,  a  being  again  less  than  unity.  Prove 
as  before  that  the  hyperbolic  area  PMNjQa  is  given  by  the 
formula 

A  =  a  -  |a2  +  Ja=  -  |a*  -)-    .  .  .  . 
Show,  as  in  No.  53,  that  the  area  can  be  calculated  to  any 
degree  of  exactness. 

55.  From  the  results  of  Nos.  52/  54  deduce  Gregory's 
series  for  calculating  the  area  between  the  ordinates  QjNj 
and  Q2N2  which  are  situated  at  the  same  distance  a  from 
PM,  a  being  less  than  unity. 

56.  In  fig.  66  OM  =  1,  ON  =  2,  the  ordinate  at  the  point  a 
is  midway  between  the  ordinates  at  P  and  Q,  the  ordinates 
at  the  points  b  and  c  midway  between  those  at  P  and  a  and 
a  and  Q,  the  ordinates  at  d,  e,  f,  g,  midway  between  those  at 
P  and  b,  b  and  a,  a  and  c,c  and  Q.  Through  the  successive 
points  lines  are  drawn  parallel  to  the  axes  so  as  to  form  the 
rectangles  1,  2,  ...  8.  Write  down  (as  vulgar  fractions) 
the  lengths  of  the  bases  of  the  rectangles  in  the  order  in 
which  they  are  numbered. 

57.  Express  as  vulgar  fractions  the  heights  of  the  ordinates 
at  Q,  a,  b,  c,  .  .  .  g,  in  order.  Calculate  the  heights  of  the 
rectangles  in  order. 

58.  Hence  show  that  the  sum  of  the  areas  of  the  rectangles 
1  to  8  is 

1  1         Jl.       ^       J_  1  1  1 


1.2  ^  3.4  ^  5.6  ^  7.8  "  9.10  ^  11.12  ^  13.14  ^  15.16 
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59.  It  is  obvious  that  by  drawing  ordinates  midway  be- 
tween P  and  d,  d  and  b,  etc.,  eight  more  rectangles  can  be 
obtained,  that  after  these  sixteen  more  may  be  obtained  by 
the  same  method,  and  so  on  endlessly.  It  is  obvious,  too, 
that  the  sum  of  the  rectangles  will  in  time  constantly  ap- 
proximate more  closely  to  the  hyperbolic  area  between  PM 
and  QN.  Write  down  the  formula  which  gives  the  area  of 
the  wth  rectangle  of  the  series. 

60.  In  fig.  66  the  dotted  lines  PN',  N'Q  complete  the  square 
PN.  If  the  space  PaQN'  is  mapped  out  into  rectangles  of 
which  those  numbered  1',  2',  3'  are  specimens,  show  that  its 
area  can  be  calculated  approximately  by  the  series 

Ji-       Jl        J^       JL 

2.3  ■*■  4.5  "^  6.7  "*"  8.9  "^    "  '  " 

61.  What  would  you  expect  to  be  the  limiting  sum  of  the 
following  series  ? — 

1         J_        J^       J_ 

1.2  +  2.3  "^  3.4  +  4.5  +    •  •  •  • 

62.  Use  Ex.  LXXXVIII,  No.  26,  to  show  that  the  hyper- 
bolic areas  (i)  between  PM  and  Q2N2,  (ii)  between  QiNj 
and  PM,  (iii)  between  QjNj  and  QjNj  are  respectively 
(i)  log,(l  +  a),  (ii)  -  log.(l  -  a),  (iii)  log.(l  +  a)/(l  -  a). 
Write  down  the  approximation-formulas  by  means  of  which 
these  three  logarithms  may  be  calculated.  Show  that  although 
a  must  be  <  1  yet  the  logarithm  of  any  number  may  be 
calculated  by  the  third  equivalence. 

63.  Use  Mercator's  series  to  calculate  log,  1-5,  Wallis's  to 
calculate  log,  0'5,  and  Gregory's  to  calculate  log,  3,  in  each 
case  to  three  significant  figures. 

64.  Find  the  value  which  must  be  assigned  to  a  in  order 
to  calculate  log,  10  by  Gregory's  series.  Write  down  the 
first  few  terms  of  this  series. 

65.  Given  that  the  sum  of  this  series  is  (to  four  places) 
2-3026,  calculate  the  logarithm  to  base  10  of  one  of  the  num- 
bers specified  in  No.  64. 

66.  Show  that  in  order  to  construct  a  table  of  logarithms  of 
numbers  from  1  to  100  (or  any  other  limit)  it  is  necessary 
only  to  calculate  by  Gregory's  series  the  logarithms  of  the 
prime  numbers.  What  logarithms  would  suffice  to  calculate 
log  45,  log  72,  log  243  ? 
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67.  Write  down  the  series  obtained  by  substituting 
l/(2w  +  1)  for  a  in  Gregory's  series.  Show  that  it  can  be 
used  conveniently  to  calculate  log  (w  +  1)  when  log  n  is 
known. 

68.  Use  the  series  of  No.  67  to  calculate  log„  2  to  three 
significant  places.  Hence  calculate  log^  3.  Explain  the 
simplest  way  of  calculating  by  this  method  (i)  log„  5,  (ii) 
log,  10. 

69.  The  approximation-formulffi  of  No.  62  are  so  important 
that  it  is  well  to  show  that  they  may  be  demonstrated  without 
actual  reference  to  the  hyperbola.  To  do  this  assume  that 
fig.  65  (p.  84)  is  the  graph  oi  y  =  e'  and  repeat  in  full 
the  proof  that  &yj^x  =  e'.  Deduce  that,  when  y  =  log„a;, 
Sy/8x  =  1/x.  Substitute  for  x  the  expression  1  +  a  and 
hence  prove  Mercator's  series.  Next  substitute  1  -  a  for  a; 
and  prove  Wallis's  series. 

70.  The  fact  that  when  y  =  e",  8y/Sx  also  =  e"^  enables  us 
to  deduce  an  approximation-formula  for  calculating  e'.  As- 
sume that 

y  =  e^^  =  a^  -\-    a-^x  +    a^x^  +  a^x^  +    .  .  .        (A) 
then  hyjhx  =  e'  =  a-^+  2a^  +  ia^^  +    .  .  .  (B) 

Since  A  and  B  are  both  expansions  for  e   we  may  no  doubt 
assume  that  they  are  identical,  term  by  term.     Thus  we  have 

ftj  =  cSq,     2a2  —  «!,     Sag  =  a^,     ia^  =  a^,  .  .    . 
If,  then,  we  can  determine  the  value  of  a^  the  values  of  the 
other  coefficients  can  easily  be  calculated.     To  find  the  value 
of  aSq  put  a;  =  0  in  A.     Thence  deduce  the   approximation- 
series  : — 

/J.2  /y>3  /Yti 
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TKIGONOMETEY  OF  THE  SPHEEE. 


BXBECISE  LXXXV. 
MAP  PROJECTIONS— SANSON'S  NET. 

§  1.  The  Problem  of  Map  Drawing. — There  is  an  essential 
difference  between  a  plan  of  a  small  area,  such  as  the 
country  immediately  around  a  town,  and  a  map  of  a  very 
large  area  such  as  a  continent.  The  smaller  area  can  be 
treated  as  if  it  were  plane,  the  larger  can  not.  The  plan  of  a 
town  on  a  scale  of  1/10,000  would,  if  enlarged  10,000  times, 
"fit ''  on  to  the  actual  ground.  The  map  of  the  continent,  on 
account  of  the  earth's  curvature,  would  not.  If  the  earth 
were  cylindrical  or  conical  its  curvature  would  not  produce  this 
difficulty,  for  the  surface  of  a  cylinder  or  cone  can  be  "de- 
veloped "  or  laid  out  on  a  flat  surface.  But  the  surface  of 
a  sphere  is  not  developable ;  hence  the  problem. 

Let  A,  B,  C,  D  .  .  .  be  points  on  the  coast-line  of  a  large 
island  such  as  Australia,  and  let  O  be  a  fixed  centre  within 
the  island.  Then  it  is  possible  to  draw  a  map  in  which 
A,  B,  G,  D  .  .  .  and  O  are  represented  by  points  a,  b,  c,  d 
.  .  .  and  0  in  such  a  way  that  the  straight  lines,  oa,  ob,  oc, 
od,  etc.,  show  correctly  the  directions  which  would  take  a 
traveller  from  0  to  A,  B,  0,  D,  .  .  .  while  the  lengths  of  the 
lines  represent  to  scale  the  lengths  of  the  journeys  along 
those  directions.  But  in  this  case  the  lines  ab,  be,  cd,  etc., 
will  represent  accurately  neither  the  directions  from  A  to  B, 
B  to  C,  C  to  D,  etc.,  nor  the  actual  distances  along  those 
directions.  On  the  other  hand  it  is  possible  so  to  plot  a,  b, 
c,  d  .  .  .  and  o  that  all  the  directions  are  correctly  repre- 
sented ;  but  in  this  case  neither  the  distances  AB,  BC,  CD, 
etc.,  nor  the  distances  from  O  will  be  correctly  represented. 
Finally,  neither  of  the  modes  of  representation  will  reproduce 
correctly  the  area  enclosed  by  the  coast-line ;  and  a  mode 
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which  did  represent  the  area  correctly  could  not  exhibit  all 
directions  and  distances  correctly  as  well. 

It  is  impossible,  then,  to  draw  a  map  representing  faithfully 
in  all  respects  a  large  portion  of  the  earth's  surface.  The 
cartographer  must  be  content  either  to  represent  it  accurately 
in  one  or  two  respects  (e.g.  to  preserve  all  directions  or  all 
areas  correctly)  and  to  let  the  others  go  ;  or  he  must  arrange 
a,  b,  c,  d,  etc.,  so  that,  although  they  do  not  represent  the 
actual  relations  of  A,  B,  0,  D,  etc.,  accurately  in  any  single 
respect,  yet  the  departures  from  accuracy  are  in  no  respect 
serious,  or  so  that,  if  they  are  serious,  some  compensating 
convenience  is  gained.  In  short  there  is  only  one  condition 
that  must  be  fulfilled  by  all  maps ;  namely,  that  to  each  of 
the  points  A,  B,  C,  D,  etc.,  on  the  earth's  surface  there  shall 
correspond  one  set  of  points  and  one  set  only,  a,  b,  c,  d,  etc., 
on  the  map.  In  other  words,  given  the  position  of  any  point, 
P,  on  the  earth  there  must  be  some  principle  which  deter- 
mines on  the  map  one  point,  p,  and  one  only,  to  be  the 
representative  of  P. 

§  2.  Projections. — Theoretically  there  is  an  unlimited  num- 
ber of  ways  of  representing  a  given  tract  in  a  map.  Any 
consistent  way  of  doing  so  is  called  a  projection.  In  practice 
only  those  projections  are  used  which  satisfy  or  come  near  to 
satisfying  some  of  the  requirements  mentioned  above.  The 
best  way  to  appreciate  a  projection  is  to  study  its  effects  upon 
the  lines  of  latitude  and  longitude.  If  you  examine  the  net- 
work of  these  lines  in  the  various  maps  of  your  atlas  you 
will  see  at  once  that  several  projections  are  employed  there. 
In  some  maps  the  lines  of  latitude  and  longitude  are  curves. 
These  maps  may  represent  distances  or  areas  correctly,  but  it 
is  obvious  that  they  falsify  directions,  for  points  actually  north 
and  south  or  east  and  west  from  one  another  are  not  connected 
by  parallel  straight  lines.  In  other  maps  the  lines  of  longi- 
tude are  parallel  and  equidistant.  Here,  while  north  and 
south  directions,  at  any  rate,  are  preserved,  east  and  west 
distances  cannot  be  truly  represented,  for  the  actual  distance 
between  two  meridians  changes  as  one  goes  north  and  south. 
Again  in  other  maps  the  lines  of  latitude  are  parallel  but  not 
equidistant.  In  these  maps,  while  east  and  west  directions 
are  undoubtedly  preserved,  north  and  south  distances  must 
be  falsified,  for  the  parallels  of  latitude  are  really  equidistant. 
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Finally,  it  is  evident  that  other  maps  exaggerate  or  diminish 
the  areas  of  some  parts  of  the  earth  in  comparison  with 
others. 

§  3.  Equal-area  Projections.  Sanson's  Net. — Some  of  the 
most  important  nets  are  equal-area  projections ;  that  is, 
while  they  may  distort  the  shape  of  a  portion  of  the  earth's 
surface,  they  represent  the  relative  areas  of  its  parts  correctly. 
The  simplest  is  Sanson's.  Draw  across  a  sheet  of  squared 
paper  a  straight  line  AOB  to  represent  the  equator,  and  draw 
COD  bisecting  it  at  right  angles  at  0  to  represent  the  meridian 
of  Greenwich.  If  10  degrees  of  longitude  along  the  equator 
are  represented  by  1  centimetre  AB  must  be  36  cms.  long.  It 
is  most  convenient  to  give  in  a  map  every  fifteenth  meridian  ;  ^ 
so  AB  should  be  divided  equally  into  lengths  of  1'5  cms.,  and 
graduated,  right  and  left  from  0,  up  to  180"  B.  and  W.  longi- 
tude. An  important  feature  of  Sanson's  projection  is  that  the 
parallels  of  latitude  are  to  be  represented  at  the  correct  dis- 
tances from  the  equator.  For  this  purpose  CD  must  be  18 
cms.  long  and  must  be  divided  into  centimetre  lengths  to  be 
graduated  10°,  20°,  etc.,  above  and  below  O.  Through  the 
points  of  division  straight  lines  must  be  drawn  parallel  to  AB. 
The  other  principle  followed  is  that  distances  along  the  parallels 
are  also  to  be  represented  correctly.  Now  we  know  that  if  the 
length  of  a  certain  number  of  degrees  of  longitude  along  the 
equator  is  d  the  length  of  the  same  number  of  degrees  along  a 
parallel  of  latitude  A.  is  d  cos  A,.  Thus  the  meridian  of  15° 
(east  or  west)  must  be  drawn  so  as  to  cut  the  successive 
parallels  at  distances  of  1-5  cos  10°,  1'6  cos  20°,  etc.,  from  CD. 
Similarly  the  meridian  of  30°  must  be  drawn  to  cut  the  paral- 
lels at  distances  of  3  cos  10°,  3  cos  20°,  etc.,  from  CD.  Finally, 
the  meridian  of  180°  will  be  a  curve  whose  abscissee  are  18 
cos  X.  All  these  meridians  will  of  course  meet  in  two  points 
P  and  P',  representing  the  north  and  south  poles. 

It  will  be  noticed  that  the  net  thus  drawn  sufl&ces  to  repre- 
sent in  one  map  the  whole  of  the  earth's  surface.  The 
bounding  meridians  marked  180°  B.  and  W.  are  in  reality 
identical.  Parts  of  the  earth  represented  towards  the  margin 
of  the  map  must  be  distorted  in  shape  but  parts  represented 

^  Because  a  difference  of  longitude  of  15°  means  an  hour's  diiFer- 
enoe  in  local  time. 
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in  the  centre  will  preserve  their  shape  very  well.  For  this 
reason  Sanson's  projection  is  commonly  used  for  maps  of 
Africa.  In  this  case,  of  course,  only  part  of  the  net  is  needed 
and  the  meridian  of  20°  E.  longitude  is  generally  taken  as 
central. 

Lastly,  Sanson's  is  an  equal-area  projection.  Consider 
a  narrow  trapezium  on  the  earth's  surface  bounded  by  two 
close  parallels  of  latitude  and  any  two  meridians.  The  corre- 
sponding part  of  the  map  will  be  a  narrow  strip  between  two 
horizontal  lines  bounded  by  portions  of  meridians  so  short 
that  they  may  be  taken  as  straight.  Since,  then,  both  the 
horizontal  and  vertical  distances  on  the  map  are  1/not  the  corre- 
sponding distances  on  the  globe,  the  area  enclosed  on  the  map 
may  be  taken  as  l/w^  of  the  corresponding  area  upon  the  globe. 
By  making  the  strip  sufficiently  narrow  the  error  in  this  es- 
timate can  be  reduced  below  c  per  cent  where  c  is  as  small  a 
number  as  we  please.  Since  this  argument  applies  to  all  the 
strips  into  which  a  given  area  may  be  divided,  it  follows  that 
however  much  the  shape  of  a  tract  may  be  distorted  relative 
areas  are  preserved  to  an  unlimited  degree  of  approximation. 

Examples : — 

1.  Complete  a  careful  drawing  of  a  Sanson  net  upon  the 
scale  described  above.  The  lines  of  latitude  and  longitude 
should  be  inked  in  and  numbered  properly.  The  net  must  be 
preserved  for  future  exercises. 

2.  Show  that  each  meridian  (except  the  middle  one)  is  a 
sine-curve.  [Por  this  reason  the  net  is  sometimes  called  the 
sinusoidal  projection.] 

3.  Calculate  (in  geographical  square  miles)  the  area  repre- 
sented by  each  square  centimetre  of  your  paper. 

4 .  Consider  the  strip  that  lies  between  (say)  the  fiftieth  and  the 
sixtieth  parallels.  It  is  divided  by  the  meridians  into  a  number 
of  spaces  of  different  shapes.  The  corresponding  areas  on  the 
globe  are,  of  course,  identical  both  in  shape  and  in  area.  Verify, 
by  counting  squares,  that  the  spaces  on  the  net  are  also  equal 
in  area  though  different  in  shape. 

5.  The  State  of  Colorado  (U.S.A.)  is  bounded  by  the 
parallels  of  37°  N.  and  41°  N.  and  by  the  meridians  of  102°  W. 
and  109°  W.  Draw  (in  pencil)  its  boundaries  on  your  net 
and  calculate  its  area  in  geographical  square  mUes. 
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6.  One  leg  of  a  pair  of  compasses  is  placed  on  a  globe  on 
the  point  where  the  meridian  of  Greenwich  crosses  the  equator 
and  a  circle  is  drawn  which  passes  through  the  points  indi- 
cated in  the  following  table.  Plot  the  points  on  the  Sanson 
net,  and  by  drawing  a  smooth  curve  through  them  obtain  the 
representation  of  the  circle  upon  this  projection. 

Go-ordinaUs  of  Points.^ 

Lat.        0°  11°  N.      19i°N.     22J°  N.   19^°  N.  IF  N.         0° 

Long.  22J°  W.    19r  W.    llf"  W.        0°        llf  E.    191°  E.    22i°  E. 
Lat.         0°  11°  S.       19i°S.      22i°S.    19J°  S.    11°  S.  0° 

7.  The  centre  of  the  circle  in  No.  6  is  moved  to  90°  B.  long, 
and  60°  N.  lat.  The  following  table  gives  the  positions  of  a 
number  of  places  on  its  circumference.  Obtain  as  before  a 
representation  of  the  circle  upon  the  Sanson  net. 

Long.  (E.)  90°        137 J°       138°        128^°       118°        104^°        90° 
Lat.     (N.)  824°      75°  63 J°        52°  45°  39 J°         374° 

Long.  (E.)  90°        42J°         42°         51  J°         62°  754°  90° 

8.  Pind  by  any  suitable  method  whether  the  two  figures  of 
Nos.  6  and  7  have  the  same  area. 

Note : — Sanson's  net  and  the  circles  of  Nos.  6,  7  are  ex- 
hibited in  the  frontispiece. 

'  Each  longitude  is  to  be  taken  both  with  the  latitude  above  it 
and  the  latitude  below. 


BXBECISB  LXXXVI. 
CYLINDRICAL  PEOJECTIONS. 

§  1.  Lambert's  Cylindrical  Projection. — Imagine  a  globe 
to  be  surrounded  by  a  cylinder  which  touches  it  along  the 
equator.  Imagine  a  vertical  plane  passing  through  the 
common  axis  of  the  globe  and  cylinder  to  revolve  and  to  rest 
for  a  moment  as  it  reaches  every  fifteenth  meridian.  It  will 
obviously  mark  out  24  equidistant  vertical  lines  on  the 
cylinder.  Now  let  a  horizontal  plane  containing  the  equator 
gradually  rise  towards  the  north  pole,  resting  for  a  moment  at 
each  tenth  parallel  of  latitude.  Where  it  rests  it  vnll  mark  a 
number  of  horizontal  circles  on  the  cylinder.  These  will  not 
be  equidistant,  for  the  distance  from  the  centre  of  the  globe 
to  the  plane  where  it  rests  in  latitude  A.  is  obviously  r  sin  X. 
If  the  cylinder  is  now  split  along  a  vertical  and  opened  out, 
the  meridians  will  be  equidistant  vertical  lines  and  the  paral- 
lels horizontal  lines  situated  at  a  distance  of  r  sin  k  from  the 
equator.  This  net  is  Lambert's  cylindrical  projection. 
To  draw  it  take  the  paper  on  which  Sanson's  net  has  already 
been  drawn.  Through  the  equidistant  points  on  the  equator 
vertical  lines  must  be  drawn  to  represent  the  meridians. 
They  should  be  distinguished  from  the  previous  lines  by  some 
such  device  as  dotting.^  Since  AB  represents  the  circumfer- 
ence of  the  cylinder  the  radius  must  be  taken  as  36/2ir  =  5'73 
cms.  00  and  OD  must,  therefore,  be  divided  at  points  situ- 
ated 5-73  sin  10°,  5-73  sin  20°,  etc.,  above  and  below  0. 
Through  these  points  horizontal  lines  must  be  drawn  to  re- 
present the  10th,  20th,  etc.,  parallels  of  latitude. 

Like  Sanson's,  this  projection  may  represent  at  once  the 
whole  globe.  Unlike  Sanson's,  it  is  rectangular — with  the 
curious  consequence  that  the  north  and  south  poles  are  re- 
presented not  by  points  but  by  straight  lines.     It  is  obvious 

^  The  two  nets  may  be  drawn  in  different  coloured  inks. 
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that  such  a  net  greatly  distorts  the  shapes  of  tracts  in  high 
latitudes.  Nevertheless,  it  can  be  shown  that  it  still  represents 
their  areas  correctly.     [See  the  frontispiece.] 


§  2.  Lambert's  an  Equal-area  Net. — Let  the  horizontal 
plane,  mentioned  above,  rest  in  successive  positions  separated 
not  necessarily  by  10°  of  latitude  but  by  2/i  of  latitude,  1h  being 
any  submultiple  of  90°.  Let  PP  and  QQ  (figs.  67  and  68)  mark 
two  consecutive  resting-places,  so  that  the  angle  POQ  =  2fe. 


In  fig.  67  draw  the  chord  PQ  and  the  other  corresponding 
chords,  making  in  all  a  regular  polygon  inscribed  in  the  circle. 
In  fig.  68  draw  the  tangent  P'Q'  parallel  to  PQ  and  the  other 
corresponding  tangents  making  in  all  a  regular  polygon  circum- 
scribing the  circle.  Then  if  fig.  67  revolves  about  NS  the  circle 
will  generate  a  sphere,  CO  will  generate  Lambert's  circumsorib- 
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ing  cylinder,  touching  the  sphere  along  the  equator  BE, 
and  the  polygon  will  generate  a  figure  composed  of  a 
number  of  belts  of  cones.  The  dotted  line  indicates  the 
cone  of  which  PQ  will  generate  a  belt.  The  same  things 
will  happen  if  fig.  68  revolves  about  NS,  with  the  differ- 
ence that  while  the  sphere  circumscribes  the  former  solid 


CC" 


Fig.  68. 


it  is  itself  circumscribed  by  this  one.  The  area  of  its 
surface  must,  therefore,  lie  between  the  areas  of  the  two 
solids. 

Let  the  latitude  of  T,  the  mid-point  of  the  arc  PQ,  be  X, 
and  let  OT  cut  the  chord  PQ  in  T'.  From  T'  in  fig.  67  and 
from  T  in  fig.  68  draw  T'M'  and  TM  perpendicular  to  NS. 
Then  we  have  for  the  areas  of  the  conical  surfaces  traced  out 
by  PQ  and  P'Q'  respectively 
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A  =  PQ  X  cireumfereuce         A  =  P'Q'  x  circumference 
traced  out  by  T'  traced  out  by  T 

=  2r  sin  h  x  27rr  cos  h  cos  \    =  2i  tan  h  x  27rr  cos  A. 

=  2r  sin  h  cos  \  x  2irr  cos  h     =  2r  sin  /i.  cos  A.  x  2irr/cos  /i 

=  pq  X  2Trr  cos  /i  =  pq  x  Zirr/ooa  h. 

Let  pg-  be  the  vertical  projection  of  the  arc  PQ.  Then  pq 
=  the  chord  PQ  x  cos  \,  since  PQ  makes  the  same  angle 
with  the  vertical  as  OT  makes  with  the  horizontal.  Let  C'C 
(fig.  67)  be  the  trace  of  a  cyhnder  of  radius  r  eos  h  and  C"G" 
(fig.  68)  that  of  one  of  radius  r/cos  h.  Then  the  fact  that 
the  conical  areas  are  given  respectively  by  pq  x  %:r  cos  h, 
and  pq  x  27rr/cos  %  shows  that  they  are  identical  in  area 
with  the  cylindrical  belts  traced  by  pq  in  each  case  when  the 
figure  revolves.  It  follows  that  the  whole  area  of  the  conical 
belts  is  the  same  as  the  whole  area  of  the  cylinder  in  each 
case. 

As  In,  is  made  smaller  cos  h  approaches  unity  and  the  lines 
C'C  and  C"0"  approach  CO.  However  near  they  are  to  CO 
they  may  be  brought  still  nearer  by  increasing  the  number 
of  belts.  Every  position  of  the  lines  is  the  trace  of  a  cylinder 
whose  area  is  equal  to  that  of  some  system  of  inscribed  or 
circumscribed  conical  belts.  It  follows  that  CO,  whose  position 
is  always  between  the  positions  of  C'C  and  C"C",  must  be  the 
trace  of  a  cylinder  every  belt  of  which  has  exactly  the  same 
area  as  the  spherical  belt, of  which  it  is  the  projection.  But 
Lambert's  net  is  actually  the  surface  of  this  cylinder.  Hence 
any  outline  traced  on  this  net  must  contain  the  same  area  as 
the  corresponding  outline  on  the  surface  of  the  globe. 

Examples : — 

A. 

1.  Prove  that  the  whole  area  of  a  sphere  is  ^ttI 

2.  What  fraction  of  the  earth's  surface  lies  within  the 
tropics  ? 

3.  What  fraction  of  the  earth's  surface  lies  beyond  the 
Arctic  and  Antarctic  circles  ? 

4.  Join  the  points  90°  E.,  60°  S.,  and  90°  W.,  60°  N.,  on 
Lambert's  net  by  a  straight  line.  Draw  the  curve  which  cor- 
responds to  this  straight  line  on  Sanson's  net. 

5.  Trace  upon  your  Lambert  net  the  projections  of  the 
circles  descTibed  in  Ex.  LXXXV,  Nos.  6  and  7. 

PT.  II.  8 
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6.  Verify  that  the  curves  contain  areas  equal  to  one  another 
and  to  the  areas  contained  by  the  corresponding  curves  on  the 
Sanson  net. 


§  3.  Area  Properties  of  the  Sine-Curve. — Since  Sanson's  and 
Lambert's  are  both  equal- area  projections,  the  rectangle  en- 
closed in  Lambert's  net  between  any  two  lines  of  latitude,  the 
central  meridian  and  any  other  meridian  must  be  equal  in 
area  to  the  space  bounded  by  the  corresponding  lines  in 
Sanson's  net.  From  this  equivalence  the  properties  of  the 
sine-curve  indicated  in  the  following  examples  can  easily  be 
deduced.  The  results  are  not  only  very  interesting  but  (as 
will  be  seen  later)  are  of  great  importance. 

Examples : — 

7.  Call  the  length  of  the  central  meridian  in  Sanson's  net 
2  and  the  greatest  distance  between  that  and  any  one  of  the 
curved  meridians  a.  Hold  the  net  so  that  the  central  meri- 
dian is  horizontal.  Eegard  it  as  the  axis  of  x  and  take  the 
left-hand  pole  as  the  origin  of  co-ordinates.  Show  that  the 
curved  meridian  corresponds  to  the  formula 

^  =  ffl  sin  ^  .  180°. 

8.  Calculate  the  length  of  the  central  meridian  in  Lambert's 
net  in  terms  of  I.  Hence  prove  that  the  total  area  under  a 
sine-curve  whose  greatest  height  (or  amplitude)  is  a  and 

whose  length  of  base  is  I  is  al/^- 

9.  Use  the  central  meridian,  as  before,  as  the  a;-axis  but 
take  the  equator  as  the  y-axis.  Show  that  with  these  axes 
the  curved  meridian  is  described  by  the  formula 

y  =  a  cos  - .  180°. 

10.  Taking  axes  as  in  No.  9  show  that  an  ordinate  of  the 
curved  meridian  whose  abscissa  is  x  corresponds  to  a  line  in 
Lambert's  net  distant 

-  sin  ^  .  180° 
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from  the  equator.    Hence  show  that  the  area  under  the  curve 

y  =  a  cos  -  .  180° 
up  to  a  given  ordinate  can  be  calculated  by  the  formula 

A  =  —  sm  -  .  180  . 

IT  L 

Show  that  this  formula  gives  for  the  total  area  under  the 
curved  meridian  the  same  value  as  No.  8. 

11.  Show  that  if  the  ordinate-function  of  a  curve  is 

y  =  asm  J  .  180° 
its  area-function  is 

A=-(l-  cos?    180°). 

7r  i 

12.  Draw  on  squared  paper  a  sine-curve  and  a  cosine-curve 
from  0°  to  90°  in  each  case.  Choose  different  values  for  a  and 
I  for  the  two  curves.  Draw  in  each  curve  two  ordinates 
choosing  their  positions  as  you  please.  Verify  by  counting 
squares  that  the  formula  of  Noa.  10  and  11  express  correctly 
the  relations  between  the  ordinate-functions  and  the  area- 
functions. 

C. 

13.  Black  lines  of  latitude  and  longitude  are  drawn  upon  a 
transparent  globe  which  has  a  radius  of  5-73  cms.  A  point 
of  light  fixed  at  the  centre  of  the  globe  projects  shadows  of 
the  lines  on  to  a  cylinder  of  photographic  paper  which  touches 
the  globe  along  its  equator.  The  cylinder  is  cut  open  along 
the  projection  of  the  meridian  of  180°  and  is  laid  flat.  How 
will  (i)  the  meridians,  (ii)  the  parallels  of  latitude  be  repre- 
sented in  the  projection?  Is  it  possible  to  represent  the 
whole  surface  of  the  earth  on  the  net? 

Note. — The  net  of  No.  13  is  called  the  central  cylindrical 
projection. 

14.  Draw  across  the  sheet  containing  the  Sanson  and 
Lambert  nets  as  many  of  the  parallels  of  the  central  cylind- 
rical projection  as  it  will  accommodate.  Draw  on  this  new  net 
the  curve  corresponding  to  the  line  of  No.  4. 

15.  Prove  that  the  parallel  representing  the  north  pole  in 
Lambert's  cylindrical  net  coincides  with  the  45th  parallel  of 
the  central  cylindrical  net,  and  that  the  north  pole  in  Sanson's 

8* 
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net  lies  nearly  on  the  parallel  of  57-^°  in  the  central  cylindrical 
net. 

16.  Show  that  the  relative  area  of  a  spherical  belt  lying 
between  latitudes  Xj  and  X^  is  lexaggerated  in  the  central 
cylindrical  projection  in  the  ratio 

(tan  A.2  -  tan  A.i)/(sin  X2  -  ^^^  K)- 
Calculate  the  numerical  value  of  this  ratio  in  the  case  of  a 
belt  bounded  by  (i)  the  76th  and  80th  parallels ;  (ii)  the  80th 
and  Sdth  parallels. 


EXEECISE  LXXXVII. 
MEECATOK  SAILING. 

§  1.  Bhumb  Lines. — The  perpetual  problem  of  the  naviga- 
tor is  to  take  his  ship  from  one  given  point  to  another 
across  the  trackless  surface  of  the  sea.  We  have  seen  (Part 
I,  p.  119)  that  when  the  points  v^ere  far  apart  the  earlier 
ocean  voyager  often  solved  the  problem  by  the  method  of 
parallel  sailing'.  He  would  sail  north  or  south  until  he 
reached  the  latitude  of  the  port  he  sought  and  then  east  or 
west  along  the  parallel  untU  he  reached  it. 

The  simplicity  of  this  method  is  chiefly  due  to  the  fact  that 
parallels  of  latitude  and  meridians  are  rhumb  lines,^  that  is, 
lines  which  can  be  easily  followed  because  they  run  for  their 
whole  length  in  a  constant  direction.  It  is  evident,  on  the 
other  hand,  that  parallel  sailing  is  wasteful  of  time  and  may 
sometimes  be  almost  impossible.  It  would  clearly  be  much 
better  to  follow  the  single  rhumb  which  runs  always  in  the 
same  direction,  from  the  port  of  departure  to  the  port  of 
arrival.  If  the  sailor  knows  the  direction  of  this  line  he  can 
steer  his  ship  constantly  along  it  by  compass.  The  only 
practical  difficulty  lies  then  in  the  variation  of  the  compass — 
a  disturbing  element  for  which  allowance  must  be  made  by 
astronomical  observations  or  by  recourse  to  tables  giving  the 
variation  of  the  needle  in  different  latitudes  and  longitudes. 

The  most  obvious  way  to  determine  the  direction  of  the 
rhumb  line  is  to  lay  a  piece  of  thread  across  a  globe  from  the 
starting  port  to  the  destination  in  such  a  way  that  it  cuts  all 
the  meridians  at  the  same  angle.  The  thread  then  represents 
the  required  ocean  track  and  its  constant  angle  with  the  meri- 
dians is  the  course  which  the  ship  must  follow.  Thus  if  the 
poiats  representing  Auckland  (N.Z.)  and  Panama  be  joined 
by  a  rhumb  line  in  this  way,  the  thread  will  cut  all  the  meri- 

^  Also  called  loxodromes. 
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dians  at  an  angle  of  66°.  To  take  a  ship,  therefore,  from 
Auckland  to  Panama  it  is  sufiScient  to  follow  a  course  66° 
east  of  north. 

The  determination  of  rhumb  lines  by  this  method  would 
be  far  too  crude  and  inaccurate.  It  would  obviously  be  much 
better  to  use  a  chart  for  the  purpose,  if  one  could  be  con- 
structed. The  principle  of  its  construction  should  be,  of 
course,  that  a  straight  line  drawn  across  it  from  one  point  to 
another  must  give  the  correct  direction  of  the  rhumb  line 
joining  the  corresponding  points  on  the  spherical  surface  of 
the  earth.  In  other  words,  it  is  to  be  a  chart  which  represents 
correctly  the  actual  directions  between  all  places  on  the 
earth's  surface.  Whether  it  also  gives  or  does  not  give  cor- 
rectly the  actual  distances  is  a  matter  of  little  importance  for 
the  sailor's  purpose.  Such  a  chart  was  first  invented  by  the 
Flemish  geographer  Gerard  Meroator  (a.  1569).  The  net  is 
called  after  him  the  Mercator  projection.  Its  use  in 
navigation  is  called  Mercator  sailing. 

§  2.  Theory  of  the  Projection. — It  is  evident  to  begin  with 
that  the  lines  of  longitude  and  latitude  must  form  two  sets  of 
parallels  at  right  angles.  Let  ABO  be  a  small  right-angled 
triangle  on  the  earth's  surface  in  latitude  X,  AB  running  east 
and  west  and  BO  north  and  south.  Call  the  angle  BAG  a. 
Let  abc  represent  the  triangle  on  the  chart.  Then  ab  must 
be  horizontal,  be  vertical  and  the  angle  bac  must  also  be  a. 
Now  if  a  length  of  one  inch  on  the  equator  in  the  map  repre- 
sents m  miles  on  the  earth's  equator  a  horizontal  inch  at 
latitude  X  on  the  map  represents  m  cos  X.  miles.  For  the 
distance  between  two  meridians  at  this  latitude,  which  is 
really  equal  to  their  distance  on  the  equator  multiplied  by 
cos  A,,  is  represented  as  if  it  were  the  same  as  the  dis- 
tance on  the  equator.  Thus  east  and  west  distances  in  lati- 
tude \  are  represented  by  lengths  which  are  greater  than  the 
lengths  by  which  they  would  be  represented  on  the  equator 
scale  in  the  proportion  of  1  to  cos  A.     But  since 

bc/ab  =  tan  a  =  BO/AB 

it  is  evident  that  north  and  south  distances  at  latitude  X  must 
be  represented  on  the  same  exaggerated  scale.  Suppose 
a  ship  to  travel  from  the  equator  northwards.  Divide  the 
meridian  along  which  it  sails  into  a  very  large  number  of 


EXERCISE  LXXXVII  119 

equal  parts  of  length  I.  Then  these  equal  parts  will  be  repre- 
sented in  the  Mercator  chart  not  by  equal  but  by  constantly 
increasing  lengths.  If  h  is  the  length  which  represents  I  on 
the  equator  scale,  the  part  of  the  meridian  in  latitude  A.  will, 
in  fact,  be  represented  by  a  length  h/oos  X.  (It  is  assumed, 
of  course,  that  I  is  so  small  a  length  that  the  whole  of  it  may 
be  taken  as  ha\dng  the  latitude  of  its  middle  point.) 

Upon  this  principle  Edward  Wright  (1599)  first  calculated 
the  positions  of  the  various  parallels  of  latitude  in  a  Mercator 
chart.  He  supposed  a  meridian  from  the  equator  northwards 
to  be  divided  into  equal  parts  each  occupying  1  minute  of 
latitude  and  therefore  1  mile  long.  Taking  a  minute  to  be 
represented  on  the  equator  of  the  chart  by  a  length  h,  he 
calculated  by  the  formula  h'  =  h/oos  X  the  lengths  by  which 
the  various  minutes  of  the  meridian  must  be  represented. 
Adding  the  first  300  ( =  60  x  5)  of  these  results  together  he 
obtained  the  proper  distance  from  the  equator  of  the  5th 
parallel  of  latitude.  The  sum  of  the  first  600  ( =  60  x  10) 
gave  the  distance  of  the  10th  parallel,  and  so  on.  The  numbers 
obtained  in  this  way  are  called  "  meridional  parts  "  and  a  table 
of  them  is  an  important  feature  in  any  book  of  nautical  tables. 
If  we  consult  such  a  table  (e.g.  in  Chambers'  Mathematical 
Tables)  we  find  that  the  number  of  meridional  parts  corre- 
sponding to  latitude  61°  is  4649.  This  means  that  the 
3660  ( =  61  X  60)  minutes  of  latitude  between  the  61st  parallel 
and  the  equator  must  be  represented  by  a  distance  which 
would  represent  4649  minutes  along  the  equator.  The  meri- 
dional parts  of  62°  are  4775.  It  follows  that  in  a  Mercator 
chart  the  distance  between  the  parallels  for  61°  and  62°  must 
be  equal  to  that  representing  4775  -  4649  or  126  minutes 
along  the  equator. 

§  3.  Graphic  Construction. — Wright's  problem  may  be 
solved  graphically.  Let  the  axis  EN  (fig.  69)  represent  the 
length  of  an  actual  meridian  from  the  equator  to  the  north 
pole  of  a  geographical  globe,  the  graduations  marking  the 
points  where  the  various  parallels  cross  it.  Let  the  line  be 
divided  into  any  number  of  equal  parts  of  length  h,  qQ  and 
Qq'  being  specimen  segments.  Upon  each  of  these  parts 
erect  a  column  whose  area  is  equal  to  the  length  to  which 
this  particular  h  must  be  expanded  on  the  chart.  Thus  if  a 
side  of  one  of  the  columns  stands  at  the  graduation  30°  the 
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total  area  above  the  base  up  to  that  graduation  gives  the  dis- 
tance from  the  equator  at  which  the  parallel  of  30°  must  be 
drawn  in  the  chart. 

Across  the  columns  draw  a  continuous  curve  in  the  manner 
illustrated  in  the  figure — that  is,  so  as  to  leave  unchanged  the 
area  above  each  segment  of  the  axis.  Then  if  an  ordinate 
PQ,  bounding  any  one  of  the  columns,  stands  at  graduation 
A.  the  area  of  the  curve  above  EQ  will  be  exactly  equal  to 
the  distance  of  the  parallel  of  X  from  the  equator  of  the  chart. 

The  question  is  to  determine  the  height  of  PQ.  It  is  clearly 
between  the  height  of  the  consecutive  columns  pQ  and  ^Q. 
If  the  length  gQ  ( =  h)  were  all  at  latitude  BQ  ( =  A)  the  area 
of  ^Q  would  be  h/oos  BQ  or  hjcos  A.  If  it  were  all  at  latitude 
Bg  the  area  would  be  h/oos  Eg.    As  qQ  lies  between  these 
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Fig.  69. 


latitudes  the  area  of  ^Q  must  be  h/coB  (A  -  a)  where  a  is  an 
angle  less  than  the  difference  of  the  graduations  at  q  and  Q. 
Dividing  the  area  by  the  base  we  have  that  the  height  of  ^Q  is 
1/cos  (X  -  a).  In  the  same  way  the  height  of  ^Q  is  1/cos 
(A.  +  ^)  where  j8  is  less  than  the  difference  of  the  graduations 
at  Q  and  g'.  But  by  making  the  columns  narrower  a  and  yS 
can  be  made  smaller  incessantly,  though  pq  will  always  be 
less  and  p'q'  greater  than  PQ  so  long  as  the  columns  are 
columns  at  all.  But  if  the  height  of  PQ  always  lies  between 
1/cos  (A  -  a)  and  1/cos  (\  +  ^)  no  matter  how  small  a  and  ^ 
are  taken,  it  can  have  only  one  possible  value — namely, 
exactly  1/cos  A. 

In  drawing  the  graph  it  is  best  to  exaggerate  the  heights  of 
the  columns.  If  they  are  exaggerated  10  times  the  areas 
determining  the  distances  of  the  various  parallels  from  the 
equator  of  the  chart  must  be  divided  by  10.  If  one-tenth  of 
an  inch  is  taken  as  the  unit  the  ordinates  at  0°,  10°,  20°,  30°, 
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etc.,  will  (in  tenths  of  an  inch)  be  10/oos  0°,  10/oos  10°, 
10/cos  20°,  etc.  These  reciprocals  might  be  calculated  from  a 
table  of  cosines,  but  it  saves  much  trouble  to  read  them  from 
a  table  of  reciprocals  of  cosines  set  out  in  what  is  called  a  table 
of  secants.^  (Thus  sec  a  =  1/cos  a.)  It  wUl  be  observed  that 
beyond  50°  the  curve  rises  rapidly.  Since  sec  90°  =  1/cos  90° 
=  CO ,  it  is,  as  in  the  central  cylindrical  projection,  impossible 
to  represent  the  highest  latitudes. 

When  the  curve  has  been  dravyn,  ordinates  should  be  erected 
at  the  graduations  5°,  10°,  15°,  etc.,  along  the  axis.  Bach 
student  should,  by  counting  squares,  determine  the  area  above 
one  or  more  of  the  segments  of  the  axis.  The  results  obtained 
by  individuals  should  be  added  so  as  to  give  the  total  area 
above  5°,  10°,  15°  ...  of  the  axis.  Since  the  vertical  scale 
has  been  exaggerated  ten  times  these  totals  must  all  be  divided 
by  10.  The  quotients  should  be  set  down  as  a  table  of  meri- 
dional parts  in  degrees.  Thus  the  area  up  to  the  ordinate  at 
60°  should  be  about  755  squares.  The  corresponding  entry 
in  the  table  should,  therefore,  be  75*5.  This  means  that  in 
constructing  a  Mercator  net  you  must  draw  the  60°  parallel 
at  a  distance  from  the  equator  equal  to  75 '5  of  the  units 
taken  to  represent  a  degree  of  longitude. 

§  i.  The  Mercator  Net. — The  table  of  §  3  may  now  be 
used  to  construct  a  Mercator  net.  On  a  sheet  of  graph  paper 
rather  more  than  18  cms.  (or  9  inches)  long,  draw  a  line  to 
represent  one-half  of  the  equator.  It  is  best  to  draw  it  across 
the  middle  of  the  sheet  but  it  is  not  necessary  to  do  so.  The 
examples  given  below  may  be  solved  by  means  of  a  net  in 
which  the  parallels  on  one  side  only  of  the  equator  have  been 
inserted.  Draw  the  meridians  at  intervals  of  5°,  graduating 
them  from  0°  to  180°  along  the  equator.  Draw  in  the  5th, 
10th,  15th,  etc.,  parallels,  determining  their  distances  from  the 
equator  by  your  table  of  meridional  parts.  The  parallels 
should  be  continued  at  least  up  to  the  65th  parallel. 

Interpolation  by  the  eye  will  in  most  cases  give  with  suf- 
ficient accuracy  the  positions  of  points  between  the  drawn 
parallels.  They  may  be  determined  with  greater  accuracy 
from  the  graph,  by  counting  the  squares  from  the  ordinate 
which  represents  the  nearest  drawn  parallel  to  the  ordinate 

1  The  reciprocal  of  the  sine  is  called  the  cosecant. 
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which  represents  the  given  latitude.  The  number  of  squares, 
when  divided  by  10,  gives  the  distance  from  the  parallel  at 
which  the  point  must  be  inserted  in  the  net. 

Examples : — 

A. 

1.  A  ship  crosses  the  equator  at  the  mouth  of  the  Amazon 
in  longitude  50°  W.  and  sails  NNB.  In  what  longitude  will 
it  cross  the  20th,  40th,  and  60th  parallels  ? 

2.  A  ship  leaves  Valdivia  in  Chile  (40°  S.,  73^°  W.)  and 
follows  a  course  54°  to  the  W.  of  N.  Find  where  it  will  cross 
the  30th  and  10th  parallels  and  the  equator. 

3.  A  ship  sailing  on  a  rhumb  line  from  Philadelphia 
(40°  N.,  75°  W.)  to  Sierra  Leone  crosses  the  20th  parallel  (N.) 
in  longitude  16°  W.     Find  the  course. 

4.  A  ship  on  the  "Panama  route"  (which  is  a  rhumb 
line  from  Panama  to  Auckland),  crosses  the  equator  in  longi- 
tude 97°  W.  and  the  30th  parallel  (south)  in  longitude  170°  W. 
Find  the  course. 

5.  Use  your  Mercator  net  to  determine  the  course  which 
would  take  a  ship  from  Honolulu  (22°  N.,  156°  W.)  to  (a) 
Victoria,  B.C.  (48^°  N.,  123|°  W.) ;  (6)  San  Francisco 
(38°  N.,  122-^°  W.) ;  (c)  Yokohama  (35°  N.,  139^°  B.). 

6.  What  is  the  direction  of  the  rhumb  line  joining 
(a)  Cork  (52°  N.,  8^°  W.)  and  New  York  (41°  N.,  74°  W.) ; 
(6)  Bristol  (51|°  N.,  2^°  W.)  and  Kingston,  Jamaica  (18°  N., 
77°  W.) ;  (c)  Ascension  (8°  S.,  14f  W.)  and  Cape  Town 
(33^°  S.,  18i°  E.) ;  {d)  Wellington,  N.Z.  (41°  S.,  175°  E.)  and 
Cape  Horn  (53°  8.,  67°  W.)  ? 

B. 

7.  Draw  a  straight  line  in  any  direction  across  the  net 
from  the  origin  0.  Let  it  cut  any  parallel  PQ  in  Q,  P  being 
on  the  meridian  through  0.  Let  the  difference  of  longitude 
represented  by  PQ  be  I,  and  the  number  of  meridional  parts 
represented  by  OP  be  m.  Find  a  formula  by  which  to 
calculate  the  course  a  (i.e.  the  angle  POQ). 

8.  A  ship  crosses  the  equator  in  longitude  167-|-°  W.  on 
its  way  to  San  Francisco  (38°  N.,  122^  W.).  Use  the 
formula  of  No.  7  to  determine  the  course. 

9.  Check,  by  calculation,  your  answer  to  No.  4. 
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10.  Check,  by  calculation,  your  third  answer  in  No.  1. 

11.  Check,  by  calculation,  the  third  answer  in  No.  2. 

12.  A  ship  sails  from  one  port  to  another,  the  difference  of 
longitude  of  the  ports  being  I  and  the  meridional  parts 
corresponding  to  the  latitudes  of  the  two  ports  being  respect- 
ively mj  and  m^.     Find  a  formula  for  the  course  a. 

13.  Use  this  formula  to  answer  No.  5. 

14.  A  ship  sails  a  distance  of  D  miles  along  a  rhumb  line. 
Show  (by  breaking  up  the  track  into  a  large  number  of  short 
pieces  of  length  d)  that  the  latitude  difference  in  degrees  is 
always  D  cos  a/60. 

15.  A  ship  sailed  from  the  equator  on  an  BNB.  course  for 
250  miles.  What  latitude  has  it  reached?  If  it  started  in 
longitude  50°  W.  what  is  its  present  longitude?  [Cf.  No. 
12.] 

16.  Pind  the  latitude  and  longitude  of  a  ship  which  has 
run  1000  miles  from  Honolulu  along  the  rhumb  line  to  San 
Francisco.     [Cf.  Nos.  5  and  13.]  ~ 

17.  Find  the  latitude  and  longitude  of  a  ship  which  has 
run  5000  miles  from  San  Francisco  on  a  south-westerly 
course. 

18.  Use  the  answers  to  No.  6  to  calculate  the  distances 
between  the  places  mentioned. 

19.  Find  the  course  and  the  idistance  from  the  Lizard 
50°  N.,  5f  W.)  to  Barbados  (13°  N.,  59^°  W.). 

20.  Find  the  course  and  the  distance  from  Philadelphia  to 
Cape  Town.     [Cf.  Nos.  3  and  6.] 


BXBECI8B    LXXXVIII. 

GREAT  CIECLE  SAILING. 

§  1.  Great  Girdle  Tracks. — The  trapk  along  a  rhumb  line 
i3  the  easiest  for  the  navigator  to  follow,  for  he  has  only  to 
keep  constantly  the  same  course.  It  is,  however,  not  the 
shortest  distance  from  starting-point  to  destination.  This  can 
be  seen  by  performing  a  measurement  of  the  following  type. 
Eead  off  from  a  Mercator  net  the  latitudes  at  which  the  various 
meridians  are  cut  by  the  rhumb  line  from  Sydney  to  San 
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Francisco.  Mark  the  points  on  a  globe  and  so  obtain  the 
track  which  a  ship  would  take  according  to  Mercator  sailing. 
Next  use  a  piece  of  thread  to  find  the  shortest  track  across  the 
globe  between  the  two  places.  The  two  paths  will  be  found 
to  differ  considerably. 
.  It  is  easy  to  see  that  the  shortest  track  across  the  globe 
from  a  point  A  to  a  point  B  is  the  trace  of  a  plane  which 
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passes  through  them  and  the  centre  of  the  globe.     Pig.  70  is 
meant  to  represent 
a  portion  of  such  a  "^ 

plane.  0  is  the 
centre  of  the  globe 
and  the  circular 
segment  AB  is  the 
track  along  the  sur- 
face of  the  globe  ^i«-  ^l- 
where  the  latter  is  cut  by  the  plane.  The  sector  AOB  is  divided 
into  equal  parts  by  the  lines  OaSj,  Ottj,  etc.  In  fig.  71  the 
spectator  is  supposed  to  be  looking  down  on  the  globe  from 
above,  and  the  straight  line  AB  is  simply  the  circular  track 
of  fig.  70  as  seen  by  an  eye  situated  in  its  plane.  The  points 
ftj,  (ig-  9*o-i  marked  along  the  line,  correspond  to  the  similarly 
labelled  points  in  the  former  figure.  They  would,  of  course, 
appear  nearer  together  towards  A  and  B  than  in  the  middle 
of  the  track. 

Now  let  the  curve  of  fig.  71  be  a  second  track  connecting 
A  and  B — -for  example,  a  parallel  of  latitude.  Divide  its  length 
(by  the  points  a^,  a^,  a^,  etc.),  into  segments  equal  to  the  seg- 
ments Attj,  a-^a^,  etc.,  in  fig.  70.  Then  it  is  clear  that  by 
folding  the  smaller  sectors  of  fig.  70  along  the  lines  Odj,  Oa^, 
Oftg,  etc.,  it  is  possible  to  fit  their  curved  edges  along  the  lines 
Aflj,  aSiflj,  agfflj,  etc.,  of  fig.  71  while  O  remains  at  the  centre 
of  the  globe.  But,  for  the  same  reason  that  the  total  length 
of  a  number  of  linked  lines  PQ,  QE,  .  .  .  YZ  is  greater  than 
the  length  of  the  straight  line  PZ,  the  number  of  sectors  re- 
quired to  exhaust  the  distance  represented  by  the  curve  AB 
(fig.  71)  must  be  greater  than  the  number  which  lie  along  the 
length  represented  by  the  straight  line  AB.  It  will  be 
necessary  to  use  additional  sectors  such  as  those  dotted  in 
fig.  70.  That  is,  the  point  of  the  circle  of  fig.  70  which  wiU 
coincide  with  B  in  fig.  71  will  be  not  B  but  B'.  This  argu- 
ment is  equally  conclusive  however  small  (and  therefore 
numerous)  the  sectors  may  be.  But  if  they  are  numerous 
enough  their  curved  edges  can  be  made  to  coincide  to  any 
degree  of  approximation  with  the  curved  track  AB  of  fig.  71. 
Thus  this  track  must  in  all  cases  be  greater  than  the  trace  of 
the  plane  through  A,  B,  and  0. 

If  the  trace  of  the  plane  were  continued  round  the  sphere 
it  would  evidently  be  a  circle  which  (like  the  equator  and  the 
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meridians)  divides  the  sphere  into  two  hemispheres.  Such  a 
circle  is  called  a  great  circle.  Any  other  circle  (such  as  a 
parallel  of  latitude)  is  called  a  small  circle.  An  ocean  track 
which  is  a  segment  of  a  great  circle  is  called  a  great  circle 
track.  A  ship  which,  to  save  time  and  coal,  follows  this 
track  is  said  to  use  great  circle  sailing.  The  practice  is 
possible  where  there  is  "  plenty  of  sea-room  "  and  along 
"  well-beaten  "  routes  (such  as  those  across  the  North  At- 
lantic). 

§  2.  The  Pola/r  Gnomonic  Net. — The  nature  of  great  circles 
suggests  a  means  of  constructing  charts  upon  which  they 
may  all  be  represented  by  straight  lines  just  as  rhumb  lines 
are  upon  the  Mercator  net.  Eeturn  to  the  transparent  globe 
of  Ex.  LXXXVI,  No.  13,  with  the  electric  light  at  its  centre. 
Imagine  that  its  surface  is  marked  not  only  by  the  lines  of 
longitude  and  latitude  but  also  by  a  great  circle  track  between 
two  points  A  and  B.  Let  the  shadows  of  these  lines  fall  on 
&  flat  sheet  of  cardboard  held  in  any  position  outside  the 
globe.  Then  the  shadows  of  the  meridians  and  the  track 
between  A  and  B  must  be  straight  lines.  For,  since  they  are 
all  great  circles,  they  are  the  traces  upon  the  globe  of  planes 
passing  through  its  centre;  the  shadows  are  the  traces  of 
these  same  planes  upon  the  plane  surface  of  the  card ;  and 
the  intersections  of  planes  are  necessarily  straight  lines.  On 
the  other  hand,  since  the  parallels  of  latitude  are  not  traces 
of  planes  through  the  electric  light  their  shadows  will  be 
curves. 

In  whatever  position  the  cardboard  is  held,  then,  the 
shadows  of  the  lines  of  latitude  and  longitude  mark  out  a  net 
whose  property  is  that  any  straight  line  across  it  represents 
a  great  circle  track  across  the  globe.  Symmetry  suggests  two 
positions  as  especially  convenient  for  obtaining  such  nets.  In 
the  first  the  cardboard  touches  the  globe  at  one  of  its  poles, 
and  its  plane  is  perpendicular  to  the  axis.  In  the  second  its 
point  of  contact  is  where  the  equator  is  crossed  by  one  of  the 
meridians,  and  its  plane  is  parallel  to  the  axis.  When  the 
plane  receiving  the  shadows  is  in  the  former  position  the 
resulting  net  is  called  a  polar  gnomonic  projection.  The 
other  net  is  called  a  meridian  gnomonic  projection. 


EXERCISE  LXXXVIII  127 

Examples : — 

A. 

1.  The  cylinder  in  Ex.  LXXXVI,  No.  13,  is  removed  and  the 
shadows  are  thrown  upon  a  sheet  of  cardboard  which  touches 
the  globe  at  the  north  pole.  In  what  form  will  the  meridians 
be  projected  ?  Show  that  the  parallels  of  latitude  are  pro- 
jected into  concentric  circles  whose  radii  are  given  by  the  for- 
mula r  tan  (90°  -  X)  or  cot  X,  r  being  the  radius  of  the  globe 
and  \  the  latitude.  Is  it  possible  to  represent  the  equator  in 
this  projection  ? 

2.  Draw  a  polar  gnomonic  net,  assuming  that  the  radius 
of  the  globe  is  10  cms.  Arrange  that  it  may  show  the 
meridians  for  every  15°  and  the  parallels  of  latitude  from  40° 
upwards.     Label  the  pole  P. 

3.  A  ship  sails  on  a  great  circle  from  Wellington  (N.Z.) 
(41°  S.,  175°  E.)  to  Cape  Horn  (56°  S.,  67°  W.).  In  what 
latitude  does  it  cross  the  meridian  of  180°  and  each  fifteenth 
meridian  subsequently  ? 

4.  Find  the  latitude  and  longitude  of  the  vertex  of  the 
track  of  No.  3 — that  is,  of  the  point  where  it  comes  nearest 
to  the  pole. 

5.  A  ship  sails  along  a  great  circle  from  A  (40°  N.,  100°  W.) 
to  B  (65°  N.,  180°).  Draw  the  line  which  represents  its 
track  on  your  gnomonic  net.  Letter  it  A'B'.  In  what 
latitudes  will  it  cross  the  120th,  140th,  160th  meridians  ? 
Where  is  its  vertex? 

6.  Draw  across  your  Mercator  net  the  rhumb  line  joining 
the  points  A',  B'  wiiich  represent  A  and  B  in  No.  5.  Insert 
also  the  three  other  points  and  sketch  in  the  great  circle 
track. 

7.  On  the  gnomonic  net  insert  the  points  where  the  rhumb 
line  of  No.  6  crosses  the  meridians.  Sketch  in  the  rhumb 
line. 

§  3.  Great  Circle  Distances. — Certain  problems  cannot  be 
solved  directly  by  using  the  gnomonic  net — for  example,  the 
determination  of  the  length  of  a  great  circle  track.  This 
particular  problem  can,  however,  be  solved  by  a  graphic 
method  illustrated  in  fig.  72. 

The  points  A',  B'  represent  the  points  so  labelled  in  No.  5 ; 
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P  is  the  pole.  Thus  A'B'  is  the  projection  of  the  great  circle 
track  between  two  places,  A  and  B,  while  PA'  and  PB'  are 
the  projections  of  PA  and  PB,  arcs  of  the  meridians  through 
the  places.  The  angle  A'PB'  measures  correctly  the  angle 
between  the  planes  of  these  meridians,  that  is,  the  difference 
of  longitude  of  A  and  B.  If  P  and  A'  are  joined  to  O,  the 
centre  of  the  globe,  the  triangle  POA'  must  be  right  angled. 


0 

Fig.  72. 

for  OP  is  perpendicular  to  the  plane  of  the  net.  This  triangle 
may  be  supposed  folded  along  A'P  until  it  lies,  with  PA'B', 
in  the  plane  of  the  paper.  The  arc  PA  is  the  trace  of  the 
triangle's  plane  upon  the  surface  of  the  globe  and  is,  therefore, 
the  arc  of  the  meridian  of  which  PA'  is  the  projection.  Since 
the  latitude  of  A  is  40°  there  are  50°  in  this  arc.  That  is 
angle  POA'  =  50°.  Since  we  also  know  that  OP  =  10  cms. 
the  triangle  is  fully  determined. 
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The  triangles  POB'  and  A'OB'  may  next  be  supposed 
constructed,  and  folded  about  PB'  and  A'B'  until  they  also 
lie  in  the  plane  of  the  paper.  Like  POA',  POB'  is  right 
angled  at  P.  Since  the  latitude  of  B  is  65°  the  circular  are 
PB  contains  90°  -  65°  =  25°.  OP  in  this  triangle  is,  of  course, 
identical  with  OP  in  the  former  triangle  and  is  therefore  10 
cms.  long.      Thus  the  triangle  POB'  is  also  fully  determined. 

When  we  turn  to  the  triangle  A'OB'  it  must  be  noted  (i) 
that  the  points  A'  and  B'  are  given  in  position  and  (ii)  that 
OA'  and  OB'  are  identical  with  the  similarly  labelled  lines  in 
the  other  triangles.  For  if  the  triangles  were  folded  back 
along  PA',  PB',  and  A'B'  until  the  points  marked  "  O  "  met 
at  the  centre  of  the  sphere,  the  lines  labelled  similarly  would 
come  together  in  pairs.  Thus  the  triangle  A'OB'  is  easily 
constructed.  If,  in  A'OB',  we  mark  off  OA  =  OB  =  10  cms. 
and  draw  the  arc  AB,  this  arc  will  evidently  be  the  great 
circle  track  whose  projection  is  A'B'.  Its  length  may  be 
found  by  measuring  the  angle  A'OB'.  Each  minute  in  this 
angle  represents  a  geographical  mile  in  the  track. 

Examples : — 

8.  Draw  a  diagram  similar  to  fig.  72  and  embodying  the 
data  of  No.  5.  Determine  by  means  of  it  the  length  of  the 
great  circle  track  in  miles. 

9.  Cut  the  figure  of  No.  8  out  (leaving  small  tags  of  paper 
at  the  apices,  O,  for  fastening).  Fold  the  triangles  back  to 
make  a  model  showing  the  relations  between  the  meridians 
and  great  circle  track  on  the  globe  and  their  projections  on 
the  plane.     The  model  will  be  needed  again. 

10.  Calculate  the  length  of  the  rhumb  line  joining  the  same 
two  points.  How  many  mUes  would  be  saved  by  taking  the 
great  circle  track  ? 

11.  A  cruiser  in  lat.  50°  S.,  long.  170°  B.  receives  orders 
by  wireless  telegraphy  to  attend  a  rendezvous  on  the  same 
parallel  off  the  South  American  coast  in  long.  80°  W.  What 
distance  is  saved  by  steering  along  the  great  circle  instead  of 
the  parallel  of  latitude  ?  [Find  the  great  circle  distance  by 
the  graphic  method.] 

12.  What  are  the  latitude  and  longitude  of  the  place  half- 
way between  Honolulu  and  Yokohama  on  the  great  circle 
track?     [For  data  see  Ex.  LXXXVII,  No.  5.] 

PT.  II.  9 


130  ALGEBRA 

B. 

§  4.  The  Meridian  Gnomonic  Projection. — If  the  track  of 
a  ship  crosses,  or  even  approaches  near  to,  the  equator  it 
cannot  be  exhibited  entirely  upon  a  polar  gnomonic  net.  Its 
equatorial  part  must  be  shown  upon  a  meridian  gnomonic  net. 
The  following  examples  deal  with  the  construction  and  use  of 
this  projection. 

Examples; — 

13.  The  cardboard  of  No.  1  is  held  so  that  it  touches  the 
globe  where  the  meridian  of  Greenwich  crosses  the  equator. 
Show  that  the  projection  of  the  meridian  of  Z°  is  a  vertical 
straight  line  parallel  to  the  projection  of  the  Greenwich 
meridian  and  distant  from  it  r  tan  I.  Show  that  the  projection 
of  the  parallel  of  latitude  A.  crosses  the  projection  of  the 
meridian  of  1°  at  a  height  of  r  tan  A./cos  I. 

Use  these  results  to  draw  a  meridian  gnomonic  net  in- 
cluding a  range  of  longitude  of  120°  and  50°  of  latitude  north 
and  south  of  the  equator.     As  before,  take  r  =  10  cms. 

14.  A  ship  follows  the  shortest  track  from  Cape  Town 
(331°  S.,  18^°  B.)  to  New  York  (41°  N.,  74°  W.) ;  where  does 
it  cross  (i)  the  tropics,  (ii)  the  equator  ?  [Call  the  central 
meridian  of  your  net  30°  W.] 

15.  A  ship  sails  along  a  great  circle  from  Auckland  (36° 
54'  S.,  174°  48'  B.)  to  San  Branoisco  (38°  N.,  122^°  W.). 
Where  does  it  cross  (i)  the  equator,  (ii)  the  meridian  of  150°, 
(iii)  the  20th  parallel  (N.)  ?  [For  this  example  take  the 
central  meridian  of  the  net  to  be  150°.] 

§  5.  The  Length  of  the  Track. — The  length  of  a  great  circle 
track  whose  projection  is  drawn  on  the  meridian  gnomonic 
net  can  be  determined  graphically  in  certain  cases.  The 
following  is  an  illustration  : — 

Join  the  intersection  of  the  central  meridian  and  the  equator 
with  the  point  where  the  meridian  30°  E.  of  the  central  one 
crosses  the  20th  parallel  of  latitude  (N.).  Label  the  former 
point  A  and  the  latter  B'.  Label  the  foot  of  the  meridian 
through  B',  M'.  Draw  the  triangle  AM'B'  on  a  "sheet  of  paper. 
Imagine  the  points  A,  B',  M'  to  be  joined  up  with  0  and  the 
triangles  thus  formed  to  be  folded  outwards  untU  they  all  lie 
in  the  plane  of  the  paper. 
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Since  OA  is  perpendicular  to  the  plane  of  the  net  it  is  per- 
pendicular to  both  AM'  and  AB' ;  that  is  the  triangles  0AM' 
and  OAB'  are  both  right  angled  at  A.  Again,  since  B'M'  is 
perpendicular  to  the  plane  containing  0  and  the  equator  the 
triangle  B'M'O  is  also  right  angled  at  M'.  Moreover,  since 
OA  =  10  cms.  the  triangles  0AM'  and  OAB'  can  be  com- 
pleted at  once.  The  triangle  OM'B'  can  then  be  completed 
by  copying  OM'  from  the  triangle  0AM'  or  OB'  from  the 
triangle  OAB'.  In  0AM'  the  circular  arc  AM  should  be 
drawn,  cutting  OM'  in  M — the  point  on  the  globe  of  which 
M'  is  the  projection.  In  OAB'  and  OM'B'  the  circular  arcs 
AB  and  MB  should  also  be  drawn — each,  of  course,  with  a 
radius  of  10  cms. 

The  diagram  has  been  drawn  completely  in  order  to  bring 
out  its  analogy  with  fig.  72,  but  our  task — the  measurement 
of  the  track  AB — could  be  accomplished  by  drawing  OAB' 
only.  Since  OA  =  10  cms.  and  OAB'  =  90°  this  construction 
does  not  involve  any  of  the  others.  The  length  of  AB  in  miles 
is  (as  before)  equal  to  the  number  of  minutes  in  the  angle 
AOB'. 


Examples : — 

16.  Draw  the  whole  diagram  as  directed  above,  and  find 
the  length  of  the  great  circle  track  AB. 

17.  Gut  out  the  figure  and  fold  the  triangles  (as  in  No.  9) 
so  as  to  make  a  model  illustrative  of  the  mode  of  projection. 
Preserve  the  model  for  further  use. 

18.  Continue  the  track  of  No.  16  until  it  reaches  the  meri- 
dian of  4:5°  W.  of  the  central  meridian.  What  is  the  latitude 
of  this  point  ?  Let  C  be  the  point  on  the  globe  and  C  its 
projection  on  the  net.  Find  the  length  of  AG  by  the  graphic 
method.  [It  will  be  sufi&cient  to  draw  the  right-angled  tri- 
angle OAG'.]     What  is  the  whole  length  of  the  track  BG  ? 

19.  Draw  the  projection  of  a  great  circle  track  which  starts 
in  latitude  35°  N.  in  longitude  30°  W.  of  the  central  meridian, 
passes  through  the  intersection  of  the  central  meridian  with 
the  equator,  and  ends  on  the  30th  parallel  south.  Find  its 
total  length.  [Consider  the  track  in  two  sections  as  in  Nos. 
16  and  18.] 

20.  When  the  projection  of  the  track,  as  originally  drawn, 
•does  not  pass  through  the  intersection  of  the  central  meridian 

9* 
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and  the  equator  it  is  necessary  to  suppose  the  track  shifted 
until  its  projection  does  pass  through  that  intersection. ^ 
Thus,  if  B'C,  the  projection  of  a  track  BG,  cuts  the  equator 
20°  W.  of  the  central  meridian,  B'  and  C  must  both  be  shifted 
20°  B.  along  their  respective  parallels.  The  line  joining  B'  and 
C  in  their  new  positions  now  passes  through  the  point  A 
where  the  central  meridian  cuts  the  equator.  The  graphic 
method  can  therefore  be  applied  to  find  the  length  of  AB, 
AC,  and  so  of  BO. 

Apply  this  method  to  find  the  great  circle  distance  from 
Gape  Town  to  New  York.     [See  No.  14.] 

'  This  is  equivalent  to  moving  the  plane  of  the  cardboard  until 
its  point  of  contact  coincides  with  the  point  where  the  track  crosses 
the  equator. 


BXBEGISE  LXXXIX. 

CALCULATIONS  ON  GEEAT  CIECLE  SAILING. 

A. 

§  1.  Formula  for  Great  Circle  Distances.— The  graphic 
method  used  in  Ex.  LXXXVIII  for  finding  the  length  of  a 
great  circle  track  leads  easily  to  a  formula  which  permits  a 
solution  of  the  same  problem  by  calculation.  Take  the  model 
which  you  made  in  Ex.  LXXXVIII,  No.  9,  and  write  against 
each  side  of  the  three  folding  triangles  (so  far  as  you  can) 
an  expression  giving  its  length  in  terms  of  known  numbers. > 
To  make  the  expressions  general  put  OP  =  r,  let  the  difference 
of  longitude  between  A  and  B  be  I,  let  the  latitudes  of  A  and 
B  be  Aj  and  Xg.  ^^^  tlieir  polar  distances  (90°  -  X)  be  ^j 
and  p^.  Finally,  let  D  be  the  number  of  degrees  in  the 
great  circle  track  AB.  Then,  in  the  model,  I  =  Z  ATB', 
Pi=  /_  POA',^2  =  z  POB',  D  =  Z  A'OB'. 

Examples  :— 

1.  Prove  (i)  that  PA'  =  r  tan  p-^,  PB'  =  r  tan  p.2 ;  (ii)  that 
OA'  =  r  sec  ^j,  OB'  =  r  sec  p^. 

2.  In  the  triangle  PA'B'  write  an  expression  for  (A'B')^  in 
terms  of  PA',  PB'  and  the  angle  A'PB'. 

3.  In  the  triangle  A'OB'  write  another  expression  for 
(A'B')2  in  terms  of  OA',  OB',  and  the  angle  A'OB'. 

4.  Show  from  the  results  of  Nos.  2  and  3  that 

2  sec ^1  sec  ^2 ''OS -f-*  =  (sec^^j  -  tan^^i)  +  (aeo^p^  -  tan^pj) 

+  2  tan  ^j  tan  p^  cos  I 
=  2  +  2  tan  p-^  tan  p^  cos  I. 
Hence  show  that 

cos  D  =  cos  Pi  cos  Pi  +  sin  p-^  sin  p^  cos  I. 

'  A  diagram  like  fig.  72  will  sufiice,  but  it  is  easier  to  work  with 
the  model. 
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This  formula  is  most  important.  It  is  best  remembered  in 
the  form  just  given,  for  the  symbols  are  then  associated 
directly  with  fig.  72  or  the  model.  But  the  student  will  note 
that,  since  p  =  90°  -  X,  cos  p  =  sin  A,  and  sin  p  =  cos  X. 
Thus  the  formula  is  best  used  in  the  form 

cos  D  =  sin  \  sin  X^  +  cos  \  cos  Xg  cos  Z. 

In  the  following  examples  latitudes  and  longitudes,  when 
not  given,  are  to  be  taken  from  Ex.  LXXXVII. 

Examples : — 

5.  A  ship  sails  along  a  great  circle  from  A  (40°  N.,  100°  W.) 
to  B  (65°  N.,  180°).  Calculate  the  length  of  the  track  in 
degrees  and  miles.  Compare  the  result  with  that  obtained 
graphically  in  Ex.  LXXXVIII,  No.  8. 

6.  Apply  the  formula  to  solve  Ex.  LXXXVIII,  No.  11. 
Compare  with  the  former  result. 

7.  Use  the  formula  to  calculate  the  great  circle  distance 
between  (i)  Cork  and  New  York ;  (ii)  Ascension  and  Cape 
Town  ;  (iii)  the  Lizard  and  Barbados.  Use  your  answer  to 
Ex.  LXXXVII,  No.  6,  to  find  in  each  case  the  distance 
saved  by  following  the  great  circle  rather  than  the  rhumb  line. 

8.  Change  the  subject  of  the  formula  of  No.  4  to  cos  I. 

9.  A  ship  starts  from  35°  N.,  140°  B.,  and  follows  a  great 
circle  track.  After  running  1000  miles  it  reaches  the  same 
parallel  again.     What  is  its  longitude  ? 

1*0.  Another  ship,  starting  from  the  same  point  but  follow- 
ing another  great  circle,  crosses  the  meridian  of  160°  B.  after 
running  1500  miles.     Find  its  latitude. 


§  2.  Tracks  which  Gross  the  Equator. — The  argument  of 
§  1  ceases  to  apply  if  the  great  circle  track  reaches  or  crosses 
the  equator,  for  it  is  then  impossible  to  represent  the  whole 
of  the  track  upon  a  polar  gnomonic  net.  [Ex.  LXXXVIII, 
No.  1.]  In  other  words,  our  proof  of  the  formula  of  No.  4 
assumed  that  both  PA  and  PB  are  less  than  a  quadrant. 
On  the  other  hand,  there  was  no  restriction  upon  the  mag- 
nitude of  I,  the  difference  of  longitude  (=  Z  A'PB'  in  fig.  72). 
The  last  fact  may  be  used  to  show  that  the  formula  holds 
good  for  all  great  circle  tracks. 

In  fig.  73  let  P  be  the  pole,  PA  and  PB  arcs  of  meridians, 
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the  broken  line  B  the  equator,  and  AB  a  great  circle  track 
crossing  the  equator.  Then  P A  =  pj  >  90°,  but  PB  =  pj  <  90°. 
We  have  to  show  that  although  the  whole  of  AB  could  not 
be  represented  upon  a  polar  gnomonic  net  yet  its  length  D 
can  be  calculated  by  the  formula  of  No.  4. 

A  great  circle  is'  the  trace  upon  the  globe  of  a  plane  which 
passes  through  its  centre.  It  is  evident,  therefore,  that  a  pair 
of  great  circles  must  cross  one  another  twice — at  the  ends  of 
the  diameter  in  which  their  planes  intersect.  ^  Thus  the  great 
circles  AP  and  AB  meet  again  in  a  point  C  such  that  A  and 
G  are  opposite  ends  of  a  diameter  of  the  globe.  In  the  figure 
PBO,  PB  and  PC  are  arcs  of  meridians  and  BC  the  great 
circle  track  between  B  and  C.     Moreover,  since  PA>90°, 


r\ 
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Fig.  73. 

PC  is  <  90°.  Since  PB  is  also  <  90°  the  whole  of  BC  can 
be  represented  on  the  polar  gnomonic  net.  It  follows  that 
its  length  D'  can  be  calculated  by  the  formula  of  No.  4. 
Putting  p^  for  the  number  of  degrees  in  PC  and  V  for  the 
difference  of  longitude  between  B  and  C,  we  have 

cos  D'  =  cos  jjj'  cos  p^  +  sin  p{  sin  j?2  cos  V  .  .  .  (1) 
But  _pi'  =  180°  -  pi  and  D'  =  180°  -  D.  Also  (since  C  and 
A  are  antipodes)  V  =  180°  -  I.  Hence  sin  j3j'  =  sin  f^, 
cos  f-l  =  -  cos  jjj,  cos  D'  =  -  cos  D  and  cos  V  =  -  cos  I ; 
and  the  formula  (1)  becomes 

-  cos  D  =   -  cos  j9j  cos  ^2  -  sin  p^  sin  f^  cos  I 
or  COS  D  =  cos  ^1  COS  fi  +  sin  p-^  sin  f^  cos  I ; 

'  For  example,  all  meridians  cross  one  another  at  the  north  and 
south  poles — i.e.  at  the  extremities  of  a  single  diameter  called  the 
axi^.. 
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that  is,  the  length  of  a  track  AB  which  crosses  the  equator 
can  be  calculated  by  the  formula  which  was  proved  for 
tracks  lying  wholly  on  one  side  of  the  equator. 

Examples : — 

11.  When  A  and  B  are  both  north  or  both  south  of  the 
equator,  we  have  seen  that  it  is  most  convenient  to  substitute 
sin  \  for  cos  p  and  cos  A,  for  sin  p  in  using  the  formula.  Is 
this  substitution  permissible  when  A  and  B  are  on  opposite 
sides  of  the  equator?  If  not,  what  other  change  must  be 
made  in  effecting  the  substitution  ? 

12.  Find  the  length  of  the  great  circle  track  across  the 
Pacific  Ocean  from  40°  S.,  160°  E.  to  50°  N.,  140°  W. 

13.  Calculate  the  great  circle  distance  from  Gape  Town  to 
New  York.     [See  Ex.  LXXXVIII,  No.  14.] 

14.  A  ship  has  followed  a  great  circle  track  for  3000  mUes 
from  40°  S.,  180°  and  is  now  crossing  the  meridian  of  160° 
W.     What  is  its  latitude  ? 

15.  In  a  diagram  otherwise  similar  to  fig.  73  let  B,  as  well 
as  A,  be  taken  on  the  side  of  the  equator  remote  from  P. 
Prove  that  in  this  case  also  the  formula  of  No.  4  can  be  used 
to  calculate  the  length  of  the  track  AB. 

0. 

§  3.  Spherical  Triangles. — Imagine  once  more  a  trans- 
parent globe  with  a  point  of  light  at  its  centre  but  with  its 
surface  undivided  by  lines  of  latitude  and  longitude.  Take 
upon  it  any  three  points.  A,  B,  C,  with  the  restriction  that 
none  shall  be  the  antipodes  of  either  of  the  others.  Join  them 
by  arcs  of  great  circles,  choosing  in  each  case,  out  of  the  two 
possible  arcs,  the  one  which  is  less  than  180°.  The  figure  thus 
worked  out  upon  the  globe  is  called  a  spherical  triang'le. 
The  arcs  BC,  OA,  AB,  are  called  its  sides  and  (as  in  the  case 
of  real  triangles)  may  conveniently  be  denoted  by  the  letters 
a,  b,  and  c.  When  the  radius  of  the  globe  is  known  the 
lengths  of  the  sides  can,  of  course,  be  expressed  in  linear  units, 
but  it  is  to  be  understood  that  a,  b,  and  c  measure  the  number 
of  degrees  in  the  arcs.  In  other  words,  a,  b,  and  c  are  the 
magnitudes  of  the  angles,  BOG,  GOA,  AOB,  between  the  radii 
drawn  to  B,  G,  and  A  from  the  centre  of  the  sphere. 

In  a  real  (or  plane)  triangle  each  side  makes  a  definite 
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angle  with  the  other  two.  Similarly  the  "  sides  "  of  the 
"spherical  triangle"  may  be  said  to  make  with  one  another 
the  angles  A,  B,  and  C.  But  it  is  important  to  note 
that  the  angles  thus  described  are  really  the  angles  between 
the  planes  whose  traces  on  the  globe  constitute  the  great 
circles.  Thus  the  arc  AC  is  the  trace  of  the  plane  AOC,  the 
arc  BO  that  of  the  plane  BOG.  These  two  planes  intersect 
in  a  diameter  of  the  globe,  namely  CO.  The  angle  C  of  the 
spherical  triangle  is  the  angle  between  them.  Since  the 
tangents  at  C  to  the  arcs  CA  and  CB  are  both  at  right  angles 
to  the  line  CO  the  angle  at  C  may  also  be  regarded  as  the 
angle  between  the  tangents  at  0. 

Now  let  a  plane  (e.g.  the  cardboard  of  Ex.  LXXXVIII,  §  2) 
touch  the  transparent  globe  at  any  point  other  than  A,  B,  or 
C.  Then  by  the  argument  of  Ex.  LXXXVIII,  the  shadow 
(or  projection)  of  the  spherical  triangle  ABC  will  be  a  plane 
triangle  A'B'C.  As  the  cardboard  takes  up  different  positions 
of  contact  the  sides  and  angles  of  A'B'C  will  constantly 
change  in  magnitude,  so  that  (as  a  rule)  none  of  the  angles 
A',  B',  and  C  is  equal  to  its  corresponding  angle,  A,  B,  or  C. 
But  if  the  point  of  contact  of  the  card  coincides  with  any  one 
of  the  apices  A,  B,  or  C  this  statement  is  no  longer  true.  For 
example,  let  0  be  the  point  of  contact — that  is,  let  C  and  C 
become  identical.  Then  00,  the  line  of  intersection  between 
the  planes  which  determine  the  angle  C  on  the  sphere,  is 
perpendicular  to  the  card  and,  therefore,  perpendicular  to  the 
lines  CA'  and  CB'.  It  follows  that  the  angle  A'CB'  is  now 
equal  to  the  corresponding  angle  of  the  "  spherical  triangle  '' 
though  the  other  two  angles  remain  (in  general)  unequal  to 
their  correspondents.  Thus  the  point  C  now  holds  the 
position  of  P  in  fig.  72,  and,  in  accordance  with  the  argument 
of  §  §  1,  2  of  this  exercise,  we  have  that 

cos  c  =  COS  a  cos  b  +  sin  a  sin  b  cos  C. 
But  if  the  card  were  shifted  so  that  A  or  B  became  the  point 
of  contact,  it  would  follow  that  the  angle  at  A'  or  B'  would 
become  identical  with  its  correspondent  on  the  sphere,  and, 
therefore,  that 

cos  a  =  cos  b  cos  c  +  sin  6  sin  c  cos  A 

cos  6  =  cos  c  cos  <x  +  sin  c  sin  a  cos  B. 

Thus  the  formula  of  No.  4  of  this  exercise  holds  good  for 

each  "  side  "  of  a  spherical  triangle  and  the  opposite  "  angle  ". 
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The  student  will  note  that  its  use  is  analogous  to  that  of  the 
formula  c^  =  a^  +  6^  -  2ab  cos  C ;  that  is,  it  can  be  em- 
ployed, given  two  sides  and  an  angle,  to  calculate  the  re- 
maining side,  or,  given  three  sides,  to  calculate  the  angles. 
It  can  be  employed,  for  instance,  to  calculate  the  course  of  a 
ship  in  great  circle  sailing — the  course  being  the  angle  which 
the  ship's  track  makes  with  the  meridian  at  the  point  in 
question. 

Examples : — 

16.  Find  the  course  of  the  ship  in  No.  5  (i)  at  the  be- 
ginning, (ii)  at  the  end  of  its  journey. 

17.  In  what  direction  must  a  ship  enter  upon  a  voyage 
along  a  great  circle  from  Cork  to  New  York  ? 

18.  If  you  were  at  Ascension  in  what  direction  would  you 
expect  to  see  a  ship  coming  from  Cape  Town  by  the  shortest 
track  ? 

19.  Find  in  No.  9  the  angle  at  which  the  ship  would  leave 
and  re-enter  the  35th  parallel. 

20.  Two  ships  leave  Cape  Town  simultaneously  for  New 
York.  One  is  to  use  Mercator  sailing,  the  other  great  circle 
sailing.  They  part  from  one  another  when  they  are  clear  of 
land.  What  is  the  angle  between  their  courses  when  they 
separate  ? 

§  4.  Bight-Angled  Spherical  Triangles. — From  one  apex 
C  of  a  spherical  triangle  let  a  great  circle  are  CV  be  drawn 
to  cut  the  base  AB  at  right  angles.  (That  is,  let  the  plane 
COV  be  perpendicular  to  the  plane  AOB.)  Then  CAV  and 
CBV  are  called  right-angled  spherical  triangles.  Project 
the  whole  figure  on  to  a  plane  in  contact  with  the  sphere  at 
C,  and  let  V  be  the  projection  of  V.  It  is  easy  to  show  that 
OV  is  at  right  angles  to  A'B'.  For  suppose  a  series  of  small 
circles  to  be  drawn  (like  circles  of  latitude)  upon  the  globe  each 
with  its  plane  perpendicular  to  the  diameter  CO — in  other 
words,  having  CO  for  its  axis  and  0  for  its  pole.  Then  one 
of  these  circles  will  touch  the  great  circle  AB,  and  it  is  evident 
(from  symmetry  or  from  other  considerations)  that  the  point 
of  contact  is  V,  the  foot  of  the  perpendicular  arc  CV.  Now 
the  projection  (i.e.  the  shadow)  of  the  small  circle  upon  the 
plane  will  be  a  circle  withjCV  as  radius,  while  the  projection. 
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of  AB  is  a  straight  line  A'B'.  Since  the  great  circle  meets 
but  does  not  cut  the  small  circle  on  the  sphere  their  projec- 
tions must  also  meet  without  cutting  one  another.  That  is  to 
say,  A'B'  touches  the  circle  CV  at  the  point  V  so  that  the 
line  GV  is  perpendicular  to  A'B'.  Again  since  0  is  the  pole 
of  the  projection — that  is,  since  00  is  perpendicular  to  the 
plane — it  follows  that  the  angles  between  the  lines  CA',  OV, 
CB'  are  equal  to  the  corresponding  angles  between  the  planes 
OOA,  OOV,  OOB.  We  conclude  that  in  a  right-angled 
spherical  triangle  it  is  possible,  by  choosing  one  of  the  apices 
as  the  pole  of  projection,  to  preserve  unchanged  by  the  pro- 
jection not  only  the  angle  at  this  apex  but  also  the  right 
angle.  It  is  important,  however,  to  note  that  it  does  not 
follow  that  the  angle  A'  will  also  be  equal  to  the  angle  A. 
Indeed  we  know  that  it  is  not  so.  To  preserve  the  angle  A 
as  well  as  the  right  angle  A'V'O',  A  must  be  taken  as  the 
pole  of  projection. 

Examples : — 

21.  Let  the  length  of  the  perpendicular  arc  OV  be  P  de- 
grees, the  angle  ACV  be  Oj  degrees,  and  the  angle  BOV  be  G^ 
degrees.  Prove  that  CV  =  r  tan  P.  Hence  prove  the  re- 
lations 

cos  Cj  =  tan  P/tan  b ;  cos  0^  =  tan  P/tan  a. 

22.  A  ship  sailing  between  north  and  east  from  45°  N., 
180°,  along  a  great  circle,  reaches  the  vertex  of  its  course  in 
latitude  54°  N.  What  is  then  its  longitude  ?  It  continues 
its  voyage  until  its  longitude  is  115°  W.     Find  its  latitude. 

If  it  were  possible  for  a  ship  to  sail  on  a  great  circle  com- 
pletely round  the  globe  its  track  would  have  two  vertices — 
one  in  the  northern  and  one  in  the  southern  hemisphere. 
These  are  obviously  antipodes — that  is,  their  latitudes  are 
equal  but  opposite  in  sign  and  their  longitudes  differ  by  180°. 
The  formulae  of  No.  21  deal  directly  only  with  points  in  the  same 
hemisphere.  If  a  ship  is  sailing  towards  the  equator  the  ver- 
tex of  its  track  on  the  further  side  of  the  equator  must  be 
found  indirectly  by  determining  the  vertex  on  the  same  side 
of  the  equator  and  applying  the  foregoing  remark.  It  is 
evident  that  the  longitude  of  the  point  where  it  crosses  the. 
equator  differs  from  that  of  the  vertex  by  90°. 
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Examples  :— 

23.  Another  ship  starts  from  45°  N.,  180°  along  a  great 
circle  course  between  east  and  south.  It  reaches  the  vertex 
of  its  course  in  longitude  140°  W.  What  is  now  its  latitude  ? 
Where  does  it  cross  the  equator  ? 

24.  A  ship,  sailing  on  a  great  circle,  crosses  the  equator  in 
longitude  140°  B.  and  reaches  the  vertex  of  its  track  in  lati- 
tude 50°  N.  Where  does  it  cross  (i)  the  180th  meridian, 
(ii)  the  parallel  of  20°  S.,  (iii)  the  parallel  of  30°  N.  ? 

25.  ABC  is  a  spherical  triangle  right-angled  at  C.  Let  it 
be  projected  upon  a  plane  making  contact  with  the  sphere  at 
A,  the  projection  being  the  triangle  AB'C.  Then  by  §  4  the 
angle  A  is  i^nchanged  and  C  is  a  right  angle.  Eegard  the 
line  AC  as  the  equator  in  a  meridian  gnomonic  net  and  B'C 
as  one  of  the  meridians.  Draw  the  dotted  triangles  OAB', 
B'OC,  C'OA  as  in  fig.  72  and  fold  them  into  a  model.  By 
Ex.  LXXXVIII,  §  5,  the  folded  triangles  are  all  right  angled. 
Show  that 

AC  =  r  tan  b,  AB'  =  r  tan  c,  OB'  =  r  sec  c, 
OC  =  r  sec  &,  B'C  =  r  sec  h  tan  a. 
Label  each  side   of  the  four  triangles  with   the   expression 
for  its  length. 

26.  Show  by  considering  the  triangle  AB'C  that 

cos  A  =  tan  fc/tan  c,  tan  A  =  tan  o/sin  h 
sin  A  =  tan  a/cos  h  tan  c. 

27.  Show  by  considering  the  triangle  OB'C  that 

cos  c  =  cos  a  cos  h. 
Show  that  this  result  could   also  have  been  deduced  from 
the  formula  of  §  3. 

28.  Show,  by  substituting  for  cos  h  in  the  third  formula  of 
No.  26,  that 

sin  A  =  sin  a/sin  c. 

D. 

§  5.  Further  Calculations  on  Great  Circle  Sailing. — The 
formulae  just  proved  for  right-angled  spherical  triangles, 
namely 

sin  A  =  sin  a/sin  c ;  cos  A  =  tan  6/tan  c  ; 
tan  A  =  tan  a/sin  h ;  cos  c  =  cos  a  cos  6 
are  important  and  should  be  memorialed. 
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Examples ; — 

29.  A  ship  sailing  on  a  great  circle  has  reached  a  point  A 
■where  its  polar  distance  is  p ;  its  course  makes  an  angle  a 
with  the  meridian,  the  polar  distance  of  the  vertex  of  the  track 
is  P,  and  its  distance  from  the  vertex  (in  degrees)  is  d.  Write 
down  four  formulae  each  of  which  expresses  a  relation  between 
three  of  these  data. 

30.  How  far  was  the  ship  of  No.  22  from  the  vertex  of  its 
track  (i)  when  it  commenced  its  voyage,  (ii)  when  it  was  in 
latitude  50°  N.  ?  In  what  direction  was  it  sailing  at  each  of 
those  points  ? 

31.  (i)  In  what  direction  was  the  ship  of  No.  24  sailing  when 
it  crossed  the  equator  ?  (ii)  How  far  was  it  from  the  vertex 
of  its  track  when  it  was  crossing  the  parallel  of  30°  N.  ? 

32.  Let  I  be  the  longitude  of  a  ship  and  L  the  longitude  of 
the  vertex  of  its  great  circle  track.  Write  formulae  of  which 
the  subjects  are  (i)  sin  (L  -  I),  (ii)  cos  (L  -  I),  (iii)  tan  (L  -  I). 

33.  (i)  How  far  was  the  ship  of  No.  23  from  the  vertex  of 
its  track  when  it  began  its  voyage  ?  (ii)  In  what  latitude  did 
it  cross  the  meridian  of  160°  W.  ? 

34.  Find  the  longitude  of  the  ship  of  No.  22  at  each  of  the 
points  where  it  was  500  miles  from  the  vertex  of  its  track. 

35.  A  ship  is  sailing  on  a  great  circle.  Assuming  that  the 
polar  distance  and  longitude  of  the  vertex  are  known,  write 
down  the  formulae  which  you  would  use  in  calculating 

(i)  the  ship's  longitude  when  its  polar  distance  is  given  ; 

(ii)  its  latitude  when  its  longitude  is  given ; 
(iii)  its  longitude  when  its  distance  from  the  vertex  is  given ; 
(iv)  its  polar  distance  when  its  distance  from  the  vertex  is  given  ; 

(v)  its  course  when  its  polar  distance  is  given ; 
(vi)  its  course  when  its  distance  from  the  vertex  is  given. 

36.  In  No.  16  you  calculated  the  initial  course  of  the  ship 
Vfhose  voyage  was  described  in  No.  5  and  represented  graphi- 
cally in  Ex.  LXXXVIII,  No.  8.  Use  this  result  to  calciiate 
the  latitude  and  longitude  of  the  vertex  of  the  track.  Calculate 
the  ship's  longitude  on  crossing  the  45°  and  50°  parallels 
{N.).  Calculate  also  its  latitude  on  crossing  the  150th 
meridian  (W.).  Compare  the  results  with  those  obtained  by 
the  graphic  method. 

37.  A  ship  is  sailing  along  a  great  circle.  Let  \  be  the 
latitude  and  a^  the  angle  which  the  track  makes  with  the 
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meridian  at  any  point,  and  X^,  a^  the  corresponding  values  of 
the  latitude  and  the  course  at  another  point.     Prove  that 
sin  aj/sin  uj  =  cos  Xj/cos  A-j. 

38.  It  was  shown  in  No.  17  that  a  ship  sailing  on  a  great 
circle  from  Cork  to  New  York  should  begin  the  voyage  with  a 
course  of  77°  1'.  Find  the  direction  in  which  it  should  be 
sailing  when  in  latitude  (i)  45°,  (ii)  50°. 

39.  Show  that  in  any  spherical  triangle  ABC, 

sin  A      sin  B      sin  C 

sin  a  ~  sin  b  ~  sin  c  ' 
Supposing  the  polar  distances  (pj  and  p^)  and  the  difference 
of  longitude  (l)  of  two  places  A  and  B  to  be  known,  and  also 
the  great  circle  distance  between  them  (D),  show  how  this 
result  can  be  used  to  calculate  the  ship's  course  at  A  and  B. 

40.  Calculate  the  great  circle  distance  between  Honolulu 
and  Yokohama  [Ex.  LXXXVII,  No.  5].  Deduce  from  it  the 
course  which  a  ship  should  take  on  commencing  its  voyage. 
Calculate  its  latitude  and  longitude  when  half-way  between 
the  two  ports  and  the  direction  in  which  it  should  be  sailing. 

41.  A  ship  sails  from  Honolulu  along  a  great  circle  to 
Yokohama.  Without  calculating  the  distance  between  the 
ports  determine  its  initial  course.  Hence  find  its  latitude  and 
longitude  when  1000  miles  from  Honolulu.  Also  find  in 
what  direction  it  will  then  be  sailing. 

42.  A  ship  is  sailing  upon  a  great  circle  course,  and  has 
reached  a  point  A.  The  vertex  of  its  track  is  at  V.  Let  p 
and  P  be  the  polar  distances  of  A  and  V.  The  track  is  re- 
presented on  a  polar  gnomonic  net  by  a  straight  line  A'V, 
A'  and  V  being  the  projections  of  A  and  V.  A'V  makes 
with  the  line  of  longitude  PA'  an  angle  a'.  Show  that  the 
ship's  course  at  A  is  connected  with  a'  by  the  formula 

,      cos  P 

sm  a  =  sin  a  X  . 

cos^ 

In  Ex.  LXXXVIII,  No.  12,  you  represented  on  a  gnomonic- 

net  the  great  circle  track  from  Honolulu  to  Yokohama  and 

determined  the  half-way  point.    Eead  from  the  net  the  values- 

of  the  angle  a'  when  the  ship  started  its  voyage  and  when  it 

had  gone  half  the  distance.    Deduce  the  corresponding  values- 

of  a  and  compare  the  results  with  those  obtained  in  No.  41. 

Also  compare  the  position  of  the  half-way  point  obtained 

graphically  with  that  obtained  by  calculation  in  No.  41. 


BXEECISE  XO. 
SOME  ASTBONOMICAL  PROBLEMS. 

§  1.  Altitude,  Azimuth,  Zenith  Distance. — One  of  the 
simplest  problems  in  practical  astronomy  is  to  record  the 
position  in  which  a  star  appears  to  an  observer  at  a  given 
moment.  The  solution  is  obvious.  It  is  sufScient  (i)  to 
mark  the  point  of  the  horizon  ^  directly  above  which  the  star 
is  seen,  and  (ii)  to  measure  the  number  of  degrees  through 
which  the  line  of  vision  must  be  raised  from  this  point  to 
pass  through  the  star's  position.  This  number  of  degrees  is 
called  the  altitude  of  the  star.  The  position  of  the  point  on 
the  horizon  is  best  fixed  by  measuring  its  angular  distance 
from  the  south  point  of  the  horizon.  This  distance  is  called 
the  azimuth  of  the  star.  Instead  of  measuring  the  altitude 
of  the  star  we  may  measure  its  zenith  distance,  that  is,  the 
number  of  degrees  through  which  the  line  of  vision  must  be 
lowered  from  the  zenith  (the  direction  vertically  above  the 
observer's  head)  in  order  to  pass  through  the  p6sition  of  the 
star.  Azimuth  and  altitude  (or  azimuth  and  zenith  distances) 
serve,  then,  as  a  pair  of  co-ordinates  recording  the  positioniof 
the  star  in  a  perfectly  definite  way. 

Azimuth  and  altitude  (or  zenith  distance)  are  conveniently 
measured  by  a  theodolite  [Part  I,  Ex.  XLI].  This  instru- 
ment consists  of  (i)  a  horizontal  circle  graduated  in  degrees 
from  0°  to  360°,  and  (ii)  a  vertical  circle  whose  centre  is  fixed 
vertically  above  the  centre  of  the  former  circle,  but  whose 
plane  can  be  rotated  around  the  line  joining  the  two  centres. 
The  zero  graduation  of  this  circle  is  on  the  horizontal  line 
through  its  centre.  A  telescope  is  so  attached  to  the  vertical 
circle  that  it  can  be  swung  about  a  horizontal  axis  passing 
through  the  centre  of  the  circle  perpendicular  to  its  plane. 

^  Throughout  this  exercise  the  horizon  is  regarded  as  an  unbroken 
level  circle  in  one  plane  with  the  eye  of  the  observer. 
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The  angle  which  the  telescope  makes  with  the  horizon  is  re- 
corded by  an  index  which  plays  over  the  graduations  of  the 
vertical  circle.  The  position  of  the  plane  of  the  vertical  circle 
is  recorded  by  an  index  which  plays  over  the  graduations  of  the 
horizontal  circle.  In  using  the  theodolite  to  record  the  posi- 
tion of  a  star  the  observer  first  fixes  the  horizontal  circle  so 
that  the  line  joining  its  centre  to  the  zero  graduation  points 
to  the  south.  He  then  turns  the  vertical  circle  round  until 
he  can  direct  ■  the  telescope  to  the  star.  The  reading  on  the 
horizontal  circle  is  now  the  azimuth  of  the  star,  the  reading 
on  the  vertical  circle  its  altitude.  If  the  vertical  circle  is 
fixed  in  a  definite  position  upon  the  horizontal  circle  and  the 
telescope  is  rotated  about  the  axis  it  will  point  in  succession 
to  all  stars  which  have  the  same  azimuth.  In  this  movement 
the  telescope  sweeps  out  a  vertical  plane  through  the  eye  of 
the  observer.  On  the  other  hand,  if  the  telescope  is  fixed  at 
a  definite  reading  on  the  vertical  circle  and  the  plane  of  the 
vertical  circle  is  then  rotated  about  the  axis  joining  its  centre 
to  that  of  the  horizontal  circle,  the  telescope  will  point  in  suc- 
cession to  all  stars  which  have  the  same  altitude.  In  this 
movement  the  telescope  evidently  traces  out  a  cone  whose 
axis  is  vertical  and  whose  semi-angle  is  the  zenith  distance. 
The  greatest  altitude  or  zenith  distance  which  a  star  can  have 
is,  of  course,  90°.  The  azimuth  is  usually  measured  continu- 
ously round  from  the  south  point  through  the  west  point. 
Thus  it  may  have  any  value  between  0°  and  360°. 

Examples : — 

1.  The  eye  of  an  observer  is  at  the  middle  of  a  cubical 
room  whose  walls  and  roof  are  of  glass.  The  walls  are  vertical 
and  lie  east  and  west  and  north  and  south.  Upon  the  glass 
a  series  of  lines  are  drawn  in  such  a  way  that  all  stars  whose 
azimuth  is  the  same  appear  to  lie  on  one  line  of  the  series. 
The  lines  are  drawn  for  these  every  10°  of  azimuth  from  0° 
to  360°.  How  will  their  position  be  determined,  (i)  upon  the 
walls,  (ii)  upon  the  roof  ? 

To  the  foregoing  azimuth  lines  a  series  of  altitude  lines 
is  added,  such  that  all  stars  which  have  the  same  altitude  ap- 
pear to  lie  on  one  line  of  the 'series.  The  lines  are  drawn  for 
every  10°  of  altitude.  How  will  their  position  be  determined 
(iii)  upon  the  walls,  (iv)  upon  the  roof  ? 
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2.  Apply  the  results  of  No.  1  to  show  how  a  star  map 
could  be  constructed  to  record  conveniently  the  azimuth  and 
altitude  at  a  given  moment  of  the  stars  in  all  parts  of  the  sky. 
Indicate  by  a  rough  sketch  the  network  of  the  map. 

§  2.  The  Biwrnal  Movement  of  the  Stars.— ks,  the  reader 
is  well  aware,  the  stars  appear  constantly  to  change  their 
positions.  The  precise  nature  of  their  diurnal  movement 
can  best  be  understood  by  imagining  the  following  experiment 
with  the  theodolite  : — 

At  first  let  the  azimuth  circle  be  in  its  usual  hori- 
zontal position,  and  let  the  telescope  be  directed  upon  one 
of  the  "  fixed "  stars  and  clamped  to  the  altitude  circle. 
After  a  few  minutes  the  star  will  be  found  to  have  left  the 
field  of  the  telescope.  In  order  to  view  it  again  the  observer 
must  not  only  move  the  altitude  circle  round  upon  the  azi- 
muth circle  but  must  also  unclamp  the  telescope  and  raise  or 
depress  it.  That  is  to  say,  both  the  altitude  and  the  azimuth 
of  the  star  have  changed.  Now  let  the  azimuth  circle  be 
tipped  about  the  east  and  west  line  so  that  the  north  and 
south  line  on  it  makes  a  certain  angle  with  the  horizontal 
plane.  Let  the  telescope  be  again  directed  upon  the  star  and 
clamped  to  the  altitude  circle,  let  another  interval  elapse  and 
let  the  star  once  more  be  sought  by  turning  the  altitude  circle 
about  the  axis  which  joins  its  centre  to  that  of  the  azimuth 
circle.  Then,  if  the  observer  has  been  lucky  in  tipping  the 
azimuth  circle  to  the  necessary  angle,  he  will  have  the  satis- 
faction of  observing  that  the  position  of  the  telesoop6  upon 
the  vertical  circle  need  not  be  changed  in  order  to  follow  the 
star.  To  keep  it  in  view  as  it  moves  across  the  sky  it  is 
necessary  now  only  to  rotate  the  plane  of  the  altitude  circle, 
not  to  change  the  position  in  which  the  telescope  is  clamped 
to  it.  This  interesting  result  may  be  expressed  in  the  fol- 
lowing alternative  way.  As  the  plane  of  the  altitude  circle  is 
slowly  rotated,  the  telescope,  pointing  always  to  the  same  star, 
traces  out  a  cone  whose  axis  is  the  line  joining  the  centres 
of  the  azimuth  and  altitude  circles.  This  statement  is  true 
whatever  star  is  observed.  Further,  it  will  be  found  that  in 
all  cases  the  rate  at  which  the  plane  of  the  altitude  circle 
must  be  rotated  in  order  to  keep  the  star  in  view  is  exactly 
the  same.  If  a  given  set  of  stars  can  all  be  seen  at  one 
moment  by  moving  the  telescope  over  the  altitude  circle  they 
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can  all  be  seen  in  the  same  way  at  any  other  moment.  We 
oonolude  that  the'  whole  of  the  fixed  stars  are  constantly 
moving  in  such  a  way  that  lines  drawn  to  them  from  a  fixed 
point  of  observation  trace  out  cones  which  have  a  common 
axis. 

If  the  foregoing  experiment  were  repeated  in  different  parts 
of  the  earth,  it  would  be  found  that  for  its  success  the  azimuth 
circle  must  be  tipped  to  different  angles — though  always  about 
the  east  and  west  line.  In  other  words,  the  axis  about  which 
the  sky  appears  to  be  rotating  has  in  different  places  a  different 
inclination  to  the  horizon.  At  the  north  or  south  pole  it 
would  be  vertical,  at  the  equator  horizontal.  Elsewhere  its 
elevation  is  found  to  be  proportional  to  the  distance  from  the 
equator — that  is,  it  is  equal  to  the  latitude.  Thus  if  in 
London  an  observer  watched  the  movements  of  any  star  for 
several  hours  without  moving  the  position  of  his  eye,  his  line 
of  vision  towards  the  star  would  trace  out  a  cone  whose  axis 
would  lie  in  the  vertical  plane  through  the  north  point  at  an 
angle  of  51^°  to  the  horizon. 

§  3.  Sidereal  Time  ;  Bight  Ascension  and  Declination, 
Hour  Angle. — In  a  well-equipped  observatory  there  is  gener- 
ally a  telescope  permanently  fitted  up  to  follow  the  stars  in 
their  diurnal  movement  in  the  manner  just  described.  It 
is  called  an  equatorial  telescope.  The  circle  answering  to 
the  altitude  circle  of  the  theodolite  is  attached  to  a  strong 
pillar  which  is  fixed  in  the  meridian  plane  and  inclined  to  the 
northern  horizon  at  an  angle  equal  to  the  latitude  of  the 
place.  This  pillar  is  moved  round  evenly  by  clockwork  at 
such  a  rate  that  when  the  telescope  has  once  been  focussed 
upon  a  star  and  clamped  to  its  circle  it  follows  the  star  auto- 
matically throughout  its  movement  across  the  sky.  Suppose 
the  telescope  to  be  directed  thus  to  a  star  to-night  and  then 
left  to  itself ;  it  will  be  found  to-morrow  night  still  pointing 
to  the  same  star  whenever  you  look  through  it. 

In  order  that  this  may  happen  it  is  found  that  the  clock- 
work must  turn  the  pillar  round  once  in  23  hrs.  56  mins. 
4  sees.  This  period  is  called  a  sidereal  day  or  "  star  day  " 
just  as  the  ordinary  day  is  called  a  solar  day  or  "  sun  day  ". 
The  clock  which  actuates  the  pillar  is  said  to  keep  sidereal 
time.  This  clock  and  the  circle  attached  to  the  inclined 
pillar  supply  a  simple  means  of  recording  the  positions  of  the 
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stars  relatively  to  one  another.  The  first  co-ordinate  is  the 
sidereal  time  at  which  the  star  crosses  the  meridian.  This 
time  is  called  the  right  ascension  of  the  star.  The  other 
co-ordinate  is  the  angle  through  which  the  telescope  must  be 
raised  or  depressed,  from  the  position  in  which  it  is  at  right 
angles  to  the  pillar,  in  order  to  view  the  star.  This  angle  is 
called  the  declination  of  the  star.  Suppose  that  two  stars, 
A  and  B,  are  both  due  south  when  the  sidereal  clock  registers 
8  hrs.  41  mins.,  and  that  from  the  zero  position  at  right  angles 
to  the  pillar  the  telescope  must  be  raised  through  57°  15'  to 
view  A  and  lowered  through  15°  27'  to  view  B.  Then  the 
right  ascension  (R.A.)  of  both  stars  is  8  hrs.  41  mins.,  the 
declination  (Decl.)  of  A  is  57°  15'  north,  and  the  declination 
of  B  15°  27'  south.  Conversely,  if  an  astronomer  is  told  that 
the  E.  A.  of  a  star  is  15  hrs.  16  mins.,  and  its  Decl.  18°  54'  N. 
he  knows  that  the  star  will  be  crossing  the  meridian  when  the 
sidereal  clock  registers  15  hrs.  16  min.  and  that  to  view  it 
he  must  raise  the  telescope  through  18°  54'  from  its  zero 
position  on  the  "  declination  circle ''  attached  to  the  pillar. 
If  he  wishes  to  view  the  same  star  when  the  sidereal  clock 
registers  (say)  17  hrs.  16  mins.  (i.e.  two  sidereal  hours  later) 
he  must  unclamp  the  declination  circle  from  the  pillar,  turn  it, 
together  with  the  telescope,  about  the  pillar  through  an  angle 
of  15°  X  2  =  30°  from  the  meridian,  and  must  then,  as  before, 
raise  the  telescope  from  its  zero  position  through  18°  54'. 
The  angle  through  which  the  declination  circle  is  thus  turned 
about  the  pillar  is  called  the  hour  angle  of  the  star  at  the 
moment  of  observation. 

Sidereal  clocks  in  different  observatories  must,  of  course, 
keep  time  with  one  another  just  as  ordinary,  or  solar,  clocks 
do.  They  are  all  made  to  register  0  hr.  0  min.  0  sec.  when 
a  certain  point  among  the  stars,  called  the  first  point  of 
Aries,  is  on  the  meridian. 

The  great  advantage  of  recording  the  position  of  a  star  by 
its  E.A.  and  Decl.  is  that  the  astronomer  who  knows  these 
co-ordinates  can  at  once  turn  his  telescope  upon  the  star  in 
question,  no  matter  where  his  observatory  may  be.  The  pillar 
of  his  equatorial  telescope  must  be  adjusted  at  an  inclination 
equal  to  the  latitude  of  the  observatory,  and  his  clock  must  go 
at  the  correct  rate  and  must  register  zero  time  when  the  first 
point  of  Aries  is  on  the  meridian.  These  adjustments  having 
been  made,  once  and  for  all,  the  position  qf  the  star  can  at 
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once  be  determined  by  calculating  the  star's  hour-angle  from 
its  E.A.  and  the  sidereal  time  of  the  moment  of  observation, 
turning  the  declination  circle  through  this  angle  about  the 
pillar  and  raising  (or  depressing)  the  telescope  through  an 
angle  equal  to  the  declination.  On  the  other  hand,  the  azimuth 
and  altitude  of  the  star  will  evidently  differ  according  to  the 
latitude  even  at  places  where  the  hour-angle  of  the  star  is  the 
same.  Thus  while  a  statement  of  the  E.A.  and  Decl.  of  a 
star  enables  any  astronomer  who  has  an  equatorial  telescope 
at  once  to  direct  his  telescope  towards  it  wherever  he  is  and 
at  any  hour  of  the  night,  a  statement  of  the  azimuth  and 
altitude  holds  good  only  for  certain  places  at  certain  times. 

Examples : — 

3.  The  cubical  room  of  No.  1  is  to  be  placed  so  that  all 
stars  which  have  the  same  right  ascension  may  appear  to  lie 
on  one  of  the  azimuth  lines  and  all  stars  which  have  the  same 
declination  on  one  of  the  altitude  lines. 

How  can  this  be  done  ? 

4.  Small  discs  of  paper  are  stuck  upon  the  walls  and  roof 
of  the  cubical  room  so  that,  as  viewed  from  the  centre,  they 
cover  the  actual  positions  of  a  number  of  prominent  stars 
when  the  sidereal  clock  registers  0  hr.  0  min.  0  sec.  What 
must  be  done  in  order  that  the  discs  shall  cover  the  same 
stars  (i)  when  the  sidereal  clock  registers  3  hrs.,  (ii)  21  hrs., 
(iii)  18  hrs.  30  min.  ? 

5.  A  circular  disc  of  cardboard  is  cut,  having  a  radius  of 
27*5  inches.  A  polar  gnomonic  net  is  to  be  drawn  upon  it  for 
the  insertion  of  points  representing  the  positions  of  stars  of 
any  given  E.A.  and  of  given  Decl.  between  20°  N.  and  90° 
N.  The  lines  of  E.A.  and  Decl.  are  to  be  drawn  for 
intervals  of  10°.  Give  particulars  for  the  construction  of 
the  net. 

6.  The  disc  of  No.  5  is  fastened  to  a  rectangular  cardboard 
or  wooden  base  by  a  pivot  through  its  centre  about  which  it 
may  be  turned.  It  is  intended  to  be  held  in  such  a  way  that 
it  represents  correctly  at  a  given  moment  the  actual  positions 
of  the  stars  which  are  marked  upon  it.  Explain  (i)  at  what 
distance  it  must  be  held  from  the  eye ;  (ii)  in  what  position 
relative  to  the  eye  if  the  observer  is  in  London  (lat.  51^°  N.)  or 
(iii)  in  Aberdeen  (lat.  57°  9'  N.),  or  (iv)  in  Cairo  (lat.  30°  2' 
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N.)  ;  (v)  what  position  the  disc  must  occupy  upon  the  base 
when  the  sidereal  time  is  8  hrs.  or  (vi)  17  hrs. 

7.  The  right  ascension  of  a  star  is  14  hrs.  15  mins.  What 
will  be  its  hour-angle  when  the  sidereal  time  is  (i)  16  hrs. 
40  mins.,  (ii)  10  hrs.  30  mins.  ? 

8.  What  is  the  hour-angle  of  a  star  4  solar  hours  after  it 
has  crossed  the  meridian  ?  [Note  that  a  solar  day  is  practi- 
cally 4  sidereal  minutes  longer  than  a  sidereal  day.]  What 
is  its  hour-angle  7^  solar  hours  before  it  crosses  the  meridian  ? 

9.  What  is  the  lowest  possible  declination  of  a  star  which 
never  sinks  below  the  horizon  in  (i)  Cairo,  (ii)  London,  (iii) 
Aberdeen  ?  [Stars  which  never  sink  below  the  horizon  are 
called  circumpolar  stars.] 

10.  What  will  be  (i)  the  highest,  (ii)  the  lowest  altitude  of 
a  star  whose  declination  is  80°,  the  observer  being  in  Lon- 
don?! 

11.  The  lowest  altitude  of  a  circumpolar  star  is  observed  to 
be  59°  1'  and  its  highest  altitude  65°  31'.  What  is  the  lati- 
tude of  the  place  of  observation  ? 

12.  The  declination  of  the  "  Pole  Star  "  is  88°  50^'  N.  A 
party  of  Arctic  explorers  found  that  at  a  certain  place  its 
least  altitude  was  82°  7-J'.  How  far  were  they  from  the 
north  pole  ? 

13.  The  declination  of  a  star  is  20°  N.  What  will  be  its 
altitude  at  the  moment  when  it  crosses  tlie  meridian  (i)  at 
London,  (ii)  at  Cairo? 

14.  A  sailor  wishing  to  determine  his  latitude  at  night 
observes  that  the  bright  star  Spica  (Decl.  =  -  10°  42 '5')  is 
on  the  meridian  and  that  its  altitude  is  33°  6-5'.  Find  the 
latitude. 

B. 

§  4.  The  Astronomical  Globe. — We  have  seen  in  §  3  that 
the  stars  appear  to  rotate  in  the  course  of  a  sidereal  day 
about  an  axis  which  may  be  identified  with  the  pillar  of  the 

"  These  results  are  not  perfectly  accurate.  The  air  produces  in 
a  small  degree  the  same  "  refraction  "  or  bending  which  rays  of 
light  sufifer  in  passing  through  water  or  glass.  A  star  whose  real 
altitude  is  71^  appears  19'  higher,  one  whose  real  altitude  is  31J° 
appears  1'  32"  higher.  This  effect  is  ignored  in  the  examples. 
A  table  of  the  effects  of  refraction  will  be  found  in  "  Chambers' 
Tables  ". 
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equatorial  telescope,  inclined  to  the  horizon  at  an  angle  equal 
to  the  latitude  of  the  observatory.  We  have  seen  also 
(i)  that  all  stars  which  have  the  same  right  ascension  lie  at  a 
given  moment  on  some  plane  through  the  pillar  ^  and  (ii)  that 
all  stars  with  the  same  declination  lie  on  a  cone  which  has 
the  pillar  as  its  axis.  These  facts  suggest  a  way  of  represent- 
ing the  positions  of  the  stars  more  convenient  than  the  cube 
of  No.  4  or  the  map  of  No.  6.  Imagine  a  transparent  globe 
whose  centre  coincides  with  the  eye  of  a  hypothetical  ob- 
server (0  in  fig.  74,  in  which  the  globe  is  shown  as  from 


Pia.  74. 

outside).  Let  it  be  held  up  by  pegs  at  PP'  so  fixed  that  the 
line  PP'  is  in  the  plane  of  the  meridian  and  inclined  to  the 
horizon  (NS)  at  an  angle  X  equal  to  the  latitude.  Then  PP'  is 
identical  with  the  axis  about  which  the  sky  appears  to  rotate, 
all  stars  with  the  same  E.A.  will  lie  at  a  given  moment 
upon  a  plane  through  PP'  and  all  stars  with  the  same  Decl. 
upon  a  cone  whose  axis  is  PP'  and  whose  apex  is  at  O.  But 
all  planes  through  PP'  trace  out  upon  the  globe  great  circles 
which  intersect  at  P  and  P'  like  lines  of  longitude,  while  all 

1  More  strictly  a  line  parallel  to  the  pillar  through  the  centre  of 
the  horizontal  axis  about  which  the  telescope  rotates. 
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cones  with  PP'  as  axis^  and  O  as  apex  trace  out  parallel  small 
circles  like  lines  of  latitude.  Thus  the  globe  may  be  mapped 
out  by  a  network  of  great  and  small  circles  exactly  like  the 
network  upon  the  terrestrial  globe.  The  points  PP'  are 
naturally  called  the  poles  of  this  celestial  globe  and  the 
circle  of  zero  declination  its  equator  (BB).i  Upon  this 
network  the  positions  of  the  stars  may  be  marked.  To  re- 
present the  exact  appearance  of  the  sky  at  sidereal  time  t 
the  globe  must  be  turned  about  PP'  until  the  line  of  right 
ascension  t  coincides  with  the  meridian.  Of  course  no  star 
below  the  plane  NS  can  be  seen. 

Let  Z  be  the  zenith  at  the  place  of  observation ;  that  is, 
let  OZ  be  vertical.  By  §  1  all  stars  which,  at  a  given  mo- 
ment, have  the  same  azimuth  lie  on  a  plane  through  OZ  the 
trace  of  which  upon  the  celestial  globe  will  also  be  a  great 
circle.  This  consideration  suggests  a  ready  method  of  find- 
ing at  a  given  moment  of  sidereal  time  the  azimuth  and 
altitude  of  a  star  of  given  E.A.  and  Decl. 

Let  NPZS  (fig.  74)  represent  the  meridian  traced  upon 
the  celestial  globe,  NHS  the  horizon,  BE  a  portion  of  the 
equator,  and  A  the  position  of  a  star.  Let  PAP'  be  the  right 
ascension  line  upon  which  the  position  of  the  star  is  marked, 
and  ZAH  the  azimuth  line  passing  through  A  at  the  moment 
in  question.  Then  the  figure  PZA  being  composed  of  arcs  of 
great  circles  is  a  "  spherical  triangle  "  and  so  subject  to  the 
f  ormulee  of  Ex.  LXXXIX.  Since  NP  =  \,  PZ  =  90°  -  A  =  p, 
the  polar  distance  of  the  place  of  observation.  Again 
AB  =  8  =  the  declination  and  PA  =  90°  -  8  =  P,  the  polar 
distance  of  the  star ;  also  AH  =  a  =  the  altitude  and 
ZA  =  90°  -  a  =  z,  the  zenith  distance  of  the  star.  Finally, 
the  angle  at  P  is  the  angle  between  the  planes  PZP'  and 
PAP' ;  that  is,  it  is  the  hour-angle  of  the  star.  If  the  E.A. 
of  the  star  is  T  and  the  sidereal  time  of  the  observation  t 
than  the  hour-angle  hiaT  -  t  converted  into  degrees. 

Examples : — 

15.  Hence  show  that 

cos  z  =  cos  P  cos  29  -h  sin  P  sin  p  cos  h   .     .     (1) 
and  sin  a  =  sin  S  sin  X  +  cos  S  cos  X  cos  h     .     .     (2) 

'  To  avoid  confusion  only  part  of  the  equator  is  shown  in  the 
figure. 
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16.  Note  that  the  azimuth  is  the  angle  between  the  planes 
PZS  and  ZAH,  and  is,  therefore,  the  supplement  of  the  angle 
of  the  triangle  at  Z.  Let  it  be  denoted  by  /8.  Hence  show 
that 

sin  j8  =  sin  fe  .  sin  P/sin  z. 

17.  On  23  March,  1913,  the  declination  of  the  planet 
Venus  was  20°  25'  N.  Calculate  its  altitude  and  azimuth  in 
London  when  the  hour-angle  was  (i)  60°,  (ii)  280°. 

18.  What  was  the  hour-angle  of  Venus  when  it  set  on  this 
day  at  London?  At  what  point  did  it  descend  below  the 
horizon  ?     [When  a  star  rises  or  sets  z  =  90°.] 

19.  On  the  day  mentioned  the  R.A.  of  Venus  was  2  hrs. 
22  mins.,  and  the  sidereal  time  coincided  approximately  with 
the  solar  time.  Find  approximately  (i)  the  time  when  the 
planet  was  on  the  meridian ;  (ii)  its  time  of  setting  at 
London. 

20.  On  15  June,  1913,  the  sidereal  time  at  noon  was  5  hrs. 
32-5  mins.  The  E.  A.  of  the  planet  Jupiter  was  19  hrs.  7  mins. 
and  its  Decl.  22°  37'  S.  Calculate  for  the  latitude  of  Aber- 
deen (i)  the  time  by  the  ordinary  clock  when  it  crossed  the 
meridian ;  (ii)  its  altitude  on  crossing ;  (iii)  the  hour-angle 
when  it  rose;  (iv)  the  time  by  the  ordinary  clock  when  it 
rose. 

21.  At  a  certain  moment  during  the  evening  of  26  January, 
1913,  being  at  sea  in  latitude  42°  18'  N.,  I  observed  that  the 
altitude  of  Saturn  was  54°  23'  and  that  the  planet  was  west 
of  the  meridian.  On  reference  to  the  "  Nautical  Almanack  " 
I  found  that  the  sidereal  time  at  noon  on  that  day  was  20 
hrs.  20  mins.  41  sees.,  that  the  E.A.  of  Saturn  was  3  hrs.  41 
mins.  27  sees.,  and  its  Decl.  17°  35'  36"  N.  What  was  the 
time  to  the  nearest  minute  ? 

22.  The  time  calculated  in  No.  21  was,  of  course,  the 
local  time  or  time  at  the  place  of  observation.  According 
to  the  ship's  chronometer  the  Greenwich  time  of  the  observa- 
tion was  10.20  a.m.     What  was  my  longitude? 

23.  The  captain  of  a  ship  sailing  the  Pacific  Ocean,  being 
in  latitude  31°  8'  S.  observed  the  altitude  of  the  bright  star 
Canopus  to  be  62°  14'  at  a  time  when  it  was  east  of  the 
meridian.  The  date  was  24  January,  1913,  the  sidereal  time 
at  noon  on  that  day  was  20  hrs.  25  mins.,  the  E.A.  of 
Canopus  is  6  hrs.  22  mins.  1  sec,  and  its  declination  52°  38' 
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52"  S.  Find  (i)  the  hour-angle,  (ii)  the  local  solar  time.  The 
ship's  chronometer  registered  10  o'clock  at  the  moment  of 
observation.     What  was  the  longitude  ? 

24.  The  declination  of  a  certain  star  is  10°  N.  Calculate 
the  hour-angle  when  it  is  due  east  (i)  in  latitude  70°,  (ii)  in 
latitude  40°. 

0. 

§  5.  The  Sundial. — Imagine  the  line  OP  (fig.  74)  to  be  a 
solid  rod  and  the  circle  of  the  horizon  to  be  occupied  by  a  sheet 
of  cardboard  or  metal,  and  let  the  globe  be  held  in  its  proper 
position  in  sunshine.  Then  the  shadow  of  OP  at  different 
times  of  the  day  will  lie  along  lines  radiating  from  0.  Let  A 
be  the  point  on  the  globe  corresponding  to  the  position  of  the 
sun  at  a  given  moment.  Then  the  shadow  at  this  moment, 
OA',  is  evidently  the  intersection  of  the  plane  through  A  and 
PP'  with  the  horizon  plane  NAS.  But  the  former  plane  is 
the  plane  whose  trace  upon  the  globe  is  the  right  ascen- 
sion line  PAB.  Thus  if  A  occupied  any  other  position  on 
PAE  the  shadow  of  OP  would  still  lie  along  OA'.  In  other 
words,  the  shadow  of  OP  lies  along  OA'  whenever  the  hour- 
angle  of  the  sun  is  that  corresponding  to  PAE,  no  matter 
what  its  declination  may  be.  Thus  it  is  possible  to  mark  on 
the  horizontal  sheet  a  series  of  lines  which  record  the  position 
of  the  shadow  for  any  hour  before  or  after  noon.  The  hori- 
zontal plane  then  becomes  a  sundial  of  which  OP  is  the 
style  or  gnomon.  It  is  customary  to  make  the  horizontal 
plane  square  and  to  let  OP  be  the  edge  of  a  solid  triangle 
PON, 

Examples : — 

25.  To  calculate  the  position  of  A'  when  the  hour-angle  has 
any  value  h  note  that  PNA'  is  a  right-angled  spherical  triangle 
in  which  PN  and  the  angle  at  P  are  known.  Let  H  be  the 
number  of  degrees  in  the  arc  NA'.     Prove  that 

tan  H  =  sin  A.  tan  h. 

26.  Show  that  the  6  o'clock  line  will  be  at  right  angles  to 
ON  in  all  latitudes. 

27.  Calculate,  in  conjunction  with  the  rest  of  the  class,  the 
value  of  a  for  half;hourly  values  of  A  up  to  9  hours  after  (or 
before)  noon,  taking  for  A  the  latitude  of  your  school. 
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28.  Use  the  results  of  No.  27  to  graduate  a  horizontal 
sundial.  The  base  should  be  a  square  ABCD  of  convenient 
size  drawn  upon  cardboard  or  paper.  Bisect  AB  and  CD  by 
the  line  NS.  Upon  NS  choose  a  point  for  0  such  that  the 
lines  CO  and  DO  give  the  directions  of  the  shadow  of  the 
style  9  hrs.  after  and  before  noon.  Draw  lines  from  0 
showing  the  position  of  the  shadow  for  each  hour,  and  shorter 
lines  to  mark  its  position  at  the  half-hours.  The  position  for 
each  intervening  ten  or  five  minutes  can  be  determined  by 
interpolation.  Insert  the  hour  graduations.  Cut  out  a  tri- 
angular style  NOP  with  the  proper  inclination  and  set  it  up 
along  NO.  Place  the  dial  in  sunshine  horizontally  with  NS 
pointing  north  and  south,  and  compare  the  time  it  registers 
with  that  of  the  clock. 


§  6.  The  Movements  of  the  Sun. — Although  a  sundial  is 
made  properly  and  set  up  properly  its  readings  will  not 
generally  agree  with  those  of  a  dock  keeping  Greenwich 
time.  The  difference  of  longitude  between  Greenwich  and  the 
place  of  observation  accounts  for  part  of  the  discrepancy  but 
not  for  all.  The  discrepancy  due  to  longitude  woidd,  of 
course,  be  constant  and  at  the  rate  of  4  mins.  for  each 
degree  of  longitude.  The  observed  discrepancy  varies.  Thus 
even  at  Greenwich  itself  the  dial  would  not  generally  be  in 
agreement  with  the  clock. 

The  explanation  is  that  the  hands  of  a  properly  made  clock 
always  take  exactly  the  same  time  to  go  round  the  face  while 
the  sun  takes  sometimes  a  longer  sometimes  a  shorter  time  to 
go  round  the  sky.  The  clock  is  made  to  keep  pace,  therefore, 
not  with  the  real  but  with  an  imaginary  "  mean  sun  "  whose 
time  of  revolution  is  the  mean  of  the  varying  times  of  the 
former.  Thus  when  the  clock  registers  12  o'clock  at  Green- 
wich the  "  mean  sun  "  is  on  the  meridian,  but  the  real  sun  has 
usually  either  left  it  or  has  not  yet  come  to  it.  In  other 
words,  12  o'clock  is  mean  noon,  but  the  real  noon  may  be  as 
much  as  a  quarter  of  an  hour  later  or  earlier.  The  difference 
between  these  is  called  the  equation  of  time.  It  is  given 
for  each  day  in  "  Whitaker's  Almanack,"  and  is  generally  re- 
corded for  each  week  upon  sundials. 

When  we  want  to  determine  Greenwich  time  by  the  sundial 
we  must  first  add  to  or  subtract  from  the'actual  reading  the 
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equation  of  time.  This  operation  gives  the  true  local  time. 
The  difference  due  to  longitude  must  then  be  added  or  sub- 
tracted. 


Examples : — 

29.  On  19  March,  1913,  the  sun  was  8  mins.  "before 
clock " ;  that  is,  the  real  noon  followed  8  mins.  after  the 
mean  noon.  The  time  by  my  sundial  in  Dublin  was  4  hrs. 
20  mins.  p.m.  while  a  clock  keeping  Greenwich  time  registered 
d  hrs.  37^  mins.      What  is  the  longitude  of  Dublin  ? 

30.  On  27  October  the  sun  is  16  mins.  before  the  clock. 
What  will  a  sundial  in  Brussels  (4°  22'  E.)  register  when 
the  Greenwich  time  is  10  hrs.  40  mins.  a.m.  ? 

If  the  real  sun  were  identical  with  the  "  mean  sun "  its 
hour-angle  could  be  calculated  by  the  simple  device  of  turning 
the  solar  time  of  the  observation  into  degrees.  Consider,  for 
example,  the  hour-angle  at  6  p.m.  If  we  were  dealing  with 
a  fixed  star  which  had  crossed  the  meridian  6  solar  hours  ago, 
we  should  have  to  argue  that  the  hour-angle  is  the  equivalent 
in  degrees,  not  of  6  hrs.,  but  of  6  hrs.  1  min.  which  is 
the  same  interval  expressed  (very  nearly)  in  sidereal  units. 
But  since  the  sun  takes  to  go  round  the  sky  (practically)  4 
sidereal  minutes  longer  than  a  fixed  star,  it  will  go  in  6 
hrs.  1  min.  as  far  as  the  star  would  in  6  hrs. — that  is,  90°. 
A  similar  argument  would  apply  to  the  hour-angle  at  any 
other  time. 

But  the  real  sun  is  not  identical  in  position  with  the  mean 
sun  ;  it  follows  or  precedes  the  latter  at  an  angular  distance 
measured  by  the  equation  of  time.  Thus  to  find  the  hour- 
angle  of  the  sun  we  must  find  by  the  foregoing  rule  the  angle 
for  the  mean  sun,  and  then  add  or  subtract  an  angle  equiva- 
lent to  the  equation  of  time.  As  an  example  consider  the 
hour-angle  of  the  sun  at  6  p.m.  on  19  July,  1913,  at  Green- 
wich. By  "  Whitaker's  Almanack  "  the  equation  of  time  at 
noon  on  the  19th  is  6  mins.  3  sees,  (after  clock)  and  at  noon 
on  the  20fch,  6  mins.  7  sees.  At  6  p.m.  on  the  19th  it  is,  there- 
fore, 6  mins.  4  sees.  Thus  the  real  sun  is  distant  from  the  mean 
sun  by  an  angle  which  the  latter  would  take  6  mins.  4  sees,  to 
cover.     By  the  foregoing  rule  the  angle  will  be  the  equivalent 
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of  6  mins.  4  sees,  in  degrees — i.e.  1°  31'.  We  conclude  that 
the  sun's  hour-angle  is  90°  -  1°  31'  =  88°  29'. 

Examples  :— 

31.  Calculate  the  sun's  hour-angle  (i)  at  7  a.m.,  (ii)  at  5.30 
p.m.  (local  mean  time)  on  28  May,  1913.  The  equation  of 
time  at  noon  on  that  day  was  3  mins.  (sun  before  clock).  At 
noon  on  the  27th  it  was  3  mins.  7  sees. ;  at  noon  on  the  29th 
2  mins.  53  sees,  local  time. 

32.  The  longitude  of  Bristol  is  2°  35'  W.  and  its  latitude 
51°  27'  N.  Find  the  altitude  and  azimuth  of  the  sun  (i)  at 
7.10J  a.m.  and  (ii)  at  5.40J  p.m.  Greenwich  time  on  28  May, 
1913,  being  given  (in  addition  to  the  data  of  No.  31)  that  its 
declination  at  noon  on  that  day  was  21°  24'  41"  N.  and  was 
increasing  at  the  rate  of  24 '5"  per  hour. 

33.  Show  that  the  length  of  the  day  is  very  nearly  the  time 
equivalent  of  an  angle  2h  such  that 

cos  h  =  -  tan  D  tan  X 
D  being  the  sun's  declination  at  noon  and  X  the  latitude  of 
the  place  of  observation.     Why  does  the  formula  give  only 
approximate  results  ? 

34.  On  the  longest  day  the  sun's  declination  at  noon  is 
+  23°  27',  on  the  shortest  day,  -  23°  27'.  Find  the  length  of 
each  day  (i)  at  Cairo,  (ii)  at  London,  (iii)  at  Lerwick  (lat.  60°  N.). 

35.  On  1  October,  1911,  the  captain  of  a  ship  in  the  North 
Atlantic  Ocean  observed  the  altitude  of  the  sun's  lower  edge 
towards  noon  by  means  of  his  sextant.  It  increased  up  to  a 
maximum  of  42°  15',  which  it  reached  at  the  moment  when  the 
chronometer  registered  9  hrs.  47  mins.  Greenwich  time.  Given 
that  the  sun's  declination  on  1  October  is  2°  51'  N.,  that  it  is 

10  mins.  before  the  clock  on  that  day,  that  the  semi-diameter 
of  its  disc  is  16',  and  that  the  correction  for  refraction  when 
the  altitude  is  about  40°  is  1',  calculate  the  ship's  latitude  and 
longitude. 

36.  Similar  observations  were  made  on  11  December  on 
board  a  ship  in  the  South  Pacific  Ocean.  The  maximum 
altitude  was  62°  17',  reached  when  the  chronometer  registered 

11  hrs.  3  mins.  p.m.  Greenwich  time.  The  sun  was  7  mins. 
before  the  clock  and  its  declination  was  22°  56'  32"  S.  The 
correction  for  refraction  at  an  altitude  of  62°  is  30'.  Find 
the  ship's  latitude  and  longitude. 
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SUPPLEMENTARY  EXAMPLES. 

A. 

Map  Projections. 

§  1.  Further  Map  Projections. — The  following  are  addi- 
tional instances  of  map  projections  with  curious  or  important 
properties. 

Examples : — 

1.  Let  a  transparent  terrestrial  globe  be  held  so  that  its 
axis  points  to  the  sun  or  some  other  distant  light,  and  let  the 
shadows  of  the  meridians  and  parallels  be  thrown  upon  a  cir- 
cular sheet  of  cardboard  fitted  into  the  equator  of  the  globe 
so  as  to  divide  it  into  hemispheres.  Show  that  the  pro- 
jection of  a  parallel  of  latitude  X  is  a  circle  of  radius  r  cos  A.. 
Draw  the  net.  It  is  called  the  polar  orthographic  pro- 
jection.   How  much  of  the  globe  can  be  exhibited  on  this  net  ? 

2.  Let  the  transparent  globe  be  placed  so  that  the  line  join- 
ing the  centre  to  the  point  where  the  meridian  of  Greenwich 
crosses  the  equator  is  directed  towards  the  sun.  Let  the  card- 
board disc  be  fitted  into  the  meridians  of  90°  E.  and  W.  The 
net  thus  obtained  is  the  meridian  orthographic  projection. 
Show  that  the  parallel  of  latitude  \  is  a  straight  line  distant 
r  sin  A.  from  the  equator  and  that  the  meridian  of  longitude 
I  crosses  it  at  a  distance  of  r  cos  A.  sin  I  from  the  meridian  of 
Greenwich.  Draw  the  net.  In  what  respects  does  it  resemble 
and  in  what  differ  from  Sanson's  net  ? 

3.  How  much  of  any  given  great  circle  (which  is  not  a 
meridian)  will  be  shown  upon  the  nets  of  Nos.  1  and  2  and 
what  will  be  its  shape  ? 

157 


158 


ALGEBRA 


4.  Let  a  sheet  of  cardboard  be  held  so  that  it  touches  the 
transparent  globe  at  the  north  pole  and  let  a  point  of  light  be 
placed  at  the  south  pole.  The  shadows  on  the  sheet  form  a 
polar  stereographic  projection.  Show  that  the  parallel 
whose  angular  distance  from  the  north  pole  is  p  is  projected 
as  a  circle  of  radius  2r  tan  ^j).  Draw  the  net,  taking  r  =  2 
cms.  Let  the  range  of  latitude  included  be  from  90°  N.  to 
40°  S.  Let  each  member  of  the  class  trace  upon  the  net  the 
projection  of  either  (i)  the  circle  of  Ex.  LXXXV,  No.  6,  or  the 
circle  of  Ex.  LXXXV,  No.  7,  and  also  (ii)  the  great  circle 
track  of  Ex.  LXXXVIII,  No.  14.  What  conclusion  do  you 
draw  from  the  results  ? 


Fig.  75. 

Your  drawings  in  No.  4  indicate  that  the  stereographic 
projection  of  a  circle  is  also  a  circle.  This  important 
property  can  be  proved  with  the  help  of  fig.  75.  Let  P  and 
Q  be  any  two  points  on  the  globe  and  O  the  point  of  light. 
The  trace  upon  the  sphere  of  the  plane  containing  0,  P,  and 
Q  will,  in  general,  be  a  small  circle,  OPQ  whose  centre  is  C. 
This  plane  will  not  as  a  rule  pass  through  the  pole  (where 
the  cardboard  sheet  is  in  contact  with  the  globe)  but  will  cut 
the  sheet  in  some  line  kpq.     Let  p  and  q  be  the  projections 
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of  P  and  Q  and  A  the  projection  of  C.  Then  by  symmetry 
OA  is  at  right  angles  to  pA.  Draw  CB  perpendicular  to  OQ 
and  join  PQ.  It  is  first  to  be  shown  that  the  triangles  OPQ 
and  Opq  are  equiangular. 

In  the  triangles  qAO  and  CBO  the  angles  at  A  and  B  are 
right  angles  and  the  angle  at  O  is  common.  Therefore 
Z  AqO  =  Z  BOO.  But  Z  BCO  is  one-half  of  Z  QCO  at  the 
centre,  and  is  therefore  equal  to  Z  QPO  at  the  circumference 
upon  the  same  arc  QO.  Hence  Z  OPQ  =  Z  Oqp.  Also 
Z  pOq  is  common.  Thus  the  triangles  POQ  and  pOq  are 
Equiangular,  and  we  have 

££_PQ 

pO      QO" 

Next  let  TQ,  the  tangent  at  Q,  be  drawn,  cutting  Op  at  T. 
Then  in  the  triangles  TQP  and  TOQ  the  angle  at  T  is  com- 
mon and  Z  TQP  =  Z  TOQ  in  the  alternate  segment.  Hence 
the  triangles  are  similar,  and  we  have 

PQ_  QO 

TQ  ~  TO 

PQ_TQ 

°"^  QO  -  TO- 

It  follows,  therefore,  that 

^_TQ 

^0      TO 

TQ  X  pO 
orpq=  — jQ — . 

Now  let  the  point  T  (and  therefore  p)  remain  fixed,  and  let 
the  tangent  TQ  revolve  so  as  to  trace  a  cone  with  TO  as 
axis.  Then  Q  will  trace  a  small  circle  upon  the  globe  and 
q  will  simultaneously  trace  its  projection.  But  TQ,  pO, 
and  TO  will  in  this  case  all  be  of  constant  lengths.  It 
follows  that  pq  will  also  be  of  constant  length  ;  that  is,  that 
q  will  trace  a  circle  of  which  p  is  the  centre. 

Examples : — 

5.  Eepeat  the  foregoing  proof  with  a  figure  in  which  the 
tangent  TQ  meets  pO  in  a  point  T,  on  the  side  of  0  remote 
from  P. 
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6.  The  proof  breaks  down  in  one  case — namely,  when  the 
tangent  TQ  is  parallel  to  OP.  In  this  case  it  can  easily  be 
shown  that  (as  before) 

pO  X  PQ 

Prove  also  that  PQ  =  QO  and  that  pq  =  pO.     Use  these 
results  to  establish  the  theorem  when  TQ  is  parallel  to  ^O. 

7.  In  fig.  75  show  thatZ  TQg  =  Z  ^gQ. 

§  2.  Angles  Unchanged  by 
Stereographic  Projection.- — 
Suppose  any  two  curves  K  and 
K'  to  cut  one  another  on  the 
sphere  in  a  point  Q.  Suppose 
also  that  the  curve  K  passes 
through  Q  in  a  direction  per- 
pendicular to  the  plane  of  fig. 
75.  Produce  QT  to  meet  Aq  in 
r  and  join  rO  cutting  the  circle 
in  E.i  By  hypothesis  rQ  is  at 
right  angles  to  the  curve  K  at 
Q.  If,  therefore,  the  figure 
QrO  were  rotated  about  Or  so 
that  rQ  remained  a  tangent  the 
small  circle  traced  out  by  Q 
would  touch  K  at  Q.  It  follows  that  the  circle  with  rq  as 
radius  (which  is  the  projection  of  the  circle  traced  by  Q)  must 
touch  k,  the  projection  of  K.  Thus  rq  (fig.  76)  is  at  right 
angles  to  k  sA  q. 

Now  suppose  the  tangent  rQ  to  rotate  about  OQ  until  it  is 
at  right  angles  to  the  second  curve  K'.  In  its  new  position 
let  it  meet  the  cardboard  at  r'  and  let  r'O  cut  the  globe  at 
E'.  Since  all  tangents  to  the  globe  at  Q  lie  in  the  tangent 
plane  at  that  point  r  will  move  along  a  straight  line  (rr'  in 
fig.  76)  which  is  the  intersection  of  the  tangent  plane  with 
the  cardboard.  By  the  same  argument  as  before  r'q  is  at 
right  angles  to  k',  the  projection  of  the  curve  K'.  Thus  the 
angle  between  rQ  and  r'Q  is  the  angle  between  the  curves, 
while  the  angle  between  rq  and  r'q  is  the  angle  between  the 


Fig.  76. 


1  These  additions  to  fig.  75  are  left  to  the  student  to  draw. 
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projections  of  the  curves.  The  proposition  to  be  proved  is 
that  these  angles  are  the  same.  In  fig.  76  the  triangle  rQr' 
is  supposed  to  be  folded  about  rr'  until  it  lies  in  the  plane  of 
the  cardboard  with  the  triangle  rgf.  The  curves  K  and  K' 
are  shown  as  they  pass  through  Q. 

By  No.  7  Z.  rgQ  =  Z  rQg' ;  that  is  rq  =  rQ.  Similarly 
r'q  =  r'Q.  Thus  in  the  triangles  rQr'  and  rqr',  two  pairs  of 
corresponding  sides  are  equal,  each  to  each.  But  the  third 
side  rr'  is  common  to  both  triangles.  Hence  the  angle  at  q  is 
equal  to  the  angle  at  Q. 

Examples : — 

8.  Measure  with  a  protractor  the  angles  at  which  the  great 
circle  track  in  No.  4  crosses  any  three  meridians.  Calculate  the 
course  of  a  ship  on  crossing  these  same  meridians  by  the 
formulae  of  Ex.  LXXXIX  and  compare  results. 

9.  Draw  on  your  polar  stereographio  net  the  representation 
of  any  convenient  rhumb  line  starting  from  lat.  40°  S., 
long.  0°.  [You  will  remember  that  a  rhumb  line  crosses  all 
meridians  at  the  same  angle.  In  the  stereographic  net  this 
angle  will  appear  unchanged.]  Hence  show  that  the  rhumb 
line  winds  round  the  pole  in  an  endless  spiral. 

10.  Draw  on  your  stereographic  net  the  great  circle  track 
from  Cork  to  Barbados.  Verify  by  measurement  the 
calculations  of  Ex.  LXXXIX,  No.  38. 

§  3.  The  Angles  of  a  Spherical  Triangle. — Let  any  spherical 
triangle  be  projected  stereographically  in  such  a  way  that  the 
axis  of  the  projection  passes  through  one  of  the  apices,  A. 
Then  AB'  and  AC,  the  projections  of  the  sides  AB  and  AC, 
are  straight  lines,  while  B'C,  the  projection  of  BC,  is  a 
circle.  By  §  2  the  angles  between  the  projections  are  the 
same  as  the  angles  between  the  original  curves  on  the  globe. 
This  fact  enables  us  to  realize  the  difference,  as  regards  the 
sum  of  their  angles,  between  plane  and  spherical  triangles. 

Examples : — 

11.  Show  by  drawing  tangents  at  B'  and  C  to  the  projec- 
tion of  BC  that  the  sum  of  the  angles  of  a  spherical  triangle 
must  always  exceed  two,  but  cannot  exceed  six  right  angles. 
The  difference  between   this  sum  and  two  right  angles  is 

FT.  11.  11 
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called  the  spherical  excess  of  the  triangle.  In  the  pro- 
jection join  B'C  by  a  chord.  Show  that  the  spherical  excess 
is  twice  either  of  the  angles  B'C'T,  O'B'T,  T  being  the  inter- 
section of  the  tangents  at  B'  and  C 

12.  Let  the  great  circle  B'C  be  produced  until  it  cuts  the 
production  of  B'A  in  B".  Join  B"G'  by  a  chord.  Show  that 
the  angle  B'B"C'  is  one-half  of  the  spherical  excess  of  the 
triangle  ABC  on  the  globe.  Apply  this  construction  to  find 
graphically  the  spherical  excess  of  the  triangle  whose  apices 
are  the  North  Pole,  Cape  Town,  and  New  York.  [See  Ex. 
LXXXVIII,  No.  14,  and  No.  4  of  this  exercise.]  Confirm  by 
calculating  the  difference  of  longitude  and  the  course  at  the 
beginning  and  the  end  of  the  track. 

B. 

Peojection  in  Gbnbkal. 

§  4.  Map  Projections  :  Summary. — The  various  map  pro- 
jections are  all  devices  for  representing  on  a  plane  surface 
the  spatial  relations  of  points  which  either  are  distributed 
over  the  surface  of  an  actual  sphere  (the  earth)  or  may  be 
thought  of  as  so  distributed  (as  the  stars  may  be).  The  first 
requirement  is  in  each  case  the  same.  There  must  be  some 
rule  or  construction  in  accordance  with  which  a  single  repre- 
sentative point  on  the  plane  can  be  found  for  each  point  on 
the  sphere.  Conversely,  to  each  point  on  the  plane,  within 
certain  boundaries,  a  single  point  on  the  sphere  must  corres- 
pond. A  second  requirement  is  that  at  least  the  spatial  order 
of  the  points  must  be  preserved.  That  is  to  say,  if  the  points 
A,  B,  0  lie  in  this  order  on  some  line  upon  the  sphere  their 
projections.  A',  B',  C,  must  lie  in  the  same  order  upon  the 
corresponding  line  in  the  plane  of  projection.  Projections 
which  are  to  have  practical  value  must  in  addition  preserve 
unchanged  some  important  feature  of  the  spatial  relations  of 
the  original  points — such  as  their  mutual  directions,  etc. 

In  some  cases  the  projections  which  secure  these  results 
are  geometrical  projections;  that  is,  the  representative 
points  upon  the  plane  are  determined  by  drawing  lines  from 
some  centre  of  projection  through  the  several  points  on 
the  sphere  and  producing  them  until  they  meet  the  plane  of 
the  projection.  In  this  way  point-to-point  correspon- 
dence is  set  up  directly  between  the  surface  of  the  sphere 


EXERCISE  XCI  163 

and  the  surface  of  the  plane.  In  other  eases  the  point-to- 
point  correspondence  is  determined  merely  by  formulas  which 
express  the  position  of  each  point  on  the  plane  of  the  pro- 
jection in  terms  of  the  position  of  the  point  of  the  spherical 
surface  to  which  it  corresponds.  Mathematical  writers  often 
confine  the  term  "  projection  ''  to  geometrical  projections,  and 
call  other  arrangements  for  securing  point-to-point  corres- 
pondence transformations. 

Examples : — 

13.  Classify  the  projections  which  you  have  studied  into 
(a)  geonietrical  or  true  projections,  and  (6)  non-geometrical 
projections  or  transformations. 

14.  Classify  them  also  into  (a)  those  in  which  the  field  of 
the  projection  (i-e.  the  assemblage  of  all  the  points  which 
belong  to  the  projection)  involves  the  whole  of  the  surface  of 
the  sphere,  and  (b)  those  in  which  this  is  not  the  case. 

15.  Make  a  table  of  the  spatial  relations  which  are  pre- 
served unchanged  by  the  different  projections. 

§  5.  Projection  in  General. — Place-maps  and  star-maps 
are  merely  special  instances  of  projection.  Any  arrangement 
may  be  called  a  projection  which  sets  up  a  definite  one-to-one 
correspondence  between  the  points  of  two  lines,  two  surfaces, 
or  two  volumes.  No.  16  illustrates  the  simplest  case  of 
projection. 

Examples : — 

16.  Take  any  straight  line,  L,  and  mark  upon  it,  in  order, 
any  series  of  points  A,  B,  C,  D,  etc.  Choose  any  point  O, 
not  on  L,  and  draw  the  straight  lines  OA,  OB,  etc.  Let  these 
cut  another  straight  line,  L',  inclined  at  any  angle  to  L,  in 
points  A',  B',  C,  D',  etc.  These  points  may  be  considered 
the  projections  of  A,  B,  C,  etc.,  upon  L'  by  linear  projection 
from  O. 

17.  Let  L'  be  parallel  to  one  of  the  rays  from  0 — ^for 
example  D.  Show  that  in  this  case  no  position  can  be 
assigned  to  D'.  In  what  sense  does  the  rule  of  preserving 
the  order  of  the  points  hold  good  in  this  projection  ? 

18.  What  further  set  of  relations  between  A,  B,  C,  etc.,  is 
preserved  when  L'  is  parallel  to  L? 

11* 
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19.  Let  p  be  the  length  of  the  perpendicular  from  O  upon 
L.  By  considering  two  expressions  for  the  area  of  the  triangle 
AOB  show  that  y^ 

p .  AB  =  OA .  OB  .  sin  AOB. 
Write  down  the  corresponding  expressions  for  all  the  other 
distances  (five  in  number)  between  pairs  of  the  four  points 
A,  B,  C,  D. 

20.  Arrange  these  four  letters  as  follows : — 

A  — B 

I  X  I 

C  — D 

and  use  the  scheme  to  pick  out  the  two  products  AB .  CD 

and  AD  .  BC.     Find  the  value  of  their  ratio  in  terms  of  the 

sines  of  the  angles  between  the  rays  from  0. 

21.  Show  that  the  ratio  of  the  corresponding  products 
A'B' .  CD'  and  A'D' .  B'C  has  the  same  value. 

22.  Eepeat  this  investigation  with  respect  to  the  two  other 
possible  ratios  of  products  obtainable  from  the  scheme  of 
No.  20. 

The  ratios  just  calculated  are  called  the  cross  ratios  of 
the  four  points  concerned.  (The  term  is  sometimes  confined 
to  the  ratio  mentioned  in  No.  20.)  It  is,  then,  the  property 
of  the  simple  kind  of  projection  just  studied  that  it  preserves 
unchanged  the  cross  ratio  of  any  four  points. 


Examples : — 

23.  Select  any  two  points  A  and  A',  one  on  each  of  two 
straight  lines  L  and  L'.  On  L  choose  in  order  other  points 
B,  0,  etc.,  distant  x^,  x.p  x^,  etc.,  from  A  and  subject  to  the 
condition  that 

1/x^  -  l/»2  =  l/a!2  -  l/ajg  =  .  .  .  =  l/a;,_i  -  1/x,  =  .... 
Take  as  their  projections  on  L'  points  B',  C,  etc.,  distant 
Xj,  Xj,  etc.,  from  A'  and  subject  to  a  condition  similar  to  the 
former  one.  Show  (i)  that  the  projections  can  be  determined 
in  an  endless  number  of  ways ;  (ii)  that  the  cross  ratio  of  A 
and  any  other  three  consecutive  points  has  a  constant  value ; 
(iii)  that  the  same  property  belongs  to  the  projections  upon 
L' ;  (iv)  that  each  of  the  projections  could  have  been  obtained 
by  drawing  rays  through  A,  B,  C,  etc.,  from  some  point  0. 
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Points  chosen  on  a  line  in  accordance  with  the  condition  of 
this  example  are  said  to  form  a  harmonic  range. ^ 

24.  On  a  line  L  points  A,  B,.C,  etc.,  are  chosen  so'that  their 
distances  from  a  fixed  origin  on  the  line  0  are  the  successive 
positive  integral  values  assumed  by  the  expression  xl{x  -  1) 
as  X  rises  in  value.  The  projections  of  these  points  on  a 
second  line  L'  are  to  have  from  an  origin  0'  distances  equal 
in  order  to  the  values  of  x  which  give  the  foregoing  integral 
values.  Eepresent  the  positions  of  the  first  half-dozen  points 
and  their  projections. 

§  6.  Projection  upon  a  Surface. — In  the  preceding  ex- 
amples the  effect  of  the  law  of  the  projection  could  be  brought 
out  only  by  representing  on  L'  isolated  points  which  were 
the  projections  of  isolated  points  on  L.  When  it  is  a  question 
of  setting  up  one-to-one  correspondence  between  the  points  on 
two  surfaces,  the  effect  of  the  law  of  correspondence  is  best 
shown  by  exhibiting  the  projections  of  certain  characteristic 
lines  on  the  original  surface.  This  plan  is  already  familiar 
from  its  exemplification  in  geographical  nets. 

Examples : — 

25.  Take  on  graph  paper  a  square  measuring  10  cms.  each 
way.  Take  the  lines  which  bisect  its  sides  as  axes  of  coordin- 
ates, X  and  y.  In  another  part  of  the  paper  take  two  other 
lines  as  axes  of  coordinates,  X  and  Y.  With  reference  to 
these  axes  draw  a  net  whose  lines  are  the  projections  of  the 
horizontal  and  vertical  lines  of  the  square  in  accordance  with 
the  following  laws :  X  =  a;  (1  -f  2/750),  Y  =  y  (1  +  x^j^Q). 
Make  the  net  large  enough  to  contain  the  projections  of 
all  points  in  the  original  square.  Draw  another  net  in 
which  the  laws  of  the  projection  are  X  =  a;  (1  -  y^/5Q)  and 
Y  =  y  {1  -  x'^jbO).  Draw  any  figure  you  please  in  the  original 
square  and  draw  its  projections  in  the  two  nets. 

26.  Draw  a  circle  of  as  large  a  radius  as  your  paper  will 
allow.  Divide  it  up  by  a  net  consisting  (i)  of  radii  making 
angles  of  15°  one  with  another  (graduated  from  0°  to  360°) 
and  (ii)  of  concentric  circles  of  regularly  increasing  radius. 
Construct  another  net  which  shall  be  the  projection  of  the 

1  On  account  of  the  musical  properties  of  stretched  strings  whose 
lengths  follow  the  law  in  question. 
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former  according  to  the  following  laws :  R  =  Jr,  A  =  J  a, 
(r,  a)  and  (E,  A)  being  the  polar  co-ordinates  of  corresponding 
points  in  the  two  nets.  Draw  any  figure  you  please  in  the 
original  net  and  trace  its  projection. 

§  7.  The  Number  of  Points  in  a  Surface. — It  is  obvious 
that  one-to-one  correspondence  can  be  set  up  between  the 
points  on  two  lines  and  the  points  in  two  areas.  It  is  not  ob- 
vious whether  or  not  point-to-point  correspondence  can  be 
established  between  a  line  and  an  area.  That  is,  it  is  not  ob- 
vious whether  the  infinite  number  of  points  in  a  line  can  be 
thought  of  as  equal  to  the  infinite  number  of  points  in  an  area. 
A  strict  proof  that  they  are  equal  has  been  given.  Its  nature 
will  be  indicated  in  Ex.  OXVI.  The  student  may  for  the 
present  find  the  following  argument  sufficiently  convincing. 

Take  any  area  A — for  brevity's  sake  assumed  to  be  plane — 
and  suppose  it  ruled  by  any  number  of  parallel  lines  which 
are  the  traces  upon  A  of  an  equal  number  of  parallel  planes. 
Take  a  line  P,  outside  A  and  perpendicular  to  all  these  planes. 
Let  S  be  one  of  the  planes,  L  its  trace  upon  A,  and  0  the 
point  where  P  cuts  it.  Then  O  may  be  supposed  joined  up 
with  every  possible  point  in  L  so  as  to  make  a  fan  with  an 
infinite  number  of  rays.  Now  leave  one  ray  only  in  the  plane 
P  and  shift  the  ends  of  all  the  other  rays  from  0  to  other 
points  between  P  and  the  next  of  the  parallel  planes.^  How- 
ever near  that  plane  may  be  there  will  always  be  enough 
points  to  accommodate  each  of  the  shifted  rays  separately. 
The  argument  may  be  repeated  with  regard  to  any  of  the  pos- 
sible lines  L.  In  the  end,  therefore,  every  point  of  A  is  con- 
nected with  a  distinct  point  in  P. 

§  8.  Projection  of  a  Volume. — It  is  evident  that  it  is  pos- 
sible to  set  up  one-to-one  correspondence  between  the  points 
of  two  volumes.  In  this  case  the  effect  of  the  law  should  be 
exhibited  (a)  by  showing  into  what  surfaces  in  the  volume  of 
projection  characteristic  surfaces  of  the  original  volume  are 
transformed,  and  (6)  by  showing,  as  in  §  6,  the  effect  of  the 
projection  upon  characteristic  lines  in  the  characteristic 
surfaces. 

'  When  the  number  of  planes  is  infinite  there  is,  strictly  speak- 
ing, no  "  next "  plane,  but  the  use  of  the  word  may  be  permitted  to 
avoid  prolixity. 
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Examples : — 

27.  By  the  central  cylindrical  projection  (Ex.  LXXXVI, 
No.  13)  it  is  possible  to  project  every  point  of  the  surface  of 
a  sphere  of  radius  r  upon  the  surface  of  an  endless  cylinder 
of  the  same  radius.  Apply  this  method  to  describe  a  cylin- 
drical projection  involving  all  the  points  within  a  sphere  of 
radius  E. 

28.  The  position  of  a  point  upon  the  surface  of  a  sphere  is 
conveniently  recorded  by  stating  its  "  longitude,"  "latitude,'' 
and  distance  from  the  centre — the  longitude  and  latitude  being 
measured  with  reference  to  a  selected  pair  of  great  circles 
whose  planes  are  perpendicular.  These  measurements  may 
be  called  spherical  coordinates.  To  record  the  position  of 
a  point  upon  a  cylinder  it  is  convenient  to  assume  a  point  0 
upon  its  axis  as  origin  and  a  plane  which  can  rotate  about  the 
axis  from  a  given  fixed  position.  Then  the  coordinates  of  a 
point  P  will  be  (i)  the  length  p  of  PN,  the  perpendicular 
upon  the  axis  ;  (ii)  x,  the  distance  ON  along  the  axis,  and  (iii)  a, 
the  angle  through  which  the  movable  plane  must  be  rotated 
about  ON  so  that  it  may  pass  throughiP.  These  may  be  called 
the  cylindrical  coordinates  of  the  point. 

The  spherical  coordinates  of  P,  one  of  the  points  within  the 
sphere  of  No.  27,  are  I,  X,  and  r.  Find  the  cylindrical  co- 
ordinates of  P',  its  projection  in  the  cylinder. 

29.  Use  the  method  of  Lambert's  cylindrical  projection  to 
project  the  points  within  a  sphere  into  points  within  a  cylinder 
whose  height  is  equal  to  its  diameter.  Give  the  cylindrical 
coordinates  of  a  point  whose  spherical  coordinates  are  I,  X, 
and  r. 

30.  Use  the  method  of  the  polar  gnomonic  projection  to 
project  the  points  within  a  sphere  into  points  vdthin  a  disc 
of  endlessly  large  radius  and  thickness  equal  to  the  diameter 
of  the  sphere.  Give  the  cylindrical  coordinates  of  a  point 
'whose  spherical  coordinates  are  I,  X,  and  r. 

0. 

ASTEONOMIOAL  PeOBLBMS. 

§  9.  Longitude  Determined  by  "  Lunar  Distance ". — The 
sun  crosses  all  the  right  ascension  lines  once  each  year,  the 
moon  once  every  29  days.  Consequently  the  moon's  right 
ascension  changes  more  than  twelve  times  as  rapidly  as  the 
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sun's.  If  the  distance  of  the  naoon's  centre  from  a  given  fixed 
star  is  measured  at  intervals  during  the  Same  evening  it  will 
be  appreciably  different  at  each  measurement.  This  fact  sug- 
gested a  means  of  determining  a  ship's  longitude  which  was 
much  used  before  the  day  of  trustworthy  chronometers,  rapid 
voyages,  and  (above  all)  wireless  telegraphy.  The  "  Nautical 
Almanack  "  predicted  (for  four  years  ahead)  the  distance  of  the 
moon  from  certain  prominent  fixed  stars  for  the  hours  noon, 
3  p.m.,  6  p.m.,  9  p.m.,  etc.,  at  Greenwich.  The  sailor  observ- 
ing one  of  these  distances  could  calculate  (by  interpolation) 
the  time  at  Greenwich.  By  observing  when  the  sun  reached 
its  highest  point  in  the  sky  he  could  also  determine  the  local 
time  as  in  Ex.  XC,  Nos.  35,  36.  From  the  time  difference  the 
longitude  was  at  once  found.  Obviously  allowance  had  to 
be  made  for  the  change  of  longitude  of  the  ship  between  noon 
and  the  lunar  observations.  Certain  other  corrections  were 
also  necessary  which  are  here  ignored. 

Examples : — 

31.  On  21  January,  1913,  the  moon's  E.A.  at  noon  at 
Greenwich  was  7  hrs.  6  mins.  and  its  Decl.  27°  36'  N.  The 
E.A.  increased  1  hr.  5  mins.  49  sees,  and  the  Decl.  decreased 
2°  53'  during  the  next  twenty-four  hours.  Find  the  E.A.  and 
Decl.  at  9  p.m.  at  Greenwich,  and  calculate  the  great  circle 
distance  at  that  hour  between  the  moon's  centre  and  the 
star  Sirius.  The  E.A.  and  Decl.  of  Sirius  are  6  hrs.  41  mins. 
19  sees,  and  16°  35'  47"  S. 

32.  On  14  November,  1913,  the  moon's  E.A.  at  noon  at 
Greenwich  was  3  hrs.  37  mins.  5  sees,  and  its  Decl.  24°  8' 
8"  N.  The  rate  of  daily  increase  of  the  former  was  54  mins. 
50  sees. ;  that  of  the  latter  2°  47'  2".  Find  the  moon's 
distance  at  midnight  (Greenwich  time)  from  the  star  Alde- 
baran  (E.A.  4  hrs.  30  mins.  56  sees.,  Decl.  16°  20'  7"  N.).. 

33.  The  shadow  of  a  vertical  rod  is  thrown  by  the  sun 
upon  a  level  floor.  Write  down  the  two  formulse  needed  to  cal- 
culate yS,  the  angle  between  the  shadow  and  the  north  and  south 
line.  Let  8  =  the  sun's  declination,  h  =  its  hour-angle,  A.  = 
the  latitude  of  the  place  of  observation,  a  =  the  sun's  altitude. 
Of  these  8,  h,  and  X  are  supposed  to  be  given. 

34.  The  sun's  highest  declination  (on  21-22  June)  is  23° 
27'  N.      His  lowest  (on  21-22  Dec.)  is  23°  27'  S.       Use 
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the  formulae  of  No.  33  to  calculate  the  greatest  difference 
during  the  year  between  the  directions  of  the  shadow  of  a 
vertical  rod  3  hrs.  before  or  after  true  noon  (i)  in  London, 
(ii)  in  Aberdeen.  [Bee  Ex.  XC,  No.  6.]  Why  is  the  shadow 
useless  as  an  index  of  time  ? 

35.  I  want  to  mount  a  sundial  upon  a  vertical  wall  whose 
plane  lies  exactly  east  and  west.  Explain  how  the  style 
must  be  placed  and  how  the  plate  must  be  graduated.  [See 
Ex.  XG,  §  5.  Imagine  a  horizontal  rectangular  sundial  to 
be  held  in  the  proper  position  with  its  northern  edge  pressed 
against  the  wall.  Continue  the  style  until  its  edge  cuts  the 
vertical  wall  in  a  point  0'.  Let  OA  be  the  shadow  on 
the  horizontal  dial  at  a  certain  time,  A  being  a  point  on 
the  northern  edge.  Join  O'A.  This  must  be  the  shadow 
on  the  vertical  wall.  Prom  this  consideration  find  a  formula 
for  the  angle  between  O'A  and  the  vertical  when  the  hour- 
angle  is  h.] 

36.  I  want  to  mount  a  sundial  upon  a  vertical  wall  which 
is  inclined  30°  towards  the  south  of  east  and  north  of  west. 
Give  me  a  formula  for  the  angle  between  O'A  and  the  vertical 
when  the  hour-angle  is  h. 

D. 

SpHEEICAL   TbIANGIiBS. 

§  .10.  The  Area  of  a  Spherical  Triangle. — In  fig.  77  let 
ABO  be  any  spherical  triangle  and  let  the  sphere  be  so  held 
that  the  plane  of  the  great  circle  BC  is  the  plane  of  the  paper. 
Then  O,  the  centre  of  the  sphere,  is  also  in  the  plaine  of  the 
paper,  and  we  must  suppose  that  one  hemisphere  lies  on  this 
side  and  one  on  the  other  side  of  the  paper.  Produce  the 
great  circles  to  meet,  two  by  two,  in  the  antipodes  of  the 
apices  A,  B,  0.  In  this  way  a  number  of  other  triangles  are 
created  all  having  simple  relations  with  ABC.  For  example 
A'CB  is  said  to  be  colunar  with  ABC.  A  lune  is  the 
surface  enclosed  between  two  meridians  on  a  globe  or  between 
the  halves  of  two  great  circles  whose  planes  intersect  along 
any  diameter. 

Examplies : — 

37.  What  other  triangles  are  colunar  with  ABC  ?  What 
triangles  are  colunar  with  ABC  ? 
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38.  Express  the  sides  and  angles  of  (i)  A'BC,  (ii)  A'B'C, 
(iii)  AB'C  in  terms  of  those  of  ABC. 

39.  The  lune  ABA'C  could  be  formed  by  letting  the  semi- 
circle ACA'  lie  upon  the  semicircle  ABA'  and  then  revolve 
about  AA'  to  its  present  position.  Hence  prove  that  the  area 
of  the  lune  is 


A 
180 


X  S 


where  S  =  Qirr^,  the  whole  area  of  one  of  the  hemispheres. 

40.  Show  that  the  areas  of  the  triangles  ABC,  AB'C  are 
together  equal  to  the  area  of  the  lune  ABA'C. 


Pia.  77. 

41.  Write  expressions  for  the  areas  of  the  lunes  BCB'A 
and  CAC'B. 

42.  Show  that  the  sum  of  the  areas  of  the  three  lunes  of 
which  ABC  is  part  is  equal  to  the  area  of  the  hemisphere 
above  the  paper  together  with  twice  the  area  of  ABO.  Hence 
show  that 

area  of  ABC  =g|g.(A+B  +  C-  180) 

_  ^ 
~  360 

where  E  is  the  spherical  excess  of  the  triangle  in  degrees. 
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§  11.  Polar  Triangles  ;  Supplemental  Formula. — A  point 
on  a  sphere  which  occupies  with  respect  to  a  circle  or  series 
of  circles  the  position  which  the  north  or  south  pole  has  in 
relation  to  circles  of  latitude  or  the  equator  is  called  a  pole 
of  the  circle  or  circles.  Every  circle,  great  or  small,  has  two 
poles,  the  extremities  of  the  axis  through  its  centre  perpen- 
dicular to  its  plane.  In  the  case  of  a  small  circle  the  nearer 
pole  is  spoken  of  as  "  the  "  pole.  In  the  case  of  a  great  circle 
forming  a  side  of  a  spherical  triangle  "  the  "  pole  is  the  one  on 
the  same  side  of  the  circle  as  the  opposite  apex  of  the  triangle. 
Thus  in  fig.  77  6  is  the  pole  of  AC,  c  of  AB,  while  a,  the  pole 
of  BO,  lies  between  the  eye  of  the  observer  and  O. 

Let  a,  b,  and  c  be  joined  by  arcs  of  great  circles.  The 
resulting  triangle  is  called  the  polar  triangle  of  ABC. 


Examples : — 

43.  Prove  that  AA'  is  perpendicular  to  the  plane  containing 
b,  c,  and  0. 

44.  If  the  circle  AOA'  were  made  to  coincide  with  ABA' 
the  poles  b  and  c  would  be  antipodes.  Imagine  AOA'  to 
revolve  about  A  A'  into  its  present  position.  Hence  show 
that  the  side  be  of  the  polar  triangle  is  equal  to  the  supple- 
ment of  the  angle  A  of  ABO.  Eepeat  the  proof  for  the  other 
sides  of  the  polar  triangle. 

45.  Prove  that  A  is  the  pole  of  the  great  circle  be,  B  the 
pole  of  ca,  0  the  pole  of  ab,  and  that  ABC  is,  therefore,  the 
polar  triangle  of  abc. 

46.  Hence  show  that  the  angles  of  the  polar  triangle  are 
supplementary  to  the  sides  of  ABC. 

The  conclusion  from  Nos.  43  and  45  is  that  the  sides  of  the 
polar  triangle  are  180°  -  A,  180°  -  B,  180°  -  0  respectively, 
and  that  its  angles  are  180°  -  a,  180°  -  b,  180°  -  c  respec- 
tively. For  these  reasons  abc  is  also  called  the  supplemental 
triangle  of  ABC. 

47.  What  does  the  formula 

cos  a  =  cos  b  cos  c  +  sin  b  sin  c  cos  A 
become  when  applied  to  the  polar  triangle  ? 
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This  result  is  called  a  supplemental  formula.  It  is 
important  to  note  that  since  the  polar  triangle  may  have  any 
of  the  shapes  possible  to  spherical  triangles  the  supplemental 
formula  is  perfectly  general.  This  would  not  be  the  case  if 
ABC  had  a  special  shape  (e.g.  were  right-angled  at  C).  The 
polar  triangle  would  then  also  have  a  special  shape  and  the 
supplemental  formula  would,  in  general,  hold  good  only  for 
that  shape. 

48.  Show  that  if  ABC  is  a  right-angled  triangle  abc  is  a 
quadrantal  triangle — that  is,  that  one  of  its  sides  is  a 
quadrant. 

49.  What  do  the  formula  of  Ex.  LXXXIX,  §  5,  become 
when  applied  to  a  triangle  in  which  the  side  c  is  a  quadrant  ? 

50.  A  ship  left  port  sailing  64°  B.  of  N.  and  arrived  at  its 
destination  sailing  82°  B.  of  N.  The  difference  of  longitude 
between  the  two  ports  was  58°.  Find  the  great  circle  dis- 
tance in  miles.     Find  also  the  latitude  of  each  port. 


SECTION  VI. 

COMPLEX  NUMBBES. 


EXEEGISB  XCII. 


THE  NATUBE  OF  COMPLEX  NUMBERS. 


§  1.  Bectangular  and  Polar  Co-ordinates. — Given  a  fixed 
line  AB  and  a  fixed  origin  on  it,  0  (fig.  78),  there  are  two 
especially  convenient  ways  of  fixing  the  position  of  a  point, 
such  as  Pj,  with  regard  to  0.  (i)  "We  can  specify  the  "  rec- 
tangular co-ordinates  "  O^j  =  +  4"8  and  Pj^j  =•  +1-2,  or 
(ii)  we  can  specify  the  "polar  co-ordinates"  OP^  =  4:'9  and 
AOPj  =  +  14°.  (There  is  no  need  to  regard  4'9  as  directed. 
If  Pj  were  the  other  side  of  0  the  angle  would  be  reckoned 
+  194"  or  -  166°,  not  W.) 


Pig.  78. 
It  is  obvious  that  the  rectangular  co-ordinates  may  be  re- 
garded as  specifying  not  merely  measurements  which  define 
the  position  of  Pj  but  also  movements  by  which  it  could  be 
reached  from  O.     In  the  present  instance  the  two  movements 
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would  be  one  of  +  4-8  along  OA  and  one  of  +  1-2  at  right 
angles  to  OA.  The  polar  co-ordinates  can  be  interpreted  in 
much  the  same  way.  Suppose  that  you  are,  to  begin  with, 
at  0,  facing  along  the  line  OA.  Then  the  polar  co-ordinates 
may  be  taken  as  instructions  that  you  are  first  to  turn  your 
direction  from  along  OA  through  an  angle  of  -1-  14°  and  that 
you  are  then  to  advance  along  OP^  a  distance  of  4-9. 

,  Examples : — 

1.  The  rectangular  co-ordinates  of  a  point  are  a,  b,  and  its 
polar  co-ordinates  are  r,  a.  Write  down  formulae  for  calcu- 
lating (i)  a  and  h,  given  r  and  a  ;  (ii)  r  and  a,  given  a  and  6. 

2.  Calculate  the  two  rectangular  movements  by  which  a 
point   may  travel  from  0  in  fig.  78  to  each  of  the  points 

"2>    "s'    "i- 

3.  Calculate  the  lengths  of  the  lines  joining  the  origin  to 
each  of  the  points  whose  rectangular  co-ordinates  are  :  (i)  -  8, 
+  15  ;  (ii)  -f-  24,  -  7  ;  (iii)  -  8-4,  -  1-3.  Supposing  these 
lines  to  be  originally  coincident  with  AB  in  fig.  78,  what  is  the 
least  angle,  positive  or  negative,  through  which  each  must  be 
rotated  about  O  so  that  the  other  end  of  the  line  may  coincide 
with  the  point  specified  in  each  case  ? 

§  2.  Complex  Numbers. — If  along  a  straight  line  a  point 
takes  two  successive  movements,  OA  and  AB,  the  single 
movement  which  would  have  taken  it  from  0  to  B  may  be 
called  the  sum  of  OA  and  AB  even  if  (through  the  fact  that 
the  two  movements  are  in  opposite  directions)  this  "sum" 
is  less  than  either  of  its  components.  The  word  "  sum  "  ob- 
viously implies  in  this  case  merely  that  we  are  considering  the 
effect  of  combining  the  two  movements.  If  we  want  to 
determine  OB  by  calculation  we  must,  of  course,  represent 
the  movements  OA  and  AB  by  directed  numbers,  a  and  b. 
The  length  and  direction  of  OB  will  then  be  given  by  the 
directed  number  E  which  is  the  "  algebraic  sum  "  of  a  and  b, 
or 

E  =  a  -)-  &. 

Similarly,  if  OA  and  AB  are  straight  lines  or  "vectors" 
which  represent  two  successive  movements  not  in  the  same 
straight  line,  the  directed  line  OB  which  closes  the  triangle 
OAB  may  again  be  called  the  "  sum  "  of  OA  and  AB,  since 
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it  represents  the  single  movement  equivalent  to  the  combina- 
tion of  the  two  movements.  Thus  the  movement  OPj  in  fig. 
78  may  be  called  the  sum  (more  fully,  the  "  vector  sum  ")  of 
the  movements  +  4-8  along  AB  and  +  1-2  at  right  angles  to 
AB.  But  if  the  movement  OPj  be  represented  by  the  symbol 
E  we  cannot  in  this  case  write 

E  =  (  +  4= -8)  +  (  +  1-2) 
for  this  form  of  symbolism  represents  a  movement  of  +  6 
from  O  along  the  line  AB.  Nevertheless,  there  is  no  reason 
why  we  should  not  represent  E  as  a  sum  provided  that  we  do 
something  to  indicate  that  the  component  movements  are  at 
right  angles.  For  this  purpose  it  is  usual  to  prefix  the  letter 
i  to  the  directed  number  which  represents  the  component  at 
right  angles  to  the  initial  line.  Upon  this  principle  the 
movement  OPj  would  be  represented  by  the  notation 
(  +  4-8)  +  i{+  1-2). 

Examples : — 

4.  Eepresent  in  this  way  the  movements  OPj,  OPj,  and 
OP4  in  fig.  78. 

6.  Eepresent  similarly  the  single  movements  which  would 
take  a  point  from  the  origin  to  the  points  specified  in  No.  3. 

We  may  now  return  to  the  point  of  view  of  §  1  and  regard 
a  +  ib  not  as  representing  a  movement  but  as  fixing  the 
position  of  a  point  P  with  regard  to  the  origin  0.  If  P  were 
confined  to  the  line  AB  a  single  directed  number,  such  as 
+  7,  or- 12-5,  would  suffice  to  define  its  position.  If  it  is 
free  to  roam  over  the  whole  plane  of  the  paper  its  position 
may  be  fixed  just  as  definitely  by  such  an  expression  as 
(  +  4)  +  i(  -  8)  or  (  -  3-2)  +  i(  +  7-9).  We  may,  there- 
fore, regard  an  expression  of  the  form  a  -)-  *6  as  a  complex 
number  which  serves  to  fix  the  position  of  a  point  in  a  plane 
just  as  the  simple  number  a  or  b  fixes  its  position  in  a  straight 
line.  It  is,  however,  important  to  remember  that  the  term 
"  complex  number  "  is  only  a  convenient  name,  suggested  by 
analogy ;  a  4-  i&  is  not  really  a  number  but  a  combination  of 
two  numbers  together  with  the  symbol  i  which  stands  for  no 
number  at  all,  being  merely  a  reminder  that  the  movement 
or  measurement  represented  by  the  second  member  of  the 
complex  is  at  right  angles  to  that  represented  by  the  first. 

PT.  II.  12 
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Let  a,  b  be  the  rectangular  and  r,  a  the  polar  co-ordinates 
of  a  point  P.     Then  it  is  evident  that 

a  +  ib  =  {r  cos  a)  +  i{r  sin  a). 
Again,  let  P'  be  the  point  on  OP  at  unit  distance  from  0 ; 
then  the  movement  OF  can  be  represented  by  the  complex 
number  cos  a  +  i  sin  a.     But  since  r  steps  of  length  OP' 
would  carry  a  point  from  O  to  P  we  may  write 

a  +  ib  =  (cos  a  +  i  sin  a)  x  r 
or,  more  conveniently, 

a  +  ib  =  r(cos  a  +  isin  a). 
It  follows  that  we  may  write 

(r  cos  a)  +  i(r  sin  a)  =  r(cos  ^  +  i  sin  o). 
This  conclusion  is  important,  for  it  shows  that  we  may,  at 
least  in  this  connexion,  proceed  ^ms^  as  ifi  stood  for  a  number. 
The  student  must  take  care  to  see  that,  without  some  such 
argument,  it  would  be  quite  illegitimate  to  assume  that  the 
two  expressions  are  equivalent. 

The  non-directed  number  r  is  called  the  modulus  of  the 
complex  number  a  +  ib  and  the  angle  a  its  amplitude. 


Examples : — 

6.  Express  in  the  form  r(cos  a  +  i  sin  a)  the  complex 
numbers :  (i)  {  +  2)  +  i(  +  9-9) ;  (ii)  (  -  1-6)  +  i{  -  6-3)  ; 
(iii)  (  -  1-12)  +  i{  +  0-15). 

7.  Express  in  the  form  a  +  ib  the  complex  numbers : 
(i)  8(eos  12°  +  i  sin  12°) ;  (ii)  20(cos  153°  +  i  sin  153°) ; 
(iii)  100(cos  291°  -i-  i  sin  291°) ;  (iv)  10{cos(  -  42°)  +  i  sin 
(-42°)}. 

8.  Express  in  the  form  a  +  ib  the  complex  numbers  whose 
moduli  and  amplitudes  are:  (i)  40,  58°;  (ii)  4'5,  206°; 
(iii)  1000,  316° ;  (iv)  10,  -  98°. 

§  3.  The  Addition  and  Subtraction  of  Complex  Numbers. — 
Let  the  point  Q  (fig.  79)  be  represented  by  the  complex  num- 
ber a  ■\-  ib;  then  a  and  b  represent  the  two  movements,  along 
and  at  right  angles  to  AB,  by  which  Q  can  be  reached  from 
0.  Suppose  those  movements  to  be  broken,  by  pauses  at  M 
and  q,  into  shorter  movements,  a^  and  a^  and  b^  and  b^  re- 
spectively.    Then  we  have 

a  +  i6  =  (ffli  -f  aj)  -I-  iib^  +  b^. 
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Now  it  is  evident  here  that  Aj  represents  a  movement  which, 
although  it  lies  along  the  line  AB,  does  not  begin  at  0.  It 
is  reasonable,  therefore,  to  represent  by  ib^  a  movement  b^ 
which  is  at  right  angles  to  AB  even  though  it  does  not  begin 
from  a  point  actually  upon  the  line.     Thus  we  may  write 

a  +  ib  =  a^  +  a^  +  ibj^  +  ib^- 
Next  suppose  that  Q  is  reached  from  0  along  the  path  OMPgQ, 
P  being  the  point  a^  +  ib^.  When  the  moving  point  has 
reached  P  it  has  to  complete  its  journey  by  moving  along  Pg, 
gfQ.  Now  if  PQ  were  moved  parallel  to  itself  until  it  lay  in 
the  position  OQ'  the  two  movements  needed  to  take  a  point 


Pig.  79. 

from  O  to  Q'  would  be  represented  by  the  complex  number 
ai  +  ib-2.  But  the  component  movements  Oq'  and  q'Q'  are 
identical  with  the  movements  Fq  and  qQ  in  magnitude  and 
direction  and  differ  from  them  only  in  position.  It  has  already 
been  seen  that  qQ  may  be  denoted  by  ib^,  and  there  seems  no 
possible  reason  why  Pg  should  not  be  denoted  by  a^,  just  as 
MN  is.  If  this  notation  be  adopted  the  movement  along  the 
zigzag  path  OMPgQ  will  be  denoted  by 

»!  +  t&i  +  ^2  +  *^2- 

Lastly,  since  the  journey  from  O  to  Q  could  also  be  taken  by 

12* 
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the  route  OP,  PQ,  and  since  the  t^o  components  OP  and  PQ 
can,  as  we  have  just  seen,  be  represented  by  the  complex 
numbers  a^  +  i\  and  aj  +  ih,  the  direct  journey  OQ  can  be 
represented  by  the  riotation 

(«!  +  i6i)  +  (aj  +  ib^) 
where  the  plus  between  the  brackets  signifies,  as  in  algebraic 
addition,  that  the  contents  of  the  brackets  symbolize  two  com- 
ponents whose  resultant  or  "  sum  "  is  the  object  of  inquiry. 
Thus  we  may  summarize  our  discussion  by  stating  the  follow- 
ing equivalences ; — 

(«!  +  ttj)  +  i(6i  +   62)  =  fill  +  ^2  +  *^i  +  *^2 
=  «!  +  i&i  +   ttj  H-  J&2 

=  («i  +  **i)  +  {"'2  +  ^h)- 
This  scheme  shows  that  with  the  adoption  of  the  conventions 
introduced  in  the  course  of  the  argument  combinations  of  the 
form  a  +  ib  can,  in  respect  of  addition,  be  treated  exactly  as 
if  i  were  a  number. 


Examples : — 

9.  Test  yourself  to  make  sure  that  you  know  what  assump- 
tions are  involved  in  each  step  of  the  equivalences  printed 
above. 

10.  What  are  the  laws  of  ordinary  numbers  which  com- 
plex numbers  have  been  shown,  upon  these  assumptions,  to 
obey  ?     Do  complex  numbers  constitute  a  group  ? 

11.  Given  that 

a  +  ib  =  a'  +  ib' 
what  do  you  deduce  about  the  values  of  the  directed  num- 
bers ?     Make  clear  what  assumptions  are  involved  in  your 
argument. 

12.  By  considering  the  sum 

(a  +  ib)  +  {a  +  i{-  b)} 
show  that  a  +  i(  -  b)  can  also  be   written  a  -  ib.     Show 
that  by  employing  different  values  of  a  the  complex  number 
(  -f-  4-5)  +  «(  -  20)  can  be  written  in  either  of  the   forms 
r(cos  a  +  i  sin  a)  and  r(co3  a  -  i  sin  a). 


BXEECI8B  XCIII. 
PRODUCTS  OF  COMPLEX  NUMBERS. 

§  1.  Another  View  of  Complex  Numbers. — The  complex 
number  a  +  ib  oi  its  equivalent  r(cos  a  +  i  sin  a)  may  be 
looked  at  in  yet  another  way.  It  may  be  regarded  as  giving 
the  following  alternative  instructions  for  defining  the  position 
of  P  with  respect  to  O :  (i)  Stand  at  O  looking  along  OA. 
Turn  through  the  angle  a  and  then  advance  a  distance  r ; 
you  will  arrive  at  P.  (ii)  Measure  off  a  line  of  length  r  along 
OA,  turn  it  through  an  angle  a  about  0  ;  its  further  end  will 
be  the  point  P. 

From  the  latter  point  of  view  the  factor  (cos  a  +  t  sin  a) 
may  be  regarded  as  having  the  effect  of  turning  the  line  of 
length  r  from  its  original  position  along  OA  through  an  angle 
a.  Similarly  (cos  ^  +  i  sin  ft)  is  a  factor  which  would  turn 
a  line  originally  along  OA  through  an  angle  ^,  while 
{cos  (a  +  p)  +  i  sin  (a  +  ft)}  would  turn  the  line,  once  more 
from  along  OA,  through  an  angle  (a  +  /8). 

It  is  a  natural  extension  of  this  idea  to  regard  the  factor 
(cos  /3  +  i  sin  y9)  as  turning  a  line  through  an  angle  yS  from 
any  position.  Let  us  assume  that  the  factor  has  this  property 
and  see  what  follows.  The  first  consequence  would  be  that 
the  expression 

r(oos  a  +  i  sin  a)  (cos  /3  +  i  sin  yS) 
must  imply  that  a  line  of  length  r  has  been  turned  first 
through  an  angle  a  and  afterwards  through  a  further  angle  ^. 
Hence  we  must  have 
r{cos  {a  +  ^)  +  i  sin  (a  +  fi)} 

=  r(oos  a  +  i  sin  a)  (cos  yS  +  i  sin  /3)  (i) 
Let  us  make  the  further  assumption  that  we  can  "  multiply 
out "  the  two  complex  numbers  (cos  a  +  i  sin  a)  and 
(cos  j8  +  i  sin  0)  just  as  if  i  were  a  symbol  for  a  number 
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instead  of  a  symbol  for  a  direction.     Expanding  the  left-hand 
side  of  (i)  at  the  same  time,  we  have 

(cos  a  cos  fi  -  sin  a  sin  /8)  +  i(sin  a  cos  j3  +  cos  a  sin  yS) 

=  (cos  a  cos  yS  +  i*  sin  a  sin  |8)  +  i(sin  a  cos  fi 
+  cos  a  sin  yS)      .         .         .         .         (ii) 
Comparing  the  two  sides  of  (ii)  we  see  that  they  woiild  be 
identical  if  *''  =  -  1,  that  is,  if  f  =  J  -  1. 

It  is  very  important  to  be  clear  about  this  result.  We 
have  made  two  convenient  assumptions  :  (1)  that  the  expres- 
sion (cos  o  +  i  sin  o)  when  written  as  a  factor  multiplying  an 
expression  which  represents  a  line  in  any  position  through  0 
can  always  be  regarded  as  signifying  a  turning  of  that  line 
through  an  angle  a ;  (2)  that  the  symbol  i  can  be  treated  as 
if  it  represented  a  number.  With  these  assumptions  we  find 
that  i  must  be  regarded  as  representing  J  -  \. 

As  we  might  have  expected  to  find,  this  "  number  "  is  not 
really  a  number  at  all.  If  i  had  really  represented  a  num- 
ber then  a  +  ib  must  have  represented  a  point  that  could  be 
reached  by  two  movements  both  along  AB.  It  is  customary 
to  call  J  -  1  an  "  imaginary  number  ".  The  name  is  not  a 
happy  one,  but  it  will  do  no  harm  if  it  reminds  us  that  al- 
though not  a  number,  it  is  a  symbol  that  can  be  treated  in 
certain  oases  as  if  it  were  a  number.  In  the  complex  num- 
ber a  +  ib,  a  is  often  called  the  real  and  ib  the  imaginary 
part. 

Examples : — 


1.  Show  that  if  it  is  assumed  thati  behaves  as  if  it  were  a 
number  whose  square  is  -  1,  then  J{  -  «')  =  in,  n  being 
any  non-directed  or  positive  number. 

2.  Upon  the  assumption  that  i"^  =  -  1  write  down  the 
simpler  expressions  equivalent  to : — 

(i)  (cos  38°  +  i  sin  38°)(cos  52°  +  i  sin  52°) ; 
(ii)  (cos  19°  +  i  sin  19°)(cos  72°  -f  i  sin  72°) ; 
(iii)  {cos  (  -  34")  +  i  sin  (  -  34°)}  (cos  34°  +  i  sin  34°). 

3.  Show  that  the  product  (cos  a  +  i  sin  a) (cos  fi  +  i  sin  ^8) 
is  commutative.     Illustrate  by  a  figure. 

4.  Show  that  the  equivalence 

r(cos  a  +  i  sin  a)  =  (cos  a  +  i  sin  a)  x  r 
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which  was  assumed  in  Ex.  XCII,  p.  178,  agrees  with  the 
definition  of  the  meaning  of  cos  a  +  t  sin  a  adopted  in  this 
exercise. 

5.  Prove  that,  on  the  assumption  that  i^  =  -  1, 

(cosa  +  isina)(cos;8  -  isinyS)  =  cos  (a  -  /8)  +  isin(a  -  /3). 

6.  Upon  the  same  assumption  find  the  value  of  the  product 

(cos  a  +  4  sin  a){cos  (  -  y8)  +  i  sin  (  -  /8)}. 
Hence  show  that 

cos  (-/?)  +  i  sin  {  -  p)  =  cos  ^  -  i  ain  ^ 
as  in  Ex.  XCII,  No.  12. 

7.  What  meaning  must  be  attributed  to  the  equivalent 
factors 

cos  (  -  /3)  +  i  sin  (  -  /9)  and  cos  /3  -  i  sin  p  ? 

8.  With  the  usual  assumption  about  i  show  that 

(cos  a  +  *  sin  a)(cos  a  -  i  sin  a)  =  1. 
Hence  show  that 

(cos  a  +  i  sin  a)~'  =  cos  (  -  a)  +  *  sin  (  -  a) 
and  that  (cos  a  +  i  sin  a)"^  may  be  interpreted  as  meaning 
a  rotation  equal  to  that  implied  by  cos  a  +  i  sin  u.  but  in  the 
opposite  direction. 

9.  Upon  the  assumption  that  "  division  "  of  complex 
numbers  means  a  process  inverse  to  multiplication  show  that 

cos  a  +  i  sin  a  .  o\     ,     ■     ■      /  a\ 

o    ,     ■     ■ — o  =  COS  (a  -  B)  +  I  sm  (a  -  ;8). 

cos  j8  +  I  sm  /3  *•         ^'  ^         '^' 

Hence  prove  again  that 

(cos  u.  +  i  sin  a)~i    =  cos  {-  a)  +  i  sin  ( -  a). 

B. 

10.  Prove  that  (cos  u.  +  i  sin  a)"  =  cos  na  +  i  sin  na, 
n  being  a  positive  integer  and  a  either  positive  or  negative. 
Illustrate  each  of  the  two  cases  by  a  figure. 

11.  Use  No.  8  to  prove  that 

(cos  a  +  i  sin  a)~"  =  cos  (-  no)  +  i  sin  (-  no), 
-  n  being  a   negative   integer.     As   before   illustrate   with 
figures   the  two  cases  when  u,  is  positive  and   negative  re- 
spectively. 

12.  Prove  that 

(cos  a  -  i  sin  a)"*  =  cos  ma.  -  i  sin  ma 
whether  m  is  a  positive  or  a  negative  integer  and  whether  a 
is  positive  or  negative.     Illustrate  each  of  the  four  possible 
oases  by  a  figure, 
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13.  By  means  of  the  identity  (shown  above  to  hold  for  any 

integral  value  of  q)  prove  that 

/        a         .    .     o\' 
cos  -  +  4  sm  -      =  cos  a  +  *  sm  a. 

■    ■      M,  1  •    ■     1 

(cos  a  +  *  Sm  aV '«  =  COS  -  a  +  ^  Sm  -  a. 

Hence  deduce'  that 

(cos  a  +  «  sin  a)*"''  =  COS  -  o  +  t  sm  -  a 

.  '  q  i 

where  p/q  is  any  rational  fraction,  positive  or  negative. 

14.  Prove  similarly  that 

V  V 

(cos  u.  -  t  sin  aYI'  =  cos  ~  u.  -  i  sm  -  a. 

G. 

§  2.  De  Moivre's  Theorem. — Summing  up  the  results  of 
Nos.  10-14,  we  see  that  we  have  proved  that,  whatever  the 
values  of  a  and  m,  provided  m  is  rational 

(cos  a  ±  i  sin  a)"  =  COS  ma  ±  i  sin  ma. 

This  extremely  important  proposition  is  called  after  the 
name  of  its  discoverer,  Abraham  De  Moivre  (1667-1754),  a 
French  mathematician  who  fled  to  England  at  the  revocation 
of  the  Edict  of  Nantes  and  worked  in  London.  The  following 
are  among  the  many  applications  which  can  be  made  of  it. 

Examples : — 

15.  Expand  (cos  a  +  i  sin  a)^  by  the  ordinary  formulse  for 
{a  +  by.  Also  write  down  its  equivalent  by  De  Moivre's 
theorem.     By  comparing  the  two  results  show  that 

cos  2a  =  cos'a  -  sin^o 
and  that 

sin  2a  =  2  sin  a  cos  a. 
[Apply  Ex.  XCII,  No.  ll.J 

16.  What  identities  can  be  deduced  by  the  same  method 
when  applied  to  the  expansion  of  (i)  (cos  u  +  ^  sin  o)^ ; 
(ii)   (cos  a  +  4  sin  a)*  ? 

17.  Give  two  expressions  equivalent  to  the  product 
(cos  a  +  *  sin  a)  (cos  ;8  +  i  sin  y8)(oos  y  +  i  sin  y). 
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Hence    deduce    expansions  for   cos   (a  +  ;8  +  y)    and   sin 
{a.  +  ^  +  y). 

18.  By  means  of  De  Moivre's  theorem  and  the  binomial 
theorem  prove  that  when  to  is  a  positive  integer 

{n(n  -  1) 
1 p-j — ^tan^'a 

+  ^(^  -  1)(^^-  2)(n  -  3)  ^^^,^    _  _  _  I 
and  sm   na  =  (sm  a)"<n  tan  a ^ qj tan^a 

5 !  J 

Verify  the   first  result  when   re  =  4  and  a  =  45°,    and  the 
second  when  w  =  6  and  a  =  30°. 


EXBECISB  XCIV. 
COMPLEX  VALUES  OF  THE  INDEPENDENT  VARIABLE. 

§  1.  Complex  Boots  of  Equations. — We  have  seen  that  a 
"  complex  number  "  of  the  form  a  +  J  -  l.b,  partly  "  real," 
partly  "  imaginary,''  can  be  used  to  describe  the  position  of  a 
point  situated  anywhere  in  a  given  plane.  We  are  now  to 
see  how  complex  numbers  can  be  used  to  explain  certain 
difficulties  met  in  the  study  of  quadratic  equations.  Take, 
as  an  example,  the  relation  y  =  x^  -  6x  +  25,  i.e.  y  = 
{x  -  3)^  +  4^.  The  right-hand  expression  cannot  be  factor- 
ized,  consequently  (we  argue)  there  is  no  value  of  x  for  which 
y  is  zero,  or  the  equation  a;^  -  6a;  +  25  =  0  has  no  roots.  An 
alternative  way  of  putting  the  matter  is  to  say  that  the  para- 
bola y  =  x^  -  6x  +  25  has  no  points  below  y  =  16,  and 
therefore  does  not  cross  the  axis  of  x. 

But  if  i  can  be  treated  as  if  it  were  a  number  whose  square 
is  -  1,  we  may  write 

(a;  -  3)2  +  P  =  {x  -  3)2  -  42.42 

=  (a;  -  3  +  U){x  -  3-  ii). 

It  appears,  then,  that  y  would  be  zero  if  a;  =  -f  3  J:  iiA 
It  is  usual  to  say  that  these  values  are  "  imaginary  roots  " 
of  the  equation  or  that  they  describe  "imaginary  points" 
where  the  parabola  may  be  supposed  to  cross  the  axis  of  x. 
The  results  of  Ex.  XCII  suggest  a  better  way  of  regarding 
them.  The  values  x  =  +  3  ±  ii  describe  points  not  on  the 
axis  of  X  but  elsewhere  in  some  plane  containing  that  line. 
It  is  obvious  that  it  cannot  be  the  plane  of  the  paper,  for  if 
so  either  -f  3  or  -t-  4  must  be  a  value  of  y  and,  by  hypothesis 

^  Strictly,  this  term  should  be  written  "  ii  ".  The  more  con- 
venient form  is  adopted  in  conformity  with  the  general  principle 
that  i  may  be  treated  as  if  it  were  a  number. 
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y  is  zero.  It  is  natural,  therefore,  to  look  for  the  points 
in  the  plane  which  is  at  right  angles  to  the  plane  of  the  paper. 
Upon  this  interpretation  the  points  determined  by  the  rela- 
tion 2/  =  a;^  -  6a;  +  25  when  y  =  Q  are  respectively  4  units 
behind  and  4  units  in  front  of  the  paper  on  a  perpendicular 
to  it  through  the  point  +  3  on  the  a;-axis. 

§  2.  Locus  of  Complex  Boots. — If  some  other  number  h 
be  substituted  for  4  in  the  equation  y  ==  (x  -  3y  +  4^  the 
values  of  x  obtained  by  putting  y  =  0  •will,  of  course,  change  ; 
but  they  will  always  be  of  the  form  +  3  ±  ih.  Let  h  begin 
by  being  zero — i.e.  let  the  vertex  of  the  parabola  be  on  the 
axis  of  X  at  the  point  +  3.  There  are  in  this  case  no  com- 
plex values  of  x.  As  h  increases  from  zero  the  parabola  rises 
vertically.  At  a  given  moment  the  vertex  is  at  a  height 
h^  above  the  point  -H  3  on  the  a;-axis.  At  the  same  moment 
the  points  given  by  the  complex  values  of  x  answering  to 
y  =  0  are  at  a  distance  h  before  and  behind  the  paper. 
This  result  shows  that  they,  too,  lie  on  a  parabola — the  para- 
bola which  would  be  obtained  by  inverting  the  original  curve 
and  twisting  it  about  the  axis  until  its  plane  is  at  right  angles 
to  the  paper.  It  is  the  dotted  curve  of  fig.  80  twisted  through 
a  right  angle  about  its  axis. 

Thus  we  reach  the  unexpected  conclusion  that,  if  we  take 
complex  values  of  x  into  account,  the  complete  graph  corre- 
sponding to  real  values  of  the  function  y  =  {x  -  3)^  +  4^  is 
not  one  parabola  but  two,  lying  in  perpendicular  planes.  The 
two  parabolas  have  a  common  axis — the  straight  line  a;  =  3 
in  the  plane  of  the  paper — and  a  common  vertex — the  point 
-J-  3,  -I-  16.  The  parabola  in  the  plane  of  the  paper  is  "  head 
down  "  and  contains  all  the  points  which  correspond  to 
"  real "  values  of  x ;  the  one  in  the  perpendicular  plane  is 
"  head  up  "  and  contains  all  points  answering  to  the  complex 
values  of  x  which  satisfy  the  given  relation.  The  two  branches 
of  the  graph  cannot  be  said  to  touch  one  another,  but  the 
plane  at  right  angles  to  the  paper,  parallel  to  the  a3-axis,  and 
16  units  above  it  is  obviously  a  tangent  to  both.  This  plane 
may  be  described  as  "  the  plane  y  =  +  16,"  the  line  y  =  +  16 
being  its  trace  upon  the  plane  of  the  paper.  It  is  important 
to  note  that  upon  this  plan  a  plane  parallel  to  the  a;-axis  and 
perpendicular  to  the  plane  of  the  paper  necessarily  corresponds 
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to  a  real  value  of  y ;  that  is,  iiy  =  a  describes  a  plane,  a  is  a 
real  number. 


Examples : — 


A. 


1.  Bepeat  the  foregoing  argument  with  reference  to  the 
functions  (i)   y  =  ^x^  +  i^x  +  Q\;  (ii)  2/  =  -  |  +  a;  -  \x^. 


\    *ro 


Fia, 


Draw  figures  like  fig.  80  to  indicate  the  form  and  position  of 
the  branches  of  the  graph  which  correspond  respectively  to 
the  real  and  the  complex  values  of  x. 

2.  Construct  a  model  showing  the  two  branches  of  one  of 
the  graphs  of  No.  1  in  their  actual  positions.  This  may  be 
done  by  drawing  the  two  parabolas  upon  separate  sheets  of 
thin  card  or  thick  paper  and  slitting  the  sheets  along  the  axes 
of  the  parabolas  so  that  they  can  be  fitted  with  their  planes 
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at  right  angles  and  their  vertices  in  contact.  The  sheet  re- 
presenting real  values  of  x  should  have  the  co-ordinate  axes 
drawn  upon  it. 

3.  Without  using  a  remembered  formula  obtain  an  expres- 
sion for  the  roots  of  the  quadratic  equation  ax^  +  ix  +  c  =  0. 
Write  down  the  conditions  that  the  roots  may  be  (i)  real  and 
different,  (ii)  real  and  identical,  (iii)  complex  (or  "  imagin- 
ary ")  and  different. 

4.  Solve  the  following  equations  : — 

(i)  x^  +  2x  +  s  =  o  ;  (iii)  x'  -  2^/3x  +  7  =  0; 

(ii)  Qx''  -(-  6x  +  I  =  0  ;  (iv)  4x^  -  x  +  2  =  o. 

5.  Prove  that  if  the  coefficients  of  a  quadratic  equation  are 
real  numbers  but  the  roots  "imaginary,"  the  latter  must  be 
Conjug'ate  complex  numbers,  that  is,  that  they  must  be  a 
pair  of  numbers  of  the  form  a  +  ib  and  a  -  ih. 

6.  Form  quadratic  equations  with  the  following  complex 
roots  :  (i)  +  3  -t-_2i  and  -1-  3  -  2i ;  (ii)  -  7  +  3i ;  (iii)  +  5i ; 
(iv)    +l  +  i  Jf. 

7.  Show  that  each  of  the  equations  a;'  -  1  =  0  and 
a;^  -H  1  =  0  has  three  roots  of  which  two  are  in  each  case 
complex. 

8.  Show  in  the  case  of  each  of  the  equations  of  No.  7  that 
the  square  of  either  of  the  complex  roots  is  equal  to  the  other. 

9.  Find  by  trial  the  real  root  of  each  of  the  following  cubic 
equations  and  calculate  the  other  two. 

(i)  x^  +  3x^  +  19X  +  17  =  o ; 
(ii)  x^  -  7x'  +  ipx  -  13  =  o  ; 
(iii)  x^  +  6x^  +  49X  -  130  =  o. 

10.  Prove  that  if  the  coefBcients  of  a  cubic  equation  are 
real  numbers  one  at  least  of  the  roots  must  be  real ;  and  that 
if  all  the  roots  are  not  real  two  of  them  must  be  conjugate 
complex  numbers. 

B. 

11.  Show  that  the  graph  exhibiting  the  real  and  complex 
values  of  x  which  give  real  values  to  the  function  J{i  -  x^) 
is  a  circle  in  the  plane  of  the  paper  and  a  rectangular  hyper- 
bola in  the  plane  through  the  y-a,%ia  perpendicular  to  the  plane 
of  the  paper.    Illustrate  by  a  diagram  or  a  model. 

12.  Investigate  the  real  values  of  the  functions  ^(a;^  -  4), 
V(4  +  x^). 
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13.  Investigate  similarly  the  real  values  of  the  functions 
V(9  -  x^),  J{x^  -  9),  and  ^(9  +  x^). 

14.  Show  that  the  real  and  complex  values  of  x  which  give 
real  values  to  the  function  y  =  x^  are  represented  by  three 
cubic  curves  of  which  one  lies  in  the  plane  of  the  paper  and 
the  other  two  in  planes  through  the  2/-axis  inclined  at  angles 
of  60°  to  the  plane  of  the  paper.  [Assume  y  =  a^  for  posi- 
tive values  of  the  function  and  y  =  -  a^  for  negative  values. 
Then  solve  the  equations  a;'  -  a^  =  0  and  x^  +  a^  —  0.] 

15.  Illustrate  your  solution  to  No.  14  by  a  model  con- 
structed of  paper  or  thin  card. 


BXBEGISE  XCV. 
COMPLEX  VALUES  OF  A  FUNCTION.' 

§  1.  Negative  "  Growth  Factors  ". — We  know  that  the 
formula  y  =  ar"^  may  be  regarded  as  describing  a  special 
curve — the  "  exponential  curve  " — and  that  the  formula 
y  =  ae"',  where  p  =  log„r,  may  often  usefully  be  substituted 
for  it  (Exs.  LVIII,  LXXXII).  In  all  our  investigations  con- 
cerning this  curve  and  its  corresponding  function  r  has  been 
necessarily  a  non-directed  number,  for  it  has  represented  the 
"  growth  factor  "  of  quantities,  such  as  the  height  of  a  boy  or 
the  amount  of  a  sum  of  money,  which  were  thought  of  as 
constantly  increasing  or  diminishing  but  never  as  changing  in 
direction.  In  Ex.  0  we  have,  however,  begun  the  study  of  a 
kind  of  "  growth  "  of  which  the  distinctive  mark  is  a  rhythmic 
change  of  direction  constantly  maintained.  This  study  sug- 
gests the  interesting  question  whether  vibratory  movement 
presents  any  phenomena  which  the  symbolism  r  will  help  us 
to  describe.  It  is  safe  to  guess  that  if  there  are  such  phen- 
omena their  description  wUl  involve  the  supposition  that  r 
is  a  negative  directed  number.  Our  inquiry  is,  therefore, 
whether  the  expression  r'  may  have  a  useful  meaning  when 
r  is  negative. 

It  is  easy  to  find  a  good  starting-point  for  this  inquiry.  As 
we  know,  the  curve  of  fig.  87  (p.  224)  describes  an  ideal  rather 
than  an  actual  state  of  vibration  ;  in  practice  the  "  amplitudes  " 
of  the  successive  swings  of  a  vibrating  spring  or  lath  do  not 
remain  constant,  but  fall  off  quickly  or  slowly.  Fig.  81  gives 
the  trace  of  a  vibration  in  which  the  decay  was  rather  rapid. 
In  fig.  82  the  displacements,  which  marked  the  end  of  each 
half -period  and  actually  occurred,  of  course,  alternately  above 
and  below  the  axis  OA,  are  all  represented  by  positive  or- 

'  It  is  assumed  in  this  exercise  that  the  student  has  read  Ex. 
XCIX  and  the  first  part  of  Ex.  C. 
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dinates  through  whose  upper  ends  a  smooth  curve  has  been 
drawn.  The  form  of  this  curve  at  once  suggests  that  these 
displacements  fall  off  in  a  constant  ratio,  and  measurement 
confirms  the  suggestion.  This  fact  is  well  known  to  electrical 
engineers  and  other  persons  who  have  to  make  observations 
by  means  of  vibrating  instruments  ;  in  interpreting  their  ob- 
servations they  always  take  account  of  the  "logarithmic 
decrement "  of  the  swings  which  they  have  to  measure  (Ex. 
LXXXII,  No.  13). 

Now  if  a  is  the  original  amplitude  PO  (fig.  81)  and  r  is  the 
constant  ratio  of  each  amplitude  to  its  predecessor,  then  it  is 
plain  that  the  amplitudes  a^,  a^,  a^,  etc.,  are  all  given  by  the 
expressions  a(  -  r)^,  a(  -  rf,  a{  -  r)',  etc.  And  if  we  sup- 
pose, further,  for  simplicity,  that  the  constant  distance  between 
the  maximum  ordinates  is  unity  then  it  may  be  said  that 
these  ordinates  are  all  given  by  the  formula  y  =  a{-  r)". 
For  if  we  substitute  for  x  the  even  integers,  0,  2,  4,  6,  etc., 
we  obtain  the  positive  ordinates  a,  a^,  a^,  a^,  etc.,  and  if 
we  put  for  X  the  odd  integers  we  obtain  correctly,  in  both 
magnitude  and  sign,  the  negative  ordinates  aj,  a^,  a^,  etc. 
Now  in  the  exponential  or  "  growth-curve  "  the  formula 
y  =  ar''  gives  not  only  the  ordinates  at  points  where  x  has 
integral  values  but  the  ordinates  at  all  points.  The  question 
inevitably  arises  whether  the  formula  y  =  a{-  rf  may  be 
taken  as  describing  the  values  of  all  ordinates  in  fig.  81. 
The  student  may  be  inclined  to  dispose  of  this  question  by 
pointing  out  that  an  affirmative  answer  would  lead  to  the 
conclusion  that  (-  r)*  =  (-  r)''^  =  (-  r)^'^  =  .  .  .  =  0. 
It  is  true  that  these  facts  appear  out  of  harmony  with  what 
we  already  know  about  the  exponential  function,  but  we  must 
not  too  readily  assume  that  they  destroy  the  claim  of  the 
formula  y  =  a(  -  rf  to  describe  the  ordinates  of  fig.  81. 
The  properties  of  the  function  when  the  growth  factor  is 
negative  may  differ  profoundly  from  those  with  which  we  are 
familiar,  and  may  entail  these  particular  consequences.  If, 
then,  these  results  are  consistent  with  one  another,  we  must 
simply  accept  them  as  information  about  the  function  which 
we  did  not  before  possess.  But  it  is  easy  to  see  that  the 
results  are  not  self-consistent.  For  by  the  law  of  indices 
(which  the  new  symbolism  must  obey  if  it  is  to  be  of  any  use 
to  us)  it  follows  that  if  (  -  r)i  =  0  then  (  -  r)i  x  (  -  r)i,  i.e. 
-  r,  must  be  0^,  i.e.  0.     But  by  hypothesis  -  r  is  not  zero  ; 
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it  is  impossible,  then,  to  suppose  that  (-  r)i  can  be  zero. 
The  same  argument  applies  to  the  other  cases  in  which  ( -  r)' 
appeared  to  have  the  value  zero.  We  are  bound  to  conclude 
that  although  the  formula  y  =  a{-  rf  gives  the  ordinates  at 
unit  distance  from  one  another  it  cannot  be  supposed  to  give 
the  ordinates  between  them. 

§  2.  The  Graph  of  (-  r)^.— This  conclusion  is  very  un- 
satisfactory. All  our  previous  work  in  algebra  suggests,  and 
seems  to  entitle  us  to  expect,  that  if  the  formula  y  =  a{-  r)' 
describes  the  positions  of  the  points  P,  Pj,  P2,  P3,  etc.,  in  fig. 
81  when  x  has  integral  values,  the  same  formula  should  de- 
scribe, as  X  assumes  continuously  changing  values  between  0 
and  1,  1  and  2,  etc.,  a  continuous  curve  passing  through  P, 
Pj,  P2,  etc.  Yet  we  have  seen  that  this  is  certainly  not  the 
curve  of  fig.  81.  We  are  driven,  then,  to  inquire  whether 
there  is  "  another  way  round  "  from  P  to  Pj,  &om  Pj  to  P2, 
etc.,  a  path  which  the  formula  y  =  a(-  rf  may,  without 
contradiction,  be  held  to  describe. 

We  may  begin  the  new  inquiry  by  noting  that  if  it  is 
legitimate  to  use  the  symbolism  (  -  r)*  at  all  then  it  must  be 
equivalent  to  r".  ( -  1)'^,  and  that  when  a;  =  -f  ^  the  second 
factor  of  this  expression  becomes  (-  1)*,  which,  by  the  law 
of  indices  must,  if  it  means  anything,  mean  J{  -  1).  Now 
we  have  seen  in  the  last  two  exercises  that  although  this 
symbol  cannot  be  held  actually  to  represent  a  number  yet  it 
may  be  treated  as  if  it  did  represent  a  number  and  may  be 
identified  with  the  symbol  i.  These  facts  suggest  that  when 
X  =  +  -^  the  ordinate  described  by  a(  -  ry  may  be  not  in 
the  plane  of  the  paper  at  all  but  at  right  angles  to  it.  That 
would  account  for  its  seeming  to  be  zero  ;  we  are  looking  at 
it  "  end-on  ".  Following  up  this  hint  let  us  suppose  that  the 
successive  ordinates  described  hj  y  =  a{-  r)"  are  not  those 
of  fig.  81  (with  the  exception  of  a,  dj,  aj,  a^,  etc.),  but  are  the 
ordinates  of  fig.  82  turned  about  OA,  each  through  an  angle 
proportional  to  its, distance  from  OP — i.e.  proportional  to  a;. 
Where  x  =  +  1  the  turning  would  be  180°  or  ir  radians ; 
where  x  =  +  2  it  would  be  360°  or  27r  radians,  and  so  on. 
This  supposition  would  at  least  account  for  the  fact  that  the 
ordinates  where  x  is  integral  appear  in  the  plane  of  the  paper 
in  fig.  81  with  the  lengths  assigned  to  them  by  the  formula 
y  =  a{-  ry.       In  the  case  of  the  other  ordinates  of  this 
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figure  we  see  only  the  projections  upon  the  paper  of  the  cor- 
responding ordinates  of  fig.  82  after  each  has  been  turned 
through  its  proper  angle.  As  we  have  already  said,  where  x 
is  +  i,  +  1^,  +  2|^,  etc.,  this  angle  is  some  odd  multiple  of 
a  right  angle  and  the  projection  upon  the  paper  is  reduced  to 
a  single  point. 

The  following  examples  develop  the  further  consequences 
of  this  idea.  In  working  them  it  may  be  assumed  for  con- 
venience that  a  =  1  unless  the  contrary  is  stated. 

Examples : — 


1.  In  figs.  81  and  82  the  ordinates  Q'N  and  QN  are  at  the 
same  distance  x  from  0.  Show  that  upon  the  foregoing 
hypothesis  QN  is  the  projection  of  Q'N  twisted  about  OA 
through  ttx  radians.     What  is  the  length  of  QN  ? 

Given  that  ON  =  ^OMj,  what  is  the  value  of  the  angle  of 
rotation  of  Q'N  in  degrees  ? 

2.  Draw  on  your  paper  the  circle  traced  out  by  Q'N  as  it 
rotates  about  N.  It  will  be  convenient  to  double  the  actual 
scale — that  is,  to  make  the  radius  twice  the  measured  length 
of  Q'N.  Mark  the  centre  N  and  through  N  draw  a  vertical 
and  a  horizontal  line,  each  a  good  deal  longer  than  the  dia- 
meter of  the  circle.  Of  what  planes  do  these  lines  represent 
the  traces  ?  Letter  them  YY'  and  TT'  respectively.  Draw 
a  radius  representing  the  ordinate  Q'N  of  fig.  82  after  rotation. 
It  will  be  convenient  to  suppose  that  you  are  looking  at 
the  plane  of  the  circle  from  the  origin  0  and  that  the 
rotation  of  Q'N  is  antiqlockwise  from  this  standpoint.  On 
NY  mark  Q  to  represent  the  projection  of  Q'N  upon  the  plane 
of  fig.  81.  Measure  or  calculate  the  length  of  the  projection. 
Does  its  length  agree  with  the  actual  length  of  QN  in  fig.  81  ? 

3.  Divide  the  line  OMg  in  fig.  82  into  twelve  equal  parts 
by  equidistant  points.  Add  to  your  drawing  in  No.  2  twelve 
more  circles  all  having  N  as  centre  and  representing  on  the 
same  double  scale  the  circles  in  which  the  corresponding 
ordinates  at  the  various  equidistant  points  may  be  supposed 
to  rotate.  Draw  in  each  circle  the  position  of  the  ordinate 
of  fig.  82  after  rotation,  and  mark  its  projection  on  YY'. 

4.  Draw  elsewhere  on  your  paper  a  line  to  represent  OMj 
of  fig.  82  but  twice  as  long,  and  divide  it  Jntp  twelve  equal 
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parts  by  points  corresponding  to  those  marked  in  No.  3.  At 
the  points  of  division  erect  ordinates  equal  in  succession  to 
the  projections  upon  YY'.  Draw  a  smooth  curve  through 
their  ends.     Does  this  curve  appear  to  be  the  same  as  fig.  1  ? 

5.  In  No.  3  you  drew  all  your  circles  in  one  plane — that 
of  the  paper.  To  represent  fully  the  circles  in  which  the 
ordinates  of  fig.  82  rotate,  yon  should,  of  course,  draw 
them  a  series  of  parallel  and  equidistant  planes  with  their 
centres  on  a  line  through  N  perpendicular  to  the  paper.  If 
you  made  a  model  in  which  this  was  done,  and  if  you  shaped 
a  wire  to  pass  through  the  ends  of  the  rotated  ordinates,  this 
wire  would  evidently  be  a  spiral.  The  curve  drawn  in  No.  4 
would  be  the  projection  of  this  spiral  upon  a  plane  corre- 
sponding to  the  plane  of  the  paper  in  fig.  81. 

Using  the  drawing  of  No.  3  and  the  method  of  No.  4,  con- 
struct the  curve  which  could  be  regarded  as  the  projection  of 
the  spiral  upon  a  plane  at  right  angles  to  the  former  and 
parallel  to  the  axis  of  the  spiral. 

6.  Assuming  that  the  vibration  curve  of  fig.  81  is  actually 
the  vertical  projection  of  the  spiral,  show  that  it  may  be  re- 
garded as  the  graph  of  the  function  ar'  cos  x.  Write  down 
the  function  of  which  the  horizontal  projection  of  the  spiral 
may  be  considered  the  graph. 

7.  Show  that  the  spiral  itself  may  be  regarded  as  the  tri- 
dimensional graph  of  the  function 

ar'"(cos  irx  +  i  sin  vx). 

8.  It  will  be  remembered  that  our  main  object  is  to  deter- 
mine whether  the  function  represented  by  the  spiral  can  be 
described  by  the  expression  a{  -  r)",  or  (W  x  ( -  1)^.  If  it 
can  be  so  described  it  follows  from  No.  7  that 

( -  l)""  =  cos  TTX  +  i  sin  ttx. 
Make  a  preliminary  test  of  this  presumed  identity  by  substi- 
tuting for  X,  (i)  the  integers  0,  ±  1,  ±  2,  ±  3,  etc.,  and  (ii) 
the  fractions  ±  i,  ±  l-J,  t  2|,  etc. 

9.  It  is  evident  that 

i  =  ( -  l)i  =  cos  n  -1-  i  sin  s. 

Assuming  that  i  may  be  treated  as  if  it  were  a  number,  prove 
by  De  Moivre's  theorem  that  ( -  l)""  =  cos  vx  +  i  sin  ttx  for 
all  values  of  x,  and  therefore  that  the  spiral  may  be  regarded 
as  the  graph  of  a{  -  r)'. 
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10.  It  has  hitherto  been  assumed  that  the  "  wave  length  " 
in  fig.  81  (i.e.  the  distance  OM2  or  M2M4)  is  2.  Taking  the 
wave  length  as  A.  and  representing  the  common  ratio  of  suc- 
cessive displacements  at  the  end  of  each  semi-period  by  r, 
show  that  the  corresponding  spiral  can  be  regarded  as  the 
graph  of  either  of  the  functions 

a(  _  qryi>^  or  ar^'''>^  I  cos  -^- — 1-  i  sm  -7— I. 

11.  Determine  the  value  of  r  in  fig.  81  and  measure  a  and 
X  in  centimetres.  Write  down  the  formula  which  gives  the 
ordinates  of  the  curve  in  centimetres. 

12.  Show  that  when  r  is  less  than  one  r"  =  e~'"',  p  being 
a  positive  number.  Determine  p  in  the  case  of  fig.  81.  Use 
your  result  to  write  the  formula  of  the  curve  in  the  standard 
form 

/         2wX        .     .     27raJ\ 

2/  =  e    '"  .  I  cos  -^ — 1-  t  sm  ^—  ). 

B. 

§  3.  Complex  Values  of  a  Function. — The  result  of  the 
foregoing  discussion  is  to  show  that  although  x  is  itself  a  real 
number,  measuring  the  position  of  a  point  upon  a  line,  the 
values  of  the  function  ( -  ry  must  (except  in  special  cases) 
be  thought  of  as  complex.  The  function  may,  in  fact,  be 
expressed  alternatively  by  the  symbolism  r'(cos  ttX  +  i  sin  ttx) 
and  has  a  tridimensional  graph.  The  vibration  curves  drawn 
in  Nos.  4,  5  are  the  graphs  respectively  of  the  "  real  "  and 
the  "  imaginary  "  parts  of  the  function.  To  avoid  confusion 
we  have  not  hitherto  represented  the  value  of  the  func- 
tion by  the  customary  symbol  y,  but  there  is  no  harm  in 
doing  so  if  we  remember  that  y  is  in  this  case  a  complex 
number  just  as  x  was  in  Ex.  XCIV.  In  the  former  exercise 
the  statement  that  the  a;-coordinate  of  a  point  was  a  complex 
number  of  the  form  a  +  ib  told  us  that  it  was  to  be  found  by 
measuring  from  the  y-a,xis  a  distance  a  parallel  to  the  a;-axis 
and  then  a  distance  b  perpendicular  to  the  paper.  The  start- 
ing-point upon  the  y-axia  was,  of  course,  determined  by  the 
value  of  y,  which  was  always  a  single  or  "real"  number. 
Similarly,  to  state  that  the  ^/-coordinate  of  a  point  is  a  com- 
plex number  a  +  ib  is  to  indicate  that  it  is  to  be  found  by 
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starting  from  a  certain  point  on  the  a;-axis  (given  by  the 
"real"  a;-coordinate)  measuring  a  distance  a  parallel  to 
the  2/-axis  and  then  a  distance  h  at  right  angles  to  the  plane 
of  the  paper. 

The  great  difference,  then,  between  the  investigations  of 
Ex.  XCIV  and  those  of  the  present  exercise  is  that  in  the 
former  we  were  studying  cases  in  which  complex  values  of 
the  independent  variable  give  real  values  of  the  function, 
while  we  have  been  considering  here  a  case  in  which  real 
values  of  the  independent  variable  give  complex  values  of  the 
function.  The  following  examples  illustrate  other  cases  of  the 
second  type. ' 

Examples : — 

13.  Determine  the  graph  which  represents,  in  the  case 
o£  the  implicit  function  x'^  +  y^  =  4,  the  values,  real  and 
complex,  of  y  which  correspond  to  real  values  of  x.  Com- 
pare it  with  the  graph  of  Ex.  XCIV,  No.  11. 

14.  Deal  similarly  with  the  function  a;^  +  i/^  +  4  =  0. 

15.  Deal  similarly  with  the  functions  a;^/9  +  2/^/4  =  1  and 
a;79  +  2/^4  =   -  1. 

16.  Deal  similarly  with  the  functions  03^/9  -  1/^/4  =  1  and 
£c79  -  2/2/4  =   -  1. 

17.  It  was  seen  in  Ex.  LXXV,  No.  14,  that  the  origin  is  an 
isolated  point  of  the  graph  of  the  function 

2/2  =  x'^{x  -  1). 
Show  that  the  isolation  disappears  if  account  is  taken  of  the 
complex  values  of  y  which  correspond  to  real  values  of  x. 

C. 

§  4.  The  roots  of  t.  1. — If  in  fig.  82  the  value  of  r  became 
unity  the  curve  would  become  a  straight  line  distant  a  from 
the  a;-axis — or  at  unit  distance  if  a  =  1.  The  corresponding 
spiral  would  evidently  be  one  in  which  every  point  is  at  unit 
distance  from  the  axis  ;  its  vertical  projection  would  be  the 
continued  cosine  curve  represented  by  fig.  87  (p.  224)  begin- 
ning with  the  ordinate  PjQi,  and  its  horizontal  projection 
the  sine  curve  represented  by  the  figure  as  it  stands.  The 
formula  of  the  spiral  would  be 

2/  =  ( -  1)'       or       y  =  cos  irx  +  i  sin  -n-x. 
We  may  conveniently  suppose  this  spiral  to  be  traced  out  in 
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space  by  the  end-point  of  a  single  ordinate  which,  starting 
from  the  position  OP  of  fig.  82,  advances  uniformly  along 
OA  and  turns  at  a  uniform  rate  as  it  proceeds. 

Examples : — 

18.  After  travelling  a  certain  distance  the  angle  through 
which  OP  has  turned  is  6  ;  when  it  has  travelled  n  times  as 
far  the  angle  will,  of  course,  be  nO.  Write  down  the  complex 
numbers  which  give  the  two  positions  of  P.  Use  De  Moivre'a 
theorem  to  prove  that  the  second  point  of  the  spiral  corre- 
sponds to  the  ?ith  power  of  the  number  represented  by  the 
first  point,  and  that  the  first  point  corresponds  to  the  «th  root 
of  the  number  represented  by  the  second  point. 

19.  When  the  moving  ordinate  has  turned  through  180° 
the  point  which  it  marks  out  on  the  spiral  corresponds  to  -  1. 
The  point  marked  out  when  it  has  turned  through  60°  corre- 
sponds, therefore,  to  the  cube  root  of  -  1.  Write  this  number 
in  the  form  a  +  ih. 

20.  When  the  moving  ordinate  has  turned  through  540° 
the  point  y  again  has  the  value  -  1.  The  point  marked  out 
by  6  =  TT  is  therefore  also  a  cube  root  of  -  1.  This  is,  of 
course,  the  ordinary  or  "real"  cube  root. 

21.  Show  that  there  is  a  third  cube  root  of  -  1  correspond- 
ing to  the  point  where  the  moving  ordinate  has  turned 
through  300°.      Calculate  its  value. 

22.  Show  that  the  moving  ordinate  will  mark  out  an 
infinite  number  of  cube  roots  of  -  1  but  that  each  one  will 
be  identical  with  one  or  other  of  the  three  roots  of  Nos.  19-21. 
Compare  these  roots  with  those  obtained  in  Ex.  XCIV,  No.  7. 

23.  Investigate  the  cube  roots  of  +  1. 

24.  Investigate  the  fourth  roots  of  -f-  1  and  -  1. 

25.  Indicate  expressions  for  the  «th  roots  of  -f-  1  and  -  1, 
n  being  any  non- directed  integer. 

26.  Throw  the  complex  number  3  -f  4i  into  the  form 
r(cos  6  +  i  sax  6).  Find  the  points  on  the  spiral  which  cor- 
respond to  the  square  roots  of  the  second  factor  and  express 
those  roots  as  complex  numbers.  Hence  write  down  the  two 
square  roots  of  3  -t-  4i  in  the  form  a  -f  ib.  [Since  the 
modulus  r  is  non-directed  its  square  root  will  have  no  sign.] 

27.  Find  in  the  form  a  +  ib  the  square  roots  of  12  -  5i. 

28.  Write  down  the  three  cube  roots  of  4  -  3*. 
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29.  Write  down  a  general  expression  for  calculating  the 
5th  roots  of  8  +  15*. 

30.  Show  that  the  factors  of  x^  -  2a!  cos  6  +  1  are 
a!  -  cos  ^  -  i  sin  Q  and  x  -  cos  ^  +  i  sin  6.  Write  down 
the  factors  of  oi?  -  l-6a;  +  1  and  of  o^  +  0'8a;  +  1. 

31.  Write  down  the  four  factors  of  a;*  +  1.  Derive  from 
them  two  real  quadratic  factors  of  the  same  expression. 

32.  Express  a;^  +  1  as  the  product  of  three  real  quadratic 
factors. 


EXBECISE  XOVI. 
THE  RELATIONS  BETWEEN  TWO  COMPLEX  VARIABLES. 


§  1.  Both  Variables  may  be  Complex. — In  Ex.  XCIV  we 
considered  cases  in  which  complex  values  of  the  independent 
variable  x  are  associated  with  real  values  of  the  independent 
variable  y.  In  the  last  exercise  we  had  before  us  cases — in- 
cluding one  of  special  interest  and  importance — in  which  real 
values  of  x  lead  to  complex  values  of  y.  The  whole  of  the 
earlier  part  of  our  work  in  algebra  dealt  with  cases  in  which 
both  X  and  y  are  real.  It  is  natural  to  expect  that  this 
classification  will  be  completed  by  oases  in  which  both  the 
variables  are  complex. 

Examples : — 

1.  Show  in  the  case  of  the  parabolic  function 

y  =  ax'^  +  bx  +  c, 
if  a;  is  a  complex  number  u  +  iv,  that  y  is,  in  general,  also  a 
complex  number.     If  the  complex  values  of  y  be  symbolized 
by  U  +  *V  write  down  the  equivalents  of  U  and  V  in  terms 
of  u,  V,  and  the  coefiBcients. 

2.  Show  that  y  will  not  be  real  unless  either  «  =  0  or 
u  =  -  b/2a.  Show  that  in  the  solution  of  a  quadratic  equa- 
tion the  second  of  these  conditions  is  always  fulfilled. 

3.  Show  that  il  x  =  u  +  iv  the  value  of  y  in  the  function 
y  =  ax'  will  be  complex  except  when  v/u  =  t  J3  or  0. 

4.  As  was  seen  in  Part  I,  p.  241,  a  function  of  x  of  the 
third  degree  can  always  be  reduced  to  one  of  the  form 

y  =  ax'  +  bx  +  c. 
Supposing  that  y  —  J]  +  iY  when  x  =  u  +  iv,  express    U 
and  V  in  terms  of  u,  v,  and  the  coefficients. 
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5.  Write  down  the  alternative  conditions  that  the  value  of 
y  in  No.  4  may  be  real. 

6.  In  the  case  of  the  function  y  =  ax"  the  complex  values 
of  X  are  expressed  in  the  form  r(cos  6  +  i  sin  0).  "What  ex-^ 
presaions  give  the  values  of  U  and  V  ?  What  is  the  condition 
that  y  shall  be  real  ?  Show  that  it  can  be  expressed  in  the 
form  6  =  S7r/re,  where  s  is  any  whole  number. 

7.  Apply  the  results  of  No.  6  to  the  function  y  =  ax^. 
How  does  the  condition  that  y  shall  be  real  agree  with  the 
one  determined  in  No.  3  ? 

8.  In  the  case  of  the  function  y  =  ^x,  what  is  the  value 
of  y  when  x  =  r(cos  0  +  i  sin  6)7  Show  that  all  the  values 
of  0  for  which  y  is  real  are  included  in  the  formula  6  =  smr 
where  s  is  any  integer. 

9.  Given  that  x  =  r(cos  6  +  i  sin  6)  show  that 

a^  _  a;2  _  j{(cos  ^  -  t  sin  <j)) 

where  E  =  ^(a*  +  r*  -  2aV  cos  26) 

,  .       _,  r^  sin  26 

and  tan  ^  =  -= = ^. 

a^  -  r^  cos  26 

10.  Use  the  result  of  No.  9  to  express  as  a  complex  number 
the  value  of  y  in  the  case  of  the  function 

y  =  ^{a^  -  x^) 
when  x  =  r(cos  6  +  i  sin  6).  Show  that  y  will  be  real  only 
ii  6  =  STr/2,  s  being  any  whole  number.  Show,  further,  that 
it  follows  from  these  conditions  that  if  y  is  to  be  real  either 
X  =  tr  or  X  =  tir.  Compare  with  the  results  of  Ex. 
XCIV,  No.  11. 

B. 

§  2.  Graphic  Bepresentation. — We  have  seen  in  the  two 
preceding  exercises  that  it  is  possible  to  represent  by  a  tridi- 
mensional graph  all  cases  in  which  one  of  the  two  variables 
X  and  y  is  complex  and  the  other  real.  When  x  is  complex 
and  of  the  form  u  +  iv  it  can  be  taken  to  describe  the  position 
of  a  point  which  is  reached  by  travelling  from  the  origin 
a  distance  u  along  the  ic-axis  and  then  a  distance  v  at 
right  angles  to  the  a;-axis  in  a  plane  perpendicular  to  the 
paper.  The  real  coordinate  y  directs  how  far  the  point  is 
now  to  be  moved  parallel  to  the  plane  of  the  paper  and  also 
parallel  to  the  y-axis.  Similarly,  when  y  =  TJ  +  iY  is  com- 
plex and  X  is  real,  the  point  must  first  travel  from  the  origin 
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a  distance  U  along  the  y-axis  and  then  a  distance  V  perpen- 
dicular to  the  plane  of  the  paper.  Finally  it  must  move 
through  the  distance  x  parallel  to  the  plane  of  the  paper  and 
to  the  a;-axis. 

Now  when  x  =  u  +  iv  and  2/  =  U  +  iV  it  is  evident  that 
this  mode  of  representation  must  break  down  ;  for  to  repre- 
sent two  complex  numbers  we  need  four  independent  directions 
in  which  to  represent  graphically  the  four  numbers  M,  v,  U,  V, 
and  space  provides  us  with  only  three.  We  must,  therefore, 
in  this  case  employ  some  other  mode  of  representing  our 
variables.  It  will  probably  occur  to  the  student  who  has 
worked  Ex.  XCI,  B,  in  Section  V,  that  the  method  of  "  pro- 
jections "  might  well  be  used  for  this  purpose,  and  it  is,  in 
fact,  the  one  generally  employed.  The  principle  of  the 
method  is  to  take  two  planes  upon  which  to  represent  re- 
spectively the  complex  values  of  x  and  y.  The  function  will 
here  play  the  part  of  the  "  law  of  the  projection  "  in  Section 
V,  for,  given  a  point  upon  one  of  the  planes,  it  will  determine 
the  position  of  the  point  corresponding  to  it  upon  the  other. 
As  in  the  case  of  projections,  the  effect  of  the  law  of  the 
connexion  between  the  complex  variables  is  best  brought  out 
by  drawing  upon  the  plane  of  one  of  them  a  network  deter- 
mined by  lines  drawn  upon  some  definite  principle  and  then 
drawing  upon  the  other  plane  a  network  whose  lines  corre- 
spond, one  by  one,  to  those  of  the  former.  Two  kinds  of  net 
suggest  themselves  as  appropriate  for  mapping  out  the  plane 
of  the  independent  variable.  If  we  consider  its  value  in  the 
form  u  +  iv  the  net  will  naturally  consist  of  two  series 
of  parallel  lines  dividing  the  field  into  equal  squares — the 
vertical  lines  corresponding  to  constant  and  equidistant  values 
of  u,  and  the  horizontals  corresponding  in  the  same  way  to 
the  values  of  v.  On  the  other  hand,  if  we  think  of  it  in  the 
form  r(cos  6  +  i  sin  6)  the  net  will  naturally  consist  of  a 
series  of  radiating  lines,  making  with  one  another  equal  angles 
corresponding  to  equidistant  values  of  6,  crossed  by  a  series 
of  concentric  circles  corresponding  to  equidistant  values  of  r. 

The  student  may  already  have  felt  the  need  of  some  sym- 
bolism to  make  unnecessary  the  constant  repetition  of  the 
phrases  "  complex  values  of  x,"  "  real  values  of  y,"  etc.  In 
what  follows  the  use  of  the  symbols  x  and  y  is  to  be  taken  as 
implying  that  only  real  values  of  the  variables  are  in  ques- 
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tion.     When  the  argument  is  meant  to  apply  to  complex  as 
well  as  to  real  values  we  will  use  the  symbols  x  and  y. 

Examples : — 

11.  Take  a  sheet  (or  part  of  a  sheet)  of  squared  paper  to 
represent  the  a;-plane,  graduating  the  vertical  and  horizontal 
and  vertical  lines  to  represent  values  of  u  and  v  from  -  4  to 
+  4  in  each  case.  On  another  sheet  (or  part  of  the  same 
sheet),  chosen   to  represent  the  ^/-plane,  and  graduated  to 

show  values  of  U  and  V,  draw  lines  corresponding  to  the 
y-net  in  accordance  with  the  function 

y  =  y^- 

12.  On  the  y-plane  draw  the  line  which  connects  all  points 
where  v  =  l'5u.  Draw  the  projection  or  "  transformation  " 
of  this  line  in  the  ^/-plane,  making  use  of  the  nets  to  fix  the 

correspondences  of  the  points. 

13.  In  the  x-plane  draw  the  curve  through  the  points 
where  u  =  ^v^.     Draw  the  corresponding  line  in  the  y-plane. 

14.  On  a  sheet  of  plain  paper  draw  a  net  to  represent 
values  of  r  and  6  in  the  a;-plane.  Draw  the  radiating  lines 
at  intervals  of  15°  and  graduate  the  r-circles  up  to  4.  Draw 
elsewhere  a  second  set  of  rays  and  circles  representing  the 
transformation  of  the  net  in  accordance  with  the  function 

y  =  O'lofi. 

15.  Draw  on  the  a;-net  the  curve  through  the  points  for 
which   r  =  4  sin  6.     Draw  the  corresponding   line   on  the, 
y  net. 

16.  Use   the  results   of   Nos.  9,    10    to  draw  a   y-net  in 

which  the  rays  and  circles  correspond  to  those  of  the  a;-net  in 
accordance  with  the  function 

Mark   in  some  special  way  the  lines  in  the  ^/-plane  which 

represent  real  values  of  y  and  the  lines  in  the  x-plane  to  which 
they  correspond. 


BXEECISB  XCVII. 

THE  LOGARITHM  OF  A  COMPLEX  NUMBER. 

§  1.  Graphic  Bepresentation  of  log  x. — The  preceding 
exercises  of  this  section  have  illustrated  the  meaning  and  use 
of  the  symbolism  a;"  where  x  represents  any  complex  number. 
We  are  now  to  inquire  whether  there  is  a  meaning  and  use 
for  the  symbolism  log  x.  Our  guiding  principle  must,  of 
course,  be  that  if  any  expression  can  be  symbolised  by  the 
form  log  X  it  must  combine  with  other  expressions  of  the 
same  type  in  accordance  with  the  laws  of  logarithms.  For 
example,  if  x-y  and  x^  ^^^  *^°  complex  numbers  then 
log  Cp^  +  log  SCj,  =  log  (  Xj  X   x^) 

and  log  x^  -  log  x^  =  log  (xjx^)  ...  (A) 
Similarly,  if  x  is  a  complex  and  p  an  ordinary  (or  "  real  ") 
number 
log  px  =  log  p  +  log  X  and  log  {pjx)  =  log  p  -  log  x  .  .  .  (B) 

Let  fig.  83  be  the  plane  containing  the  points  which  repre- 
sent the  different  values  of  x,  O  being  the  origin  and  OA  the 
initial  line.  Let  fig.  84  be  the  plane  containing  the  points 
which  are  to  represent  the  different  values  of  log  x.  Then 
our  problem  is  to  find  some  rule  of  correspondence  between 
the  points  in  figs.  83  and  84  which  shall  be  in  accordance 
with  the  special  laws  of  the  logarithmic  function  as  well  as 
with  the  general  properties  of  complex  numbers. 

Let  ajj  =  rj(cos  6  +  i  sin  6)  be  represented  by  Pj  in  fig.  83. 
That  is,  let  Op-^  =  rj  and  let  A^OA  =  6,  the  angle  through 
which  Opj  is  rotated  to  bring  p^  into  the  position  Pj.  Then 
by  condition  (B)  we  have 

logajj  =  logrj  (cos  6  +  ininO)  =  logr^  +  log  (cos  &  +  isinO). 
That  is,  log  ajj  can  be  expressed  as  the  sum  of  two  terms,  of 
which  one  corresponds  to  the  modulus  r-^  and  the  other  to  the 
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rotation  through  the  angle  6.     Similarly,  if  oc^  =  r^  (cos   6 
+  %  sin  6)  be  represented  in  fig.  83  by  Pg,  we  have 
log  scj  =  log  rj  +  log  (cos  6  +  isin  9). 
One  obvious  way  to  take  account  of  these  facts  in  repre- 
senting the  logarithms  in  fig.  84  is  to  mark  o£f  Opj  =  log  r^ 


-5t- 


10    A 


Fig.  83. 

and  Opj  =  log  r-i  and  to  erect  at  these  points  equal  perpen- 
diculars jjjP^  and  p^2  °^  some  convenient  height.  The 
points  Pj  and  Pj,  thus  determined,  would  indicate  by  their 
positions  that  they  represent  logarithms  each  of  which  is  the 
sum  of  two  components — one  component  being  the  logarithm 
of  the  modulus  of  x  (different  in  the  two  cases),  the  other  the 
amplitude   of   x  (the  same  in    the  two   cases).     Upon  this 
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principle  of  representation   the  logarithms  of  all  points  on 
OAj,  in  fig.  83,1  would  be  represented  in  fig.  84  by  points  on 

the  dotted  line  Aj  parallel  to  OA.  ■  y     i  • 

To  find  a  law  regulating  the  distance  of  the  line  Aj  (fig.  84) 
from  A  we  have  the  following  argument.     Let  some  other 
point  in  fig.  83  (e.g.  the  point  P^)  represent  cp  =  r(cos  nO 
+  i  sin  nO)  where  r  is  the  distance  0^^  and  n6  (i.e.  n  times 
AOA,)  is  the  anticlockwise  angle  AOAg  through  which  0^^ 
must  be  rotated  to  bring  p^  to  the  position  P^.    Then  as  before 
log  SO-  =  log  r(cos  nO  +  i  sin  6),>    i  ;      •• 
=  log  r  +  log  (cos  nd  +  i  sin  nff) 
=  log  r  +  log  (cos  ^  +  *  sin  6)" 
—  log  r  +  n  log  (cos  ^  +  *  sin  6). 


Pfdogx,)  Pjlogx^) 


p, 

P2 

^* 

(log  r,) 

Pig.  84. 

(log 

Hence  the  logarithms  of  all  points  on  the  line  OP4  in  fig.  83 
must  be  represented  in  fig.  84  by  points  on  a  line  Aj  n  times 
as  far  from  OA  as  Aj  is.  We  conclude,  then,  that  if 
X  =  r(cos  ^  +  i  sin  ff)  be  any  point  in  fig.  83  its  logarithm 
may  be  represented  by  a  point  U  +  iV  in  fig.  84  such  that 
U  =  log  r  while  V  is  proportional  to  0. 

§  2.  Symbolic  definition  of  log  x. — This  conclusion  is  ex- 
pressed symbolically  in  the  form 

log  X  =  log  r(cos  6  -^  iwaO)  =  log  r  +  ihO 

1  This  phrase  is,  of  course,  an  abbreviation  for  "the  logarithms 
of  all  values  of  x  which  are  represented  by  points  on  OAi  ". 
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where  h  is  some  undetermined  constant.  It  is  most  impor- 
tant to  understand  clearly  what  this  statement  means  and  what 
it  does  not  mean.  It  does  not  mean  that  we  have  proved  that 
logo;  =  logr  +  ik6;  for  we  deliberately  assumed  that  the 
terms  log r  and  log  (cos B  +  ism  ff)  should  be  represented  in 
fig.  84  by  distances  along  and  at  right  angles  to  OA.  All  we 
have  proved  is  that  if  they  are  -so  represented  the  distances 
at  right  angles  to  OA  must  be  proportional  to  the  values  of  6. 
Thus  the  relation 

logo;  =  logr  +  ikO- 
must  be  regarded  as  our  definition  of  log  x.  The  point  may 
be  repeated  thus  :  Since  x  is  not  a  real  number  it  can  have 
no  logarithm  in  the  original  sense.  Nevertheless,  if  we  can 
find  a  complex  number  derived  in  some  definite  way  from  the 
complex  number  x  and  of  such  a  character  that,  when  mani- 
pulated, its  behaviour  agrees  with  the  laws  of  real  logarithms, 
we  are  entitled,  if  we  please,  to  call  it  "  the  logarithm  of  x  ". 
Since  the  complex  number  log  r  -f  ikO  complies  with  these 
two  conditions  we  are  at  liberty  to  consider  it  as  the  logarithm 
of  a;  =  r(cos  0  +  i  sin  6). 

Two  points  remain  for  discussion  :  the  "  base  "  of  the  logar- 
ithms and  the  value  of  the  constant  k.  Since  log  x  is  not  a 
logarithm  in  the  original  sense  its  base  cannot  be  determined 
in  the  same  way  as  that  of  a  numerical  logarithm.  On  the 
other  hand  log  r  (in  the  complex  number  log  r  -i-  ikd)  being 
a  numerical  logarithm  must  have  a  numerical  base.  It  is 
natural,  therefore,  to  define  the  base  of  log  x  as  the  same  as 
the  base  of  log  r.  We  have  seen  that  although  logarithms  to 
base  10  are  most  convenient  in  numerical  calculations  logar- 
ithms to  base  e  yield  simpler  expressions  in  many  manipula- 
tions. For  this  reason  we  shall,  here  and  henceforward, 
always  assume  that  the  base  of  the  logarithms  is  e  unless 
another  base  is  mentioned.  With  real  logarithms  we  have 
the  relation 

log„a;  =  log,a;  x  log„e  =  log^/log.a. 
We  must  assume,  therefore,  that 

log„a;  =  (log,r  +  ihff)  x  log„e 

=  log„r  +  ik'O 

where  the  new  constant  k'  =  k  x  log„e.     This  result  suggests 

that  when  the  base  is  e  it  will  be  most  convenient  to  assume 

k  =  1.     Since  we  have  at  present  no  principle  upon  which  to 
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decide  the  value  of  k  this  assumption  is  permissible.     If  it 
should  turn  out  later  to  be  incompatible  with  other  properties 
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Fig.  85. 
which  log  X  ought  to  possess  we  must  change  it.^     In  oon- 

^  We  may  have,  for  the  same  reason,  to  abandon  the  definition 
log  X  =  log  r  +  ihi  altogether. 
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elusion,   then,    we    shall   adopt,   when   the   base   is   e  and 
X  =  r(oos  ^  +  t  sin  0),  the  definition 

log  a;  =  log  r  +  IB. 

§  3.  Mapping  out  the  Plane  of  log  x. — We  are  now  in  a 
position  to  map  out  the  plane  in  which  log  x  {—  log  r  +  it)) 
is  to  be  represented.  Fig.  85  taken  in  connexion  with  fig.  83 
shows  how  the  map  is  to  be  constructed.  The  graduations 
of  the  axis  OA  are  values  of  log  r  ;  those  of  the  axis  OB  are 
values  of  $.  In  fig.  83  the  angle  AOAj  is  22°  55' ;  the  circular 
measure  of  this  angle  is  0'4:.  Thus,  if  a;  is  a  point  on  OA^  in 
fig.  83,  log  a;  is  a  point  on  the  line  Aj  in  fig.  85  drawn  through 
the  graduation  O-i  on  OB.  In  fig.  83  Pj  represents  the  com- 
plex number  4(cos  0'4  +  i  sin  0-4),  Pj  the  complex  number 
8(cos0-4  +  i  sin  0-4).  Log.  4  =  +  1-39  and  log.  8  =  +  2-08; 
the  corresponding  points  Pj  and  Pj  in  fig.  85  lie,  there- 
fore, on  the  line  Aj  above  the  graduations  +  1'39  and  +  2-08 
respectively.  Similarly  if  a;  lies  (in  fig.  83)  on  the  line  OAg 
(AOAj  =  45°  50',  e  =  0-8),'  the  line  OA3  {6  =  ^2),  the  line 
OA^  (AOA^  =  143°  14',  6  =  2-6),  the  line  OA5  {6  =  -ir),  the 
line  OAg  {6  =  4'0)  or  the  line  OA^  {0  =  5-0),  log  x  is  repre- 
sented in  fig.  85  by  some  point  on  the  line  A^,  the  line  A3, 
the  line  A4,  the  line  Aj,  the  line  Ag,  or  the  line  A^ — these  lines 
being  drawn  through  the  points  of  OB  whose  graduations  are 
0-8,  ir/2,  2-5,  TT,  4-0,  or  5-0.  Por  example,  P^  (in  fig.  83)  is 
the  point  where  x  =  10(eos  4'0  +  i  sin  4'0)— that  is,  it  was 
brought  to  its  position  from  p^  by  an  anticlockwise  revolution 
of  the  line  0^3^  through  228°  57'  {0  =  4-0).  The  point  P^ 
which  represents  log  x  in  fig.  85  lies,  therefore;  on  the  line 
Ag  above  the  graduation  log„  10  =  2-3. 

It  is  obvious  that  if  the  point  which  represents  x  in  fig.  83 
travels  round  the  circle  ^a-^s-Ps  (*■  =  8)  *^^  point  represent- 
ing log  X  in  fig.  85  will  travel  up  the  vertical  line  L  through 
the  graduation  2-08  (  =  log.S)  on  OA.  When  x  has  tra- 
velled completely  round  its  circle  log  x  ^  will  have  reached 
in  fig.  85  the  line  A'  which  is  drawn  through  the  graduation 
2ir  on  OB.  As  x^  reaches  in  the  course  of  a  second  revolution 
the  lines  OAj,  OA2,  etc.,  for  the  second  time,  log  x,  still 
travelling  up  L,  will  reach  the  lines  A'l  (^  =  27r  H-  0'4  =  6-68), 

1  Abbreviations  for  "the  point  representing  x''  ;  "the  point 
representing  log  x  ". 
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A  2  (6  =  277  +  0-8  ==  7-08),  etc.  When  X  has  gone  twice 
round  the  circle  log  x  will  have  reached  a  line  through  the 
graduation  iir  on  OB,  and  so  on  for  ever. 

Lastly  we  note  that  if  x,  starting  from  p^  in  fig.  83,  travels 
in  the  negative  direction  round  the  circle  log  x  will  move 
from  OA  in  fig.  85  down  the  line  L.  Thus  when  x  lies  on 
the  line  OA^  (the  negative  angle  AOA^  =  73°  31',  $  =  '-  1-28), 
log  X  will  be  on  the  line  A'^  distant  1-28  below  OA.  Thus 
there  is  a  value  of  log  as  (and  only  one  value)  corresponding 
to  every  possible  value  of  ^  in  a;  =  r(oos  6  +  i  sin  0). 

Examples : — 

1.  On  a  sheet  of  plain  paper  map  out  the  field  of  a;  = 
r(cos  ^  +  i  sin  9)  in  the  way  illustrated  by  fig.  83.  Graduate 
the  initial  line  from  0  to  10  or  12  and  draw  circles  through 
the  graduations  2,  4,  6,  etc.  (or  the  graduations  1,  2,  3,  etc., 
if  your  scale  is  sufficiently  large).  Draw  radial  lines  for 
e  =  0-4,  0-8,  1-2,  etc.  (or  for  0  =  0-2,  0'4,  0-6,  etc.).  Con- 
tinue these  lines  at  least  as  far  as  6  =  8'0.  Distinguish  the 
radial  lines  of  the  second  revolution  by  drawing  them  broken 
or  in  some  other  way.  Label  each  radial  line  with  the  proper 
value  of  6. 

2.  Graduate  axes  on  a  sheet  of  squared  paper  so  that  the 
net-work  on  it  may  be  regarded  as  mapping  out  the  field  of 
y  =  log  X  =  log  r(cos  6  +  isin  6).    Make  provision  for  values 

of  logr  from-f-  lOHo  -  10  and  of  6  from  -f- 10  to  -  10.     Draw 
heavily  and  label  the  lines  corresponding  to  ^  =  t  2rr. 

3.  Insert  in  the  net  of  No.  1  the  points  which  represent 
the  following  values  of  ^ :  (i)  3(cos  0'7  +  i  sin  0-7) ; 
(ii)  10(cos  1-2  4-  i  sin  1-2) ;  (iii)  0-5(eos  5-5  +  i  sin  5-5) ; 
(iv)  0'2(cos  8'0  +  i  sin  8-0).     Letter  the  points  distinctively. 

4.  In  the  net  of  No.  2  insert  the  points  which  represent 
the  corresponding  values  of  log  x.  Letter  them  similarly  to 
those  in  No.  3. 

5.  Insert  in  your  nets  the  points  representing  x  and  log  x 
respectively  when  x  has  the  following  values.  Letter  the 
points  similarly:  (i)  7-647  +  6-443i;  (ii)  -  3-33  -f-  7-274«; 
(iii)  0-09975  -1-  0-007068i ;  (iv)  0-6536  -  0-7568i ; 

(v)  10-9956*. 

6.  Insert  in  the  net  of  No.  2  points  representing  the  follow- 
ing logarithms:  (i)  log{1000(cos  5-0  +  i  sin  5-0)}; 

14  * 
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(ii)  log  (  -  0-001455  +  0-009894i) ;  (iii)  log  0-5(cos  400°  - 
i  sin  400°). 

7.  "Every  real  number  x  must  be  supposed  to  have,  in 
addition  to  its  numerical  logarithm,  an  endless  number  of 
complex  logarithms  of  the  form  log  x  +  2mri,  where  n  may 
be  any  positive  or  negative  integer."  Explain  this  statement 
by  means  of  the  net  of  No.  2. 

8.  Given  that  c  =  a(cos  0  +  i  sin  0)  show  that  the  points 
representing  log  c"  (where  n  may  have  any  value,  positive  or 
negative)  all  lie  in  the  net  of  No.  2  upon  a  straight  line 
through  the  origin  inclined  at  an  angle  tan~i  0/log  a  to 
the  axis  of  logarithms.  Draw  this  line  in  the  case  of 
c  =   -  3-074  +  6-72i. 

9.  By  means  of  the  equivalence 

( -  1)"  =  cos  irx  +  i  sin  ttx 

show  that  log  (cos  6  +  i  sin  0)  =  ~  log  i. 

Hence  show  that,  if  log  (cos  6  +  i  sin  6)  =  iO,  then 


.  TT 


log  i  =  i 

10.  By  the  laws  of  logarithms   log  {ib)  =  log  b  +  log  i. 
But  since 

ib  =  6  (cos  •7r/2  +  i  sin  7r/2) 
we  have  also  log  ib  =  log  &(oos  7r/2  +  i  sin  ir/2). 
Show  by  means  of  No.   9  that  these  two  expressions  for 
log   (ib)  are  equivalent   and  that  their  agreement  may  be 
taken  as  evidence  of  the  propriety  of  assuming 
log  (cos  6  +  i  sin  0)  =  iO. 


BXBEGISE  XCVIII. 

SUPPLEMENTARY  EXAMPLES.^ 
A.  The  "Exponential  Values  "  of  the  Sine  and  Cosine. 

§  1.  j1  New  Symbolism  for  the  Circular  Functions. — The 
investigation  of  the  preceding  exercise  leads  to  a  new  and 
striking  symbolism  for  cos  6  and  sin  6.  Since  we  can  test 
the  validity  of  this  symbolism  by  means  of  the  known  pro- 
perties of  the  sine  and  cosine,  the  argument  offers  a  useful 
verification  of  the  assumptions  made  in  Ex.  XCVII. 

In  the  case  of  real  logarithms  if  logp  =  g  we  can  always 
write  e'  =  p.  If  log  x  is  to  conform  with  the  laws  of  real 
logarithms,  the  same  transformation  must  be  supposed  pos- 
sible.    That  is,  we  must  regard 

log  X  =  log  r  +  i6 
and        X  =  fii's-'  +  's 

as  alternative  symbolisms  for  expressing  the  same  relation. 
Moreover,  the  expression  e^°'''  '"  '*  must  be  supposed  amenable 
to  the  laws  of  real  indices. 

Examples : — 

1.  Show  that  e'°* ''  =  r,  (assuming  that  log  r  means  log.r). 

2.  Hence  show  that  x  =  re*^  and  that 

cos  6  +  i  sin  $  =  e*'. 

3.  Show  (by  replacing  6  hy  -6)  that 

cos  6  -  i  sin  6  =  e'^^. 
Hence  show  that 

cos  6  =  (e'«  +  e-'«)/2 
sin  e  =  (e'»  -  e-*«)/2i. 

4.  Explain  carefully  and  clearly  the  meaning  of  the  last 

'  This  exercise  is  to  be  reserved  until  Ex.  CIX  has  been  worked, 

213 


214  ALGEBEA 

two  results.  They  are  generally  called  the  exponential 
values  of  the  cosine  and  sine. 

5.  Test  the  vahdity  of  the  symbolic  equivalents  for  cos  6 
and  sin  6  by  seeing  whether  they  make  (i)  cos^^  +  sin^^  =  1 ; 
(ii)  cos^e  -  sin2^  =  cos  26 ;  (iii)  JTT'taiaFd  =  secO;  (iv) 
cos  6/^(1  -  oos^e)  =  cot  e. 

6.  If  we  had  assumed  log(cos  9  +  i  sinO)  =  M  what  ex- 
ponential symbolism  for  cos  0  and  sin  6  would  have  been  de- 
duced ?   Would  it  have  satisfied  the  relation  cos^^  +  sin^^  =  1  ? 

7.  Given  (i)  that  y  =  ^(e'"  +  e  -'") 

and  (ii)  that  y  =^.{0"  -  e'  "), 

find  in  each  case  an  expression  for  Sy/Sx.  How  do  the 
results  confirm  the  validity  of  the  exponential  values  of  the 
sine  and  cosine  ? 

8.  Given  that  y  =  i{e"^  +  e  "  "==)  find  By/Sx.  What  de- 
duction do  you  draw  from  your  result  ? 

9.  "It  is  evident  that  e''  is  a  periodic  function  whose  period 
is  2ir."     Explain  this  statement. 

10.  Use  the  exponential  symbolism  for  the  cosine  and  sine 
to  prove  the  following  identities  : — 

(i)  cos  3^  =  4  cos'9  -  3  cos  6  ;        (ii)    sin  3d  =  3  sin  fl  -  4  sin'fl  ; 
(iii)  sin  (a  +  ;8)  =  sin  a  cos  ^  +  cos  a  sin  3  ; 
(iv)  2  sin  a  cos  /3  =  sin  (a  +  |8)  +  sin  (a  -  ff). 

B.  CifiCULAE  Functions  of  the  Complex  "Vaeiablb. 

11.  Write  side  by  side  the  exponential  expressions  for  cos  x 
and  cosh  x,  sin  x  and  sinh  x,  so  as  to  bring  out  the  analogy 
between  them. 

12.  Show  that  cos  iv  =  cosh  v  and  that  sin  iv  =  i  sinh  v. 

13.  Prove  that  sin  (u  +  iv)  =  sin  u  cosh  v  +  i  cos  u  sinh  v. 
What  is  the  corresponding  equivalence  for  cos  {u  +  iv)  ? 

14.  Use  the  first  result  of  No.  13  to  represent  in  the  y- 

plane  the  lines  which  correspond  to  the  M-lines  and  'y-lines  in 
the  flj-net  in  accordance  with  the  function 
y  =  sin  X. 

15.  Do  the  same  in  the  case  of  the  function 

y  =  cos  a;. 


SECTION  VII. 

PEEIODIC  FUNCTIONS. 


EXBECISE  XCIX. 
CmeULAE  MEASURE. 

§  1 ,  Definition  and  Practical  Use  of  Gircula/r  Measure. — ■ 
The  student  who  has  worked  through  Part  I  learnt  (in 
connexion  with  Ex.  L)  how  the  earUer  modern  mathema- 
ticians calculated  their  tables  of  the  trigonometrical  ratios. 
It  is  not  necessary  to  describe  the  method  to  those  who  are 
unacquainted  with  it.  It  is  sufficient  to  state  that  it  is  a  ter- 
ribly tedious  business.  Our  present  purpose  is  to  examine  a 
method  by  which  the  sine  of  an  angle  (and,  from  the  sine,  the 
cosine  and  tangent)  can  be  calculated  approximately  in  the 
absence  of  tables. 

With  O  as  centre  draw  a  circle  of  unit  radius  and  take  in  it 
any  chord  AB  which  subtends  at  O  an  angle  2a.  From  0 
draw  OHB'  perpendicular  to  the  chord,  crossing  it  at  H  and 
meeting  the  circumference  at  B'.  Then  AH  =  sin  a.  Now 
we  shall  assume  that  as  the  chord  AB  grows  smaller  it 
becomes  more  nearly  equal  to  the  arc  AB'B.  This  assump- 
tion seems  justified  by  the  fact  that  if  AB  is  a  side  of  a  polygon 
of  n  sides  inscribed  in  the  circle,  the  polygon  becomes  indis- 
tinguishable from  the  circle  as  n  increases.  Consequently  the 
semi-chord  or  sine,  AH,  approaches  in  value  to  the  semi-arc 
AB'.     But  the  arc  can  easily  be  calculated.     In  a  circle  of 

unit  radius  its  length  is  x  x  -^t^j:,  a  being  the  angle  AOB'. 

It  will  be  useful,  therefore,  to  determine  how  nearly  7ra/180 
approximates  to  sin  a  for  different  values  of  the  angle. 

The  simplest  way  to  proceed  is  to  draw  a  graph  (fig.  86) 
showing  how  much  per  cent  sin  a  is  less  than  ■jra/lBO.  '  Suf- 
ficient data  are  obtained  by  considering  the  sines  of  0°,  30°, 
45°,  60°,  90°,  all  of  which  are  easily  calculated. 
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It  is  obvious  from  the  graph  that  for  small  angles  the  differ- 
ence between  the  sine  of  an  angle  and  the  are  of  a  circle  of 
unit  radius  subtending  that  angle  is  practically  negligible. 
Even  for  an  angle  relatively  so  large  as  10°  it  is  only  0-5  per 
cent  of  the  latter.  Thus,  for  such  angles,  when  no  great  de- 
gree of  accuracy  is  required,  the  easily  calculated  arc  ira/lSO 
may  be  substituted  for  sin  a  in  the  absence  of  tables.  This 
fact  alone  is  sufficient  to  suggest  that  a  special  name  should  be 
given  to  the  number  7ra/180.  It  is  called  the  circular  measure 
of  the  angle  whose  degiree  measure  is  a.     B[enceforward  WQ 
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shall  use  this  name  and  shall  generally  represent  angles  ex- 
pressed in  circular  measure  by  the  Greek  letters  6  and  <j>. 
The  letters  a  and  yS  will  represent  angles  measured  in  degrees 
as  hitherto.  The  unit  of  circular  measure  (i.e.  the  angle 
which  marks  off  an  are  of  unit  length  on  the  circumference  of 
a  circle  of  unit  radius)  is  called  a  radian. 

A. 
Examples : — 

1.  Calculate  to  four  places  of  decimals  the  number  of 
radians  in  an  angle  of  (i)  90° ;  (ii)  45° ;  (iii)  10° ;  (iv)  300° ; 
(v)  350°. 

2.  Calculate  the  value  of  one  radian  in  degrees,  minutes, 
and  seconds. 

3.  Use  the  result  of  No.  2  to  draw  up  a  table  of  the  values 
of  a  (to  the  nearest  minute)  corresponding  to  6  =  0'2,  0'4, 
0-6,  0-8,  1-0. 

4.  Draw  the  graph  described  in  §  1  above  but  plot  the  per- 
centage defects  above  an  axis  graduated  not  in  degrees  but  in 

■radians.     Eead  off  the  defects  for  the  values  of  6  given  in 
No.  8. 

5.  Calculate  the  tangents  of  30°,  45°,  60°  from  geometrical 
considerations.  Use  your  results  to  construct  a  table  for  tan  a, 
similar  to  the  one  for  sin  a  given  in  §  1  above. 

6.  Use  the  results  of  No.  5  to  add  to  the  graph  of  No.  4  a 
second  curve  showing  for  different  values  of  6  the  percentage 
excess  of  tan  6  above  6. 

7.  Eead  off  and  record  the  excess  for  each  of  the  values  of 
6  in  No.  3. 

8.  A  railway  track  rises  for  1000  yards  at  a  uniform  in- 
clination to  the  horizon  of  5°.  Calculate  in  feet,  without  the 
use  of  tables,  the  approximate  difference  in  level  between  its 
two  ends.  Use  your  graph  (i)  to  determine  the  error  in  this 
calculation,  (ii)  to  correct  it. 

9.  A  road  rises  500  feet  in  the  course  of  a  mile  and  a  half. 
Calculate  its  average  slope  in  degrees. 

10.  Calculate  the  approximate  elevation  of  a  tower  100  feet 
high,  viewed  from  a  distance  of  300  yards.  Use  the  graph  (i) 
to  determine  the  error  of  this  calculation,  (ii)  to  correct  it. 

11.  From  the  deck  of  a  steamer  going  due'  east  at  12  knots 
I  note  that  a  lighthouse  on  an  island  bears  due  north  at  a 
certain  moment.    Five  minutes  later  its  bearing  is  4°  W.  of  N, 
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Find  approximately  at  what  distance  the  ship  passed  the 
lighthouse.     Use  the  graph  to  correct  this  estimate. 

12.  The  moon  is  known  to  be  about  240,000  miles  from 
the  earth.  When  full  its  disc  measures  about  31'  across. 
Calculate  the  moon's  diameter  in  miles. 

13.  Perform  the  same  calculation  for  the  sun  whose  dis- 
tance is  91  millions  of  miles  and  whose  disc  subtends  an  angle 
of  about  32'. 

14.  Assuming  that  tan  0  is  t  per  cent  greater,  and  sin  6  s 
per  cent  less  than'  6,  show  that  for  angles  less  than  about 
60° 

COS  6=1  — j^  approximately. 

15.  Test  this  approximation  by  using  it  to  calculate  (i)  cos 
20° ;  (ii)  cos  40°.  Take  the  values  of  s  and  t  from  your  graph 
and  compare  the  results  of  your  calculations  with  those  given 
in  the  printed  table  of  cosines. 

16.  A  ship  sails  for  fifty  miles  along  a  track  bearing  10° 
E.  of  N.  Calculate,  by  means  of  the  formula  of  No.  14,  the 
amount  of  northing. 

B. 

§  2.  The  Sine  in  Terms  of  Circular  Measure. — -The  fore- 
going examples  show  that  for  small  angles  6  may  be  used 
instead  of  sin  6.  For  larger  angles  the  graph  shows  the 
percentage  difference  between  0  and  sin  $,  so  that  the  latter 
is  readily  calculated  to  a  considerable  degree  of  accuracy.  For 
example,  suppose  we  want  sin  70°.     We  have 

The  graph  shows  that  we  must  deduct  23  per  cent  from  this 
number  to  obtain  the  sine.     Hence 

sin  70°  =  1-2217  -  1-2217  x  0-23 
=  0-9407. 

The  correct  value  of  sin  70°  =  0-9397  so  that  even  in  a  part 
of  the  table  where  the  sine  changes  very  slowly  our  error  is 
not  much  more  than  ^th  per  cent. 

The  graph  appears  to  be  parabolic.  To  test  this  statement 
take  the  percentage  difference  for  30° — the  smallest  calcu- 
lated.    It  is  4-5.     If  the  curve  were  accurately  parabolic  the 
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differences  for  60°  and  90°  would  be  i'S  x  (  ^j   or  18  per 

/90\2 
cent  and  iS  x  (  ok)  or  40'5  per  cent.  These  values  deter- 
mine the  dotted  line  of  fig.  86.  We  may  conclude  that  the 
curve  is  one  which  deviates  seriously  from  the  parabolic  form 
only  for  large  angles.  This  observation  enables  us  to  replace 
the  graph,  at  least  for  angles  not  greater  than  50°,  by  a  formula 
giving  the  sine  approximately  in  terms  of  the  angle.  In  this  , 
formula  it  will  obviously  be  convenient  to  use  the  circular 
measure  throughout,  instead  of  mingling  the  two  forms  of 
angular  expression.  Thus  if  a  =  30°  the  circular  measure  is 
0"5236  and  the  sine  is  4-5  per  cent  less.  Therefore  for  any 
other  angle  whose  circular  measure  is  0  the  percentage  dif- 

^2  4-5 

ference  will  be  4-5  x  ■..  -_„„.^  =  ■  „„.  6^.     We  have  then 

•     .       «       /,  4-5e2 

^^^  ^  =  ^  -  ^  ^  0-274  X  100 
=  e  -  0-164(93. 

It  will  be  seen  that  0'164  is  not  very  different  from  ^.     For 
simplicity  in  computation,  then,  we  may  write 

am  0  ^  e  -  -?,. 


Examples : — 

17.  Add  to  the  table  of  No.  3  a  column  giving  the  values  of 
sin  0  (to  four  decimal  places)  calculated  by  the  foregoing  for- 
mula. Eecord  in  a  fourth  column  the  numbers  which  must 
be  added  to  the  calculated  values  to  bring  them  into  agree- 
ment with  the  published  tables.  In  a  fifth  column  state  ap- 
proximately the  amount  of  error  per  cent. 

18.  Show  that  if  6  is  so  small  that  0^  may  be  neglected  we 
may  use  the  approximation 

cos  e  =  1  -  -K  -)- . 

Determine  (using  the  printed  table  of  cosines)  the  error  which 
is  incurred  when  this  formula  is  used  to  calculate  : 
(i)  cos  34°  23'  {0  =  0-6) ;    (ii)  cos  11°  28'. 
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19.  Show  that  if  6^  is  admitted  but  6^  excluded 

siD?e  =  02  -  -g  + . 

Does  this  result  agree  with  the  approximation  for  cos  6  found 
in  No.  18  ?     [Square  the  value  of  cos  6.] 

20.  The  discrepancy  brought  to  light  in  No.  19  is  no  doubt 
due  to  the  fact  that  1  -  6^/2  is  an  insufficient  approximation 
to  the  value  of  cos  6.  If  the  expression  for  cos  6  contained  a 
term  involving  0*  the  coefficient  of  6*  in  the  approximation 

•  for  cobW  would  be  different. 

Assume  cos  6  =  1  -  -^  A \-   .  .  .   , 

obtain  the  square  of  this  expression  as  far  as  the  term  involv- 
ing 6*,  and  by  comparing  it  with  the  approximation  for  sin^^ 
show  that  a  =  24. 

21.  Correct  the  values  of  cos  11°  28'  and  cos  34°  23'  found 
in  No.  18  by  adding  in  each  case  the  term  6*/24.  What  are 
the  differences  between  the  corrected  values  of  the  cosines  and 
the  values  given  in  the  table  ? 

22.  Find  the  value  of  oos¥  +  sin^^  for  6  =  0-2  and  0  =  0-6 
using  the  values  of  cos  6  and  sin  6  calculated  in  Nos.  21  and 
17. 

23.  By  consulting  a  table  of  circular  jmeasures  you  will  find 
that  when  a  =  85°  57'  $  =  1-5.  Calculate  sin  85°  57'  (i)  by 
direct  application  of  the  formula  sin  6  =  6-  6^/6  +  ; 
(ii)  indirectly  by  using  the  equivalence  sin  a  =  cos  (90°  -  a) 
and  applying  the  formula  cos  ^  =  1  -  6^/2  +  e*/24  + 
Compare  the  two  results  with  the  value  of  sin  85°  57'  given 
in  the  table. 

24.  A  shipwrecked  company  are  compelled  to  take  to  the 
boats  in  the  Pacific  Ocean  some  hundreds  of  miles  from  the 
nearest  land.  They  have  saved  their  charts  and  sextant  but 
have  lost  their  trigonometrical  tables.  They  seek  to  compile 
fresh  tables  by  means  of  the  approximation  formulae  for  sin  6 
and  cos  6.  The  plan  adopted  is  to  calculate  sin  6  and  cos  6 
for  values  of  6  at  intervals  of  0*01  from  0  to  O'S.  The  values 
of  sin  a  and  cos  a  for  values  of  u  at  intervals  of  10'  are  ob- 
tained from  the  previous  results  by  interpolation,  (i)  Explain 
how  complete  tables  of  sines  and  cosines  from  0°  to  90°  can 
be  obtained  by  this  plan,  (ii)  Why  do  they  not  calculate 
directly  the  values  of  sin  6  horn  6  —  0  to  6  =  7r/2  ? 
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25.  Since,  when  a  =45°,  ^  =  7r/4:  =  0-785  .  .  .  calculations 
of  sin  d  and  cos  9  made  by  the  foregoing  plan  would  overlap 
a  little.  Calculate  yourself  sin  0-8  and  cos  0'8  by  the 
formulsB,  compare  the  results  with  the  corresponding  sine  and 
cosine  as  given  in  the  printed  table  and  so  determine  which 
formula  gives  the  closer  approximation  in  the  overlapping 
part  of  the  calculated  table. 


EXEECISE  0. 
ANGLES  OP  UNLIMITED  MAGNITUDE. 

§  1.  Simple  HarmoniG  Motion. — Eig.  87  was  obtained  in 
the  following  way.  One  end  of  a  lath  was  fixed  tightly  in  a 
vice.  A  fine  brush,  dipped  in  ink,  was  attached  to  the  other 
end  so  that  its  tip  just  touched  a  sheet  of  paper  pinned  to  a 
drawing  board  resting  on  a  smooth  table.  When  the  free 
end  was  drawn  aside  and  released  the  lath  began  to  vibrate 
horizontally.  The  drawing  board  was  now  moved  uniformly 
beneath  the  brush  which  traced  on  the  paper  a  curve  of  which 
LiPjMiP'i  ...  L^  is  a  portion. 

It  is  at  once  seen  (i)  that  the  curve  can  be  divided  into 


segments  LjLj,  LjLj,  LjL^  ...  of  which  the  second,  third, 
etc.,  are  repetitions  of  the  first;  (ii)  that  each  segment  is 
again  divided  by  the  line  LjL^  into  parts  LjMj,  MjLg,  etc., 
the  second  of  which  is  simply  the  first  inverted.  Moreover, 
the  resemblance  of  the  segments  to  the  sine-curve  cannot  be 
overlooked. 

Let  PiQi  =  a,  LjLj  =  I,  li^q  =  d,  pq  =  h.  If  LiPjMi  is 
really  a  sine-curve  the  length  I  must  represent  360°  and  d 
360°  X  djl.  Put  360°/Z  =  p,  then  wherever  g  is  taken  along 
LiLj  it  will  be  found  by  measurement  that 

h  =  asvD-pd. 
If  d  be  measured  from  Lj  or  L3,  etc.,  the  ordinates  between 
Lj  and  L3,  L3  and  L^,  etc.,  follow  the  same  law.     That  is  to 
say,  the  double  series  of  ordinates — positive  and  negative — is 
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repeated  in  the  same  order  between  Lg  and  L3  and  Lg  and 
L^,  etc. 

When  the  vibrations  of  a  lath,  moving  in  the  way  des- 
cribed, follow  one  another  with  sufficient  rapidity,  a  definite 
musical  note  is  heard  which  rises  higher  in  pitch  with  increas- 
ing rapidity  of  the  vibrations.  A  similar  form  of  movement 
is  found  to  characterise  other  vibrations  (e.g.  those  of  a  piano- 
forte string,  a  tuning-fork,  etc.)  which  are  accompanied  by 
musical  notes.  For  this  reason  the  tip  of  the  brush  in  the 
experiment  described  above  is  said  to  be  vibrating  with  simple 
harmonic  motion  (s.h.m.)  of  which  the  amplitude  is 
a  {=  PiQi).  An  alternative  name  sometimes  employed  is 
pendulum  motion.     This  refers  to  the  fact  that  the  move- 
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ment  of  a  body  (e.g.  a  lamp  at  the  end  of  a  chain)  which  is 
swinging  like  a  pendulum  is  of  the  same  character  as  that  of 
the  vibrating  brush. 

§  2.  Angles  of  Unlimited  Magnitude. — Harmonic  motion 
can  be  exhibited  in  the  following  simple  and  instructive  way. 
Take  a  thin  wheel  of  radius  a — represented  by  the  circle  in 
fig.  88— and  fix  on  its  circumference  a  bead  or  a  short  rod 
projecting  on  each  side  of  its  plane.  Hold  the  wheel  in  a 
vertical  plane  near  a  wall,  WW,  so  that  a  single  gas-jet  or 
lamp  in  the  plane  of  the  wheel,  and  at  some  distance  on  a 
level  with  O,  may  cast  a  shadow  of  the  wheel  as  a  vertical 
line  upon  the  wall.  Eevolve  the  wheel  steadily  and  the 
shadow  of  the  bead  or  rod  will  move  up  and  down  with 
simple  harmonic  motion.      For  suppose  the  bead  to  start 

PT.  II.  15 
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from  A  and  let  the  wheel,  turning  with  angular  velocity  a 
per  second,  carry  it  through  the  positions  B,  C,  D,  etc.  Then 
its  shadow  will  occupy  successively  the  points  A,  B,  G,  D,  etc' 
If  B  is  reached  in  t  seconds  AOB  =  at  and  AB  =  a  sin  at. 
Again  if  D  is  reached  in  t  seconds  we  have  AOD  =  at 
and  AD  =  a  sin  at,  and  so  on.  Thus  the  formula  h  =  a  sin  at 
describes  the  vertical  displacement  of  the  shadow  of  the 
bead  from  A  for  all  positions  of  the  wheel  during  one  of  its 
revolutions.  It  follows  that  the  shadow  on  the  wall  has  in 
succession  all  the  displacements  shown  as  ordinates  in  one 
of  the  segments  of  fig.  87.  That  is,  its  motion  is  an  exact 
reproduction  of  that  of  the  vibrating  brush :  it  is  simple 
harmonic.  Suppose  the  axle  of  the  rotating  wheel  to  be 
moved  towards  the  reader  along  the  perpendicular  to  the 
paper  through  O  (fig.  88)  at  such  a  rate  that  the  wheel 
is  carried  forward  a  distance  Z  ( =  LjLj,  fig.  87)  during  each 
rotation.  Then,  if  d  is  the  distance  through  which  it  moves 
forward  in  t  sees.,  at  =  pd  and  the  shadow  of  the  bead  would 
evidently  retrace  fig.  87  on  the  wall. 

These  considerations  suggest  the  possibility  of  .bringing  all 
the  ordinates  of  fig.  87  under  a  single  formula.  Every  point 
on  LjL^  (fig.  87)  corresponds  to  a  distinct  moment  in  the 
history  of  the  rotating  wheel.  For  example,  although  the 
ordinates  pq  and  p'g^  are  equal,  the  former  was  produced 
when  the  radius  OA  had  turned  through  135°,  the  latter  when 
it  had  rotated  through  360°  x  2  +  136°  =  855°.  Thus  in- 
stead of  measuring  angles  from  0°  to  360°  only,  within  the 
several  segments,  LjLg,  LjLj,  etc.,  we  may  graduate  the 
line  continuously  in  degrees  from  Lj  to  the  right,  just  as  we 
graduate  it  continuously  in  centimetres.  The  graduation  at 
Q\  would  be  270°,  at  Qg  450°,  at  g'  855°,  etc.  In  this  way 
we  reach  the  conception  of  an  angle  which  may  increase 
endlessly  just  as  the  distance  along  a  line  from  a  given  point 
may  increase  endlessly.  Again,  by  a  further  enlargement  of 
our  notions  of  the  trigonometrical  ratios  entirely  similar  to 
the  one  which  they  underwent  when  they  had  first  to  be 
adapted  to  angles  greater  than  90°,  it  is  easy  to  suppose  that 
every  term  of  this  endless  series  of  angles  has  a  sine.  The 
principle  to  be  followed  is  that  the  angles  from  860°  to  720°, 

'  The  light  is  supposed  to  be  so  distant  that  the  lines  BiJ,  CC, 
etc.,  may  be  taken  as  perpendicular  to  the  wall. 
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from  720°  to  1180°,  from  1180°  to  1440°,  and  so  on  shall 
have  sines  identical  with  the  corresponding  angles  in  the  range 
from  0°  to  360°.  This  principle  is  best  expressed  in  symbols. 
Let  a  be  an  angle  in  the  range  from  0°  to  360°  inclusive  and 
n  any  positive  integer;  then  the  condition  to  be  complied 
with  is  that 

sin  (a  +  360°  X  m)  =  sin  a. 

The  method  by  which  compliance  with  this  condition  can  be 
secured  is  obvious.     Let  the  radius  OA  in  fig.  89  be  unity,  and 
suppose  it,  either  after  turning  anti-clock- 
wise through  an  angle  AOP  ( =  a)  or  after        pi^       ^\ 
revolving  any  number  of   times   (w)   and      /  l\  \ 

then  turning  through  AOP,  to  come  to  rest      fe-l^J;:?;-- — ^a 
in  one  of  the  positions  OP.       Then  we     pV'^^    ^^~Nb 
define  the  perpendicular  PQ  as  sin  a  where        \^^     ^Z  ^ 

a'  =  a  +  360°  X  n.  ^^o 

If  PQ  is  above  OA,  as  P^Qj,  the  sine  is  to 
be  reckoned  positive,  if  below,  as  P2Q2  and  PgQ,,  it  is  to  be 
considered  negative.  With  these  definitions  the  formula 
h  =  a  sin  pd  will  give  correctly  the  ordinate  at  any  point  of 
the  curve  of  fig.  87,  however  far  to  the  right  it  be  continued, 
d  being  measured  in  every  case  from  the  same  origin  Lj. 

Finally,  let  the  wheel  start  again  with  its  centre  opposite 
to  Lj,  let  it  move  with  the  old  speed  to  the  back  of  the 
paper  and  at  the  same  time  reverse  its  rotation  so  as  to 
carry  the  bead  through  the  points  G,  F,  B,  etc.  Then  the 
shadow  will  evidently  trace  on  the  wall  a  curve  which  will  be 
simply  fig.  87  continued  from  Lj^  indefinitely  to  the  left.  The 
product  pd  will  now  be  negative,  so  that  rotation  of  OA  (figs. 
88  and  89)  in  the  clockwise  direction  must  be  considered  to 
give  negative  ang'les.  No  new  definition  is  needed  for  the 
sine  of  a  negative  angle.  ^  The  ordinates  in  the  first  half  seg- 
ment to  the  left  of  the  origin  will  all  be  negative  and  will 
correspond  to  perpendiculars  like  P3Q3  and  P2Q2  in  fig.  89. 
The  ordinates  during  the  next  half  segment  will  be  positive 
and  wUl  correspond  to  perpendiculars  such  as  PiQj  in  the 
second  half  of  the  first  negative  revolution  of  OA.  The  corre- 
spondence can  evidently  be  continued  indefinitely. 

'  Note,  however,  that,  in  the  principle  which  governs  the  defini- 
tion, n  may  now  be  either  a  negative  or  a  positive  integer. 

15* 
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We  conclude  that  the  formula  h  =  asin pd  is  capable  of 
giving  the  ordinates  of  the  curve  of  fig.  87  extended  indefinitely 
both  to  the  right  and  to  the  left  of  Lj. 

Examples : — 

A. 

1.  Write  down  the  value  of  sin  a  when  a  stands  for 
(i)  450°;  (ii)  520°;  (iii)  1000°;  (iv)  1247°  15';  (v)  -  82°; 
(vi)  -  437° ;  (vii)  -  1440° ;  (viii)  -  2346°  20'. 

2.  Prove  that  for  all  values  of  a,  positive  or  negative, 

sin  (  -  a)  =    -  sin  a. 

3.  Define  cos  a  so  that  the  definition  will  hold  good  for  all 
values  of  a  positive  or  negative.  Make  clear  the  principle 
which  guides  you  to  the  definition  you  adopt. 

4.  Write  down  the  value  of  cos  a  when  a  stands  for  (i) 
536° ;  (ii)  900° ;  (iii)  -  34° ;  (iv)  -  1252°  40'. 

5.  State  and  prove  the  equivalence  for  cos  (  -  a)  which 
corresponds  to  the  equivalence  for  sin  (  -  a)  found  in  No.  2. 

6.  In  defining  tan  a  for  all  values  of  a  we  may  start 
either  (i)  from  the  principle  that,  if  a'  =  a  +  360°  x  n,  n 
being  any  integer,  positive  or  negative,  then 

tan  a'  =  tan  a 

or  (ii)  from  the  principle  that,  for  all  values  of  a 

sin  a 

tan  a  =  • 

cos  a 

Give  a  definition  of  tan  a  similar  to  the  foregoing  definitions 
of  sin  a  and  cos  a,  and  show  that  it  is  in  accordance  with 
both  the  principles. 

7.  Write  down  the  value  of  tan  a  for  the  following  values 
of  a  :  (i)  452° ;  (ii)  1700° ;  (iii)  -  27° ;  (iv)  -  931°. 

8.  Complete  (as  in  Nos.  2  and  5)  the  equivalence 

tan  (  -  a)  = 

9.  Give  definitions  of  sec  a,  cosec  a,  cot  a  suitable  for 
angles  of  any  magnitude,  positive  or  negative,  stating  the 
principles  upon  which  your  definitions  are  in  each  case  based. 

10.  Write  down  the  values  of  (i)  sec  ( -  43°) ;  (ii)  cosec 
524°;  (iii)  cot  {-  984°). 

11.  Define  the  circular  measure  of  an  angle  so  that  it  can 
be  applied  to  angles  of  any  magnitude,  positive  or  negative. 
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Write  down  the  values  of  a  (in  degrees  and  minutes)  which 
correspond  to  the  following  values  of  0  (in  radians).  A  table 
of  circular  measure  may  be  used  where  inspection  does  not 
suffice.  It  is  assumed  that  ir  =  3"1416  :  (i)  i-n- ;  (ii)  9ir/2 ; 
(iii)  -  13ir;  (iv)  10;  (v)  23;  (vi)  -  100. 

12.  (i)  Given  that  0  =  17  radians,  write  down  the  values  of 
sin  6,  cos  6,  cosec  0.  (ii)  Given  that  6  =  -  8  radians,  write 
down  the  values  of  sin  6,  tan  6,  sec  6. 

B. 

Note. — -We  have  seen  that,  although  logarithms  to  base  10 
are  by  far  the  most  convenient  for  practical  purposes,  yet 
for  theoretical  purposes  it  is  generally  simpler  to  employ 
"  e  "  as  the  base.  Somewhat  similarly,  angles  are  for  all 
practical  purposes  best  measured  in  degrees  (chiefly  because 
there  is  an  exact  number  of  degrees  in  a  right  angle),  but 
for  theoretical  purposes  are,  in  general,  most  conveniently 
measured  in  radians.  The  reason  for  the  superiority  in  this 
respect  of  circular  measure  lies  in  the  fact  that,  as  shown 
in  the  last  exercise,  the  sine  and  cosine  of  an  angle  can  be 
expressed  in  terms  of  its  measure  in  radians  much  more 
simply  than  in  terms  of  its  measure  in  degrees. 

Examples : — 

13.  In  fig.  87  let  the  distances  LjL^  =  L2L3  =  .  .  .  =  Z 
and  let  the  unit  of  angular  measure  be  the  radian.  Show 
that 

h  =  a  sm  -y  .  a 

is  the  formula  which  describes  the  curve. 

14.  The  uniformly  rotating  wheel  of  fig.  88  makes  n  re- 
volutions per  second.  [This  number  is  called  the  frequency 
of  the  revolutions.]  Show  that  h,  the  vertical  displacement 
of  the  shadow  of  the  bead  on  its  circumference,  from  the 
point  A  on  the  wall  is  given  by  the  formula 

h  =  a  sin  2n-nt 
a  being  the  radius  of  the  wheel  and  t  the  time  in  seconds 
from  any  moment  when  the  bead  occupies  the  position  A. 

15.  While  the  wheel  in  fig.  88  is  rotating  with  frequency 
n  it  is  moved  towards  the  observer  with  uniform  velocity 
along  a  line  through  its  centre  perpendicular  to  its  plane  and 
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therefore  parallel  to  the  wall.    Show  with  regard  to  the  curve 
traced  by  the  shadow  of  the  bead  upon  the  wall 

(i)  that  I  =  v/n 
and  (ii)  that  h  =  asin .  d. 

Prom  what  point  must  d  be  measured  ? 

16.  Show  that  simple  harmonic  motion  may  also  be  de- 
scribed by  the  formula 

h  =  a  cos  ^wnt. 
What  is  the  meaning  of  the  difference  between  this  formula 
and  that  of  No.  14  ? 

17.  In  No.  16  the  movement  of  the  wheel  is  measured 
from  a  moment  when  the  bead  occupies  the  position  marked 
C  in  fig.  88.  Write  a  formula  for  the  curve  traced  by  the 
shadow  of  the  bead  upon  the  wall. 

18.  The  wheel  continues  to  revolve  in  the  same  direction 
but  is  carried  with  uniform  velocity  v  away  from  the  ob- 
server. Write  the  formula  which  describes  the  curve  upon 
the  wall  supposing  the  movement  to  be  measured  from  the 
moment  when  the  bead  is  (i)  at  A  ;  (ii)  at  C ;  (iii)  at  A'  ;  (iv) 
at  P  in  fig.  88. 

19.  The  wheel  of  fig.  88  is  rotating  uniformly  anti-clockwise 
with  frequency  n  and  starts  with  the  bead  in  the  position  B 
where, the  angle  AOB  is  <^  radians.  Write  a  formula  for  the 
s.H.M.  of  the  shadow  of  the  head.  [The  number  <^  in  this 
formula  is  called  the  phase  of  the  vibration  at  the  moment 
from  which  the  time  is  measured.] 

20.  A  point  is  moving  in  a  straight  line  with  simple 
harmonic  motion.  The  amplitude  of  the  vibration  is  5  cms., 
the  frequency  2,  and  the  phase  at  the  moment  when  observa- 
tion began  was  28°  29'  (  =  0'5  rads.).  Write  down  the 
formula  giving  the  displacement,  h,  of  the  point  from  0,  the 
middle  point  of  its  path  at  any  time  t.  Draw  on  your  paper 
a  line  whose  length  is  equal  to  the  distance  covered  by  the 
point  in  a  semi- vibration.  Mark  on  this  line  (i)  the  point  O 
from  which  the  displacements  are  measured ;  (ii)  the  point 
Pq  occupied  by  the  moving  point  at  the  moment  when  the 
observations  began ;  (iii)  the  point  Pj  which  it  occupies  4-2 
sees,  later ;  (iv)  the  point  P2  occupied  7'6  sees,  later ;  (v)  the 
point  P3  occupied  3-7  sees,  before  the  observations  began. 


EXERCISE  C  231 

C. 

21.  The  curve  described  by  the  polar  formula 

r  =  ai9 
where  a  is  a  constant  is  called  the  spiral  of  Archimedes. 
Draw   it   from  6=0   to  6  =  l-n-,   giving  a  any  convenient 
positive  value.      Draw  also  the  curve  r  =  a$  when  a  and  6 
are  both  negative,  but  |  a  |  is  the  same  as  before. 

22.  Draw  the  first  two  positive  and  the  first  two  negative 
turns  of  the  logarithmic  spiral 

r  =  o' 
assigning  to  a  any  suitable  value  >  1.      How  could  you  use 
the  curve  as  a  substitute  for  a  table  of  logarithms  to  base  a  ? 

23.  How  would  the  spiral 

r  =,(!/«)*  =  a"« 
differ  from  the  preceding  one  ? 

§  3.  Differential  Formulm  of  Polar  Coordinates. — Let  0 
be  the  pole  from  which  radii  vectores  are  drawn  and  P,  Q 
two  points  near  one  another  upon  any  smooth  curve.  Join 
OP  and  OQ ;  on  OQ  take  OP'  =  OP  and  join  PP'.  Also 
let  PT,  the  tangent  to  the  curve  at  P,  meet  OQ  at  T.  Now 
suppose  that  P  remains  fixed  but  that  Q  moves  towards  it 
along  the  curve.  Then  it  is  clear  that  the  angle  TP'P  be- 
comes more  nearly  a  right  angle  the  closer  Q  is  to  P  and  that 
by  bringing  Q  near  enough  to  P  it  may  be  made  to  differ 
from  a  right  angle  by  less  than  any  assigned  amount  however 
small.  Thus  (i)  the  ratio  TP'/PP'  can  be  made  to  measure  to 
any  desired  degree  of  exactness  the  tangent  of  the  angle 
which  the  curve  makes  at  P  with  PP'.  Moreover  (ii)  as  Q 
approaches  P  the  point  T  approaches  Q  and  the  ratio  QP'/PP' 
at  last  differs  from  the  ratio  TP'/PP'  by  less  than  any  assigned 
amount  however  small.  When  Q  is  so  near  to  P  that  the 
equivalences  (i)  and  (ii)  are  both  satisfied  to  the  specified 
degree  of  approximation  no  difference  in  the  numerical  estimate 
of  tan  TPP'  will  be  made  by  bringing  Q  still  nearer  to  P.  In 
other  words,  the  lengths  PQ,  PP',  P'Q  and  the  angle  POQ 
will  for  our  present  purpose  be  differentials.  PQ  may  be 
called  Ss,  s  meaning  "  distance  measured  along  the  curve 
from  some  fixed  point  "  ;  FQ  may  be  called  Sr  ;  the  angle 
POQ  hO,  while  PP'  may  be  described  as  rh6.      [What  is  the 
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justification  for  the  last  statement  ?]     We  conclude,  therefore, 

that 

1    8r 

tanTPF  =  -.^. 

r    86 

Examples : — 

24.  Let  ^  be  the  angle  at  which  the  curve  at  P  cuts  the 
radius  vector  OP.     What  is  the  value  of  cot  <^  ? 

25.  Show  that  in  the  spiral  of  Archimedes  the  angle  at 
which  the  curve  cuts  any  radius  vector  depends  simply  upon 
the  value  of  6  at  that  point  and  not  on  the  value  of  a.  Calcu- 
late the  angle  in  question  where  (i)  6  =  ■7r/2,  (ii)  ^  =  4,  (iii) 
6  =  4:  +  27r.  Compare  the  results  with  measurements  upon 
your  own  drawing  (No.  21)  and  the  measurements  of  students 
who  used  a  different  value  for  a. 

26.  Prove  that  the  logarithmic  spiral  r  =  a^  cuts  all  radii 
vectores  at  a  constant  angle  tj)  such  that 

cot  ^  =   -  log,  a. 
Confirm  this  conclusion  in  the  case  of  your  own  drawing 
(No.  22).     [This  result  explains  why  the  curve  r  =  a*  is  often 
called  the  equiangular  spiral.] 

27.  Show  if  Q  is  sufficiently  near  to  P  the  area  of  the 
triangle  POQ  is  given  by  the  differential  formula 

SA  =  irm. 

28.  A  radius  vector  of  the  spiral  r  =  a6  revolves  from  the 
position  where  6  =  fij  to  the  position  where  6  =  flj-  I'ind  a 
formula  for  the  area  which  it  sweeps  out.  Explain  in  what 
this  area  consists  when  62  differs  from  6^  by  more  than  2ir. 

29.  Find  an  expression  for  the  area  swept  out  by  the 
radius  vector  r  =  a*  as  6  changes  from  6^  to  6,^. 

30.  Trace  the  spiral 

a6 
1  +  6 
from  6=0to6=+GO  and  ^  =   -  as .      Show   that  the 
spiral  is  asymptotic  to  the  circle  r  —  a  both  on  the  inner  and 
on  the  outer  side.     What  happens  as  6  passes  through  the 
value  -  1  ? 

31.  Trace  the  hyperbolic  spiral 

r6  =  a. 
Find  expressions  for  (i)  the  cotangent  of  the  angle  at  which 
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the  curve  cuts  a  given  radius  vector,  and  (ii)  the  area  swept 
out  by  the  radius  vector  between  two  given  positions. 

32.  Trace  the  lituus 

r^  =  a?. 
Obtain  expressions  corresponding  to  those  required  in  No.  31. 

D. 

§  4.  BQulettes.  The  Cycloid. — Consider  a  point  P  on  the 
circumference  of  a  wheel  which  is  rolUng  along  a  smooth  level 
surface,  the  axle  being  always  parallel  to  its  previous  direc- 
tions. P  will  evidently  mark  out  in  the  air  a  curve  which 
could  by  an  appropriate  device  be  recorded  on  a  wall  or  a 
sheet  of  cardboard  held  parallel  to  the  wheel.  The  curve  is 
called  a  cycloid  and  is  an  example  of  a  class  of  curves  called 
roulettes  because  they  are  traced  out  by  points  carried  by 
rolling  curves.  Thus  a  point  on  the  circumference  of  a  roll- 
ing elliptical  wheel  would  trace  out  a  roulette  but  this  would 
not  be  a  cycloid. 

To  describe  the  curve  take  as  origin  of  coordinates  one  of 
the  points  where  P  is  in  contact  with  the  table.  Note  that  as 
the  wheel's  centre  travels  in  the  positive  direction  the  radius 
CP  revolves  in  the  clockwise  direction.  Let  0  be  the  measure 
of  the  rotation  when  the  wheel  has  reached  a  given  position 
and  let  it  be  counted  as  positive.  Let  the  radius  of  the  wheel 
be  a. 

Examples : — 

33.  Show  that,  when  CP  has  rotated  through  6, 

X  =  a{d  -  sin  6) 
y  =  a{l  -  cos  6). 


■K 


Use  these  formulae  to  trace  the  cycloid  from  6  =   -  5  to 

^  =  677  -f-  -.     Note  the  cusps  which  occur  where  6  =  2w7r, 
o 

n  being  any  integer. 

34.  A  point  Q  is  fixed  on  CP  either  between  C  and  P  or 
beyond  P  (so  as  to  project,  like  the  flange  of  a  railway 
carriage  wheel,  below  the  surface  on  which  the  wheel  rolls). 
Let  CQ  =  h.  Give  formulae  descriptive  of  the  trochoid 
traced  by  Q. 

35.  Select  convenient  values  for  a  and  h  and  draw  a  tro- 
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ohoid  from  6  =   -  r;  to  6  =  2v  +  n-     rSome  members  of  the 
6  6      '- 

class  should  take  6  >  a,  others  b  <  a.] 

§  5.  The  Epi-  and  Eypocyoloid: — Let  the  wheel  of  the  fore- 
going examples  roll  round  the  outside  of  a  circle.  Then  the 
curve  traced  out  by  P  is  called  an  epicycloid.  Draw  a  circle 
of  radius  na.  Take  its  centre  C  as  origin  and  a  horizontal 
diameter  as  aj-axis.  Let  the  rolling  circle  start  with  the  point 
P  in  contact  with  the  positive  extremity  of  the  horizontal  dia- 
meter of  the  fixed  circle.  Now  let  the  wheel  (whose  centre 
is  O  and  radius  a)  roll  in  the  positive  direction  a  short  dis- 
tance along  the  fixed  circle.  Let  the  angle  between  CO  and 
the  a;-axis  be  $.  Then  the  angle  COP  must  be  nO.  [Why  ?] 
From  0  draw  OM  perpendicular  to  the  aj-axis  meeting  it  in 
M.     Prom  P  draw  PN  perpendicular  to  OM,  meeting  it  in  N. 

Examples : — 

36.  Prove   that  I-  POM  =  ^  -  (re  +  1)6.      Hence   show 

that  the  co-ordinates  of  P  are  given  by  the  formulae 
X  =  {n  +  l)a  cos  0  -  a  cos  (n  +  1)$ 
y  =  (n  +  l)a  sin  0  -  a  sin  {n  +  1)6.  ■ 

37.  Trace  the  epicycloid  produced  when  w  =  2. 

38.  Trace  also  the  epicycloid  produced  when  the  circles  are 
of  equal  radius,  i.e.  when  n  =  1. 

39.  Let  the  point  P  trace  out  a  hypocycloid  by  making 
the  movable  circle  roll  inside  the  larger  circle.  Write  down 
formulae  for  finding  the  co-ordinates  of  P. 

40.  Trace  out  a  complete  hypocycloid,  taking  for  n  one  of 
the  values  2,  3,  4.  [Different  members  of  the  class  should 
select  different  numbers.] 


BXBECISE  01. 

SUM  AND  DIFPEEBNCE  FORMULA. 

A. 

§  1.  Formula  for  sin  {0  ±  <j>)  and  cos  {6  ±  4>)- — In  Part  I, 
Ex.  LXII,  it  was  shown  that 

sin  [6  ±  <f}  =  sin  6  cos  i^  ±  cos  0  sin  <^ 
cos  (6  ±  </>)  =  cos  6  cos  <^  +  sin  ^  sin  <^ 
provided  neither  6  nor  ^  nor  their  sum  exceeds  2ir.  If  we 
are  to  be  able  to  make  free  use  of  angles  of  all  magnitudes 
we  must  satisfy  ourselves  that  these  "sum  and  difference 
formulae "  hold  good  without  restriction  at  all.  We  will 
begin  with  the  cases  in  which  6  and  <j>  are  both  positive. 

Examples : — 

1.  In   the   following    table    0  >-  6'  >■  „  and  n  is  either 

zero  or  a  positive  integer.  Complete  the  table  in  the  manner 

indicated  in  the  first  line. 

If  e  =  2w7r  +  6'  sin  e  =  sin  ff         cos  6  =  cos  6' 

e  =  {2n  +  i)ir  +  e'  sin  e  =  cos  6  = 

e  =  {2n  +  l)ir  +  &  sin  e  =  cos  (9  = 

e  =  (2»  +  |)ir  +  e'  sin  (9  =  cos  e  = 

7J" 

2.  If  <i'  is  also  ■<  0  and  "if-  k  and  if  4>  is  connected  with  it 

A 
in  any  of  the  four  ways  in  which  6  is  connected  with  &  in 
No.  1,  show  that  (Q  +  </>)  is  also  connected  with  (6'  +  <^')  in 
one  of  the  same  four  ways.  [For  example,  if  6  is  of  the  form 
(2w  +  l)n-  +  b'  and  <^  is  o/  i^e  /orm  (2w  +  f)7r  +  <^',  then 
{Q  +  <^)  is  of  the  form  (2n  +  \)w  +  {b'  +  <^')'  '^^^  words 
italicised  warn  us  that  n,  is  not  necessarily  to  mean  the  same 
integer  in  all  three  expressions  but  merely  some  integer  in 
each  expression.] 

235 
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3.  The  aum  {0  +  <^)  is  to  be  made  up  by  taking  a  value  for 
6  and  a  value  for  <^  from  each  of  these  two  columns. 

e  <l> 

2n-ir  +  &  2w7r  +  <^' 

(2w  +  ^y  +  &       (2w  +  \y  +  ^ 

(2w  +  l)7r  +  &         (2»  +  l)7r  +  <A' 
(2w  +  f  ),r  +  (9'  (2w  +  f)7r  +  ^' 

Show  that  it  can  be  made  up  in  sixteen  different  ways.  State 
in  how  many  cases  the  results  will  be  respectively  of  the  forms 

2w7r  +  {b'  +  ^') 
(2w  +  \)-K  +  (6-'  +  <^') 
(2w  +  l)7r  +  {&  +  <^) 

(2w  +  f)7r  +  \e'  +  <^') 

As  in  Part  I,  fig.  57  (p.  314),  draw  any  vector  OP  of 
length  r  making  an  angle  <^'  with  a  straight  line  OA  whose 
inclination  to  the  aj-axis  is  &,  OP  being  on  the  side  of  OA 
remote  from  the  jc-axis.     The  angles  &  and  <^'  are  to  be  each 

TT  TT 

not  greater  than '  „,  but  their  sum  may,  of  course,  exceed  „. 

Two  figures  should  therefore  be  drawn.  OP  should  appear 
in  the  first  quadrant  in  one  of  them,  in  the  second  quadrant 
in  the  other.  Draw  PQ  to  meet  OA  at  right  angles  in  Q  so 
that  OQ,  QP  are  two  vectors  into  which  OP  may  be  resolved. 

Examples : — 

4.  Show  (i)  by  projecting  OP  directly  on  to  the  a;-axis  and 
(ii)  by  projecting  its  components  OQ  and  QP  that 

cos  (ff  +  <^')  =  cos  &  cos  </>'  -  sin  &  sin  <^'. 

5.  Show  by  a  similar  method  that 

sin  (6'  +  <^')  =  sin  B'  cos  <^'  +  cos  ff  sin  ^' . 

6.  Next  let  6'  and  <^'  be  again  >  ^  but  let  <^'  be  >  &.    Draw 

OP  between  OQ  and  the  a!-axis.     Use  this  figure  to  deduce 

that 

cos  (&  -  <l>')  =  cos  6'  cos  (f>'  +  sin  d'  sin  <{>' 
sin  (61'  -  <ji')  =  sin  6'  cos  ^'  -  cos  6'  sin  ^'. 

7.  Show  by  direct  substitution  that  these  four  results  hold 
good  when  either  (i)  one  or  (ii)  both  of  the  angles  is  a  right 
angle. 
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8.  Prove  that  if  6  =  2w!r  +  6'  and  <^  =  2»7r  +  <^'  (where  n 
does  not  necessarily  stand  for  the  same  integer  in  each  ex- 
pression) 

cos  ((9  +  <^)  =  cos  (6>'  +  <^') 
and  also  that 

cos  6  cos  <^  -  sin  ^  sin  <^  =  cos  6'  cos  ^'  -  sin  6'  sin  (/>' 
and  hence  that  the  equivalence  of  No.  4  holds  good  when  0 
and  1^  are  of  the  form  here  specified. 

9.  Show  in  a  similar  manner  that  each  of  the  other  three 
equivalences  holds  good  in  this  case. 

10.  Let  each  member  of  the  class  take  one  of  the  fifteen 
other  possible  pairs  of  forms  of  0  and  <^  and  test  in  that  case 
each  of  the  four  equivalences. 

The  student  will  note  that  the  foregoing  investigation  covers 
all  possible  positive  values  of  0  and  <^  and  all  possible  sums 
and  differences  of  such  values.  The  investigation  must,  how- 
ever, be  completed  by  examining  the  cases  when  either  $  or 
<f>  or  both  are  negative.  In  this  part  of  the  inquiry  the  angles 
may,  of  course,  be  assumed  to  have  any  numerical  value  how- 
ever large. 

11.  Find  the  result  of  substituting  (i)  -  ^  for  <^ ;  (ii)  -  6 
for  6  ;  (iii)  -  0  for  0  and  -  <^  for  (f>  on  each  side  of  the  equiva- 
lence 

cos  (6  +  (/>)  =  cos  0  cos  <^  -  sin  6  sin  (p. 
Are  the  results  known  to  be  equivalent  ? 

12.  Eepeat  the  process  of  investigation  upon  the  other 
three  equivalences,  each  member  of  the  class  taking  one  of 
them. 

The  equivalences  are  now  completely  demonstrated  and 
may  henceforward  be  used  without  question  in  all  cases. 

Examples : — 

13.  Use  the  sum  and  difference  equivalences  to  prove  that 
for  all  values  of  6  and  <^,  positive  or  negative, 

(i)  2  sin  d  cos  ^  =  sin  (5  +  <^)  +  sin  {6  -  <j>). 

(u)  sin  fl  -I-  sin  ^1  =  2  sin ^  .  cos ^. 
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14.  Derive  three  other  formuleB  of  the  same  type  as  (i)  and 
three  more  of  the  same  type  as  (ii). 

15.  Prove  that  for  all  values  of  B  and  t^ 

i.      /fl  J.  j\         ^^^  e  ±  tan  <^ 
tan  (e  ±  <A)  =  ^-^^-7 — ,    ^       ,. 
^       ^'       1  +  tan  ^  .  tan  ^ 

16.  Prove  that  for  all  values  of  6 

,.,  cos  5  +  sm6      I  +  tan  5      ^      /"■   ,    /i\ 

(i)  n =— 7i  =  1 — n  =  tan  I  -  +  6). 

cos  fl-  sin  5      i-tanfl  \4         / 

,..,  cos  5  -  sin  6      I  -  tan  fl      ^      fn       A 

(»)  A ^—n  =  1 — -r,  =  tan  I 6). 

''cosfl  +  sinfl      i  +  tand*  \4         / 

17.  Prove  that 

(i)tan^(^+^)  =  i±^. 
^ '  \  4      2/      I  -  sm  5 

(ll)    tan  (  -  +    -    I   =    ;;— . 

'         \4      2/  cosfl 

,...,  .      (n      6\  cos  5 

(ill)  tan  I I  =  : — -.. 

\4      2/       1  +  sin  fl 

18.  Given  that  sin  6  =  tan  <^  prove  that 


tan2  (j  +  2)  =  ^^"^  (i  +  <^)- 


19.  Given  that                  sin  0  =  tan  <^  prove  that 
sin</) 
/v/(cos*  <i>  -  so?  (j)) 
COS0 

Picas'  (f>  -  sin"  </>) 


,.,  sinrf)  ,       . 

^/(cos''  ^  -  sin"  <^) 
,..,  cosd)  - 


§  2.  Compound  Harmonic  Motion. — Simple  harmonic 
motion  has  been  described  as  the  form  of  movement  exhibited 
by  a  point  on  a  vibrating  rod  or  stretched  string.  It  is  easy 
to  show  that  points  on  any  body  which  is  free  to  swing  like  a 
pendulum  (e.g.  a  hanging  electric  lamp)  also  exhibit  s.h.m. 
so  long  as  the  swings  have  an  amplitude  sufficiently  small  in 
comparison  with  the  distance  of  the  point  from  its  suspension. 
Fig.  90  indicates  a  simple  means  of  illustrating  this  fact.  A 
weight  W  is  suspended  by  two  strings  passing  through  holes 
in  a  cork  C  from  two  hooks  A  and  B.  The  weight  is  a  box 
full  of  fine  sand  which  can  run  out  through  a  small  hole  in 
the  bottom.  Lay  a  drawing  board  on  a  table  just  below  the 
box  and  allow  the  pendulum  to  swing  about  the  line  AB.  A 
line  of  sand  (perpendicul^jr  \q  \1\/q  plane  of  the  figure)  will 
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Fig.  90. 


be  formed  upon  the  board.    If  the  board  is  now  drawn  steadily 

across  the  table  in  a  direction  parallel 

to  AB  the  sand  will  trace  out  upon  it  a 

line   which   will,   by   measurement   be 

found  to  be  a  rough  sine-curve.      (Of 

course  the  amplitudes  of  the  successive 

vibrations  will,  as  in  the  case  of  the 

vibrating  lath,  gradually  decrease.) 

Next  draw  W  aside  parallel  to  AB  so 
that  it  swings  in  the  plane  of  the  figure, 
and  slide  the  drawing  board  across  the 
table  perpendicularly  to  that  plane  but 
at  the  same  rate  as  before.  The  result 
will  be  to  obtain  a  second  sine-curve  at 
right  angles  to  the  former.  The  ampli- 
tude of  the  new  curve  may,  at  will,  be 
made  equal  to,  greater  than,  or  less  than 
that  of  the  former  curve,  but  the  length  I  {  =  LjLg  in  fig.  87) 
must  be  less  because  the  pendulum  is  shorter  and  therefore 
swings  more  rapidly. 

Finally,  draw  W  aside  in  a  direction  which  is  neither  paral- 
lel nor  perpendicular  to  AB,  and  permit  it  to  swing.  This 
time  its  motion  will  be  found  to  combine  the  characteristics 
of  both  the  former  simple  harmonic  motions.  That  is  to  say, 
at  any  given  moment  its  distance  from  the  plane  of  the  figure 
will  be  that  due  to  the  first  s.h.m.,  while  its  distances  from 
the  perpendicular  plane  through  DW  will  be  that  due  to  the 
second  s.h.m.  It  is  said  to  have  compound  harmonic 
motion  (c.h.m.).  The  precise  form  of  its  movement  will  de- 
pend upon  the  relative  rates  of  the  two  s.h.  motions  (that  is 
upon  the  ratio  of  the  lengths  DW  and  0  W),  upon  the  direction 
in  which  and  the  distance  to  which  it  is  withdrawn.  The  first 
of  these  factors  may  be  modified  by  sliding  the  cork  up  or 
down  the  strings.  To  obtain  a  record  of  the  movement  it  is 
sufficient  to  allow  the  sand  to  fall  upon  the  drawing  board 
while  the  latter  is  at  rest. 

The  apparatus  just  described  is  called  the  compound 
pendulum.  By  means  of  more  elaborate  apparatus  work- 
ing on  the  same  principle  it  is  possible  to  combine  s.h. 
motions  of  the  same,  as  well  as  of  differing,  frequency.  Some 
of  the  following  examples  deal  with  such  motions,  which  are 
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more  easily  calculated  than  those  obtainable  with  the  com- 
pound pendulum. 


Examples : — 

21.  On  the  a;-axis  draw  a  line  XX'  of  length  2a  bisected 
at  0.  On  the  y-&ms  draw  YY'  of  length  2b  also  bisected  at 
O.     Different  members  of  the  class  should  choose  different 

pairs  of  values  for  a  and  b,  a  being  either  =  b.     Let  XX'  be 

< 

the  trace  of  a  point  P  which  moves  with  s.h.m. 

X  =  a  sin  6  (where  6  =  ^irnt), 

while  YY'  is  that  of  the  same  point  when  it  has  the  s.h.m. 

y  =  b  sin  6  (where  0  =  ^irnt). 

Mark  along  XX'  the  points  which  P  would  occupy  (if  it 
had  the  former  motion  only)  at  the  moments  when  6  is  an 
angle  of  0°,  30°,  60°,  90°  .  .  .  330°,  360°.  Number  the  points 
0,  1,  2,  .  .  .  11,  12. 

Mark  the  corresponding  points  along  YY'. 

Now  mark  the  points  which  P  would  occupy  at  the 
moments  in  question  if  it  had  both  s.H.  motions  simultane- 
ously. 

22.  Show  that  the  character  of  the  o.h.m.  could  have 
been  foretold  by  eliminating  0  from  the  formulae  for  the  two 
s.H.  motions. 

23.  The  point  P  has  simultaneously  the  s.H.  motions 
whose  formulae  are 

X  =  a  sin  6  and  y  =   -  b  sin  0 
where  6  =  2ir»i.     What  is  the  nature  of  the  o.h.m.  ? 

24.  P  has  simultaneously  the  s.H.  motions 

X  =  a  sin  0,         y  =  b  cos  6. 
Show  that  the  o.h.m.  will  be  an  ellipse  whose  axes  coin- 
cide with  the  axes  of  co-ordinates. 

25.  Use  the  method  of  No.  21  to  exhibit  the  c.h.m. 
graphically. 

The  student  should  note  that  the  second  s.h.m.  in  No. 
24  could  be  described  by  the  formula  y  =  b  sin  (6  +  „)  and 
that  this  fact  is  expressed  by  the  statement  that  its  phase  is 
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2  (or  90°)  ahead  of  the  phase  of  the  other  s.h.m.      [Ex.  C, 
No.  19.] 

Examples  :— 

26.  P  moves  with  a  motion  compounded  of  two  s.h. 
motions  of  equal  amplitude  but  with  a  phase -difference  (^, 
namely 

X  =  a  sin  6  and  y  =  a  ain  {0  +  <j}). 
Show  by  eliminating  6  that  the  o.h.m.  is  given  by 
x^  -  2xy  cos  <j)  +  y^  =  a^  sin^  (^. 

27.  Find  the  formula  of  this  curve  after  it  has  been  turned 
through  an  angle  of  46°.  [Pt.  I,  Ex.  LXV,  A.]  Hence  show 
that  the  curve  in  its  original  position  is  an  ellipse  whose 
major-axis  is  inclined  to  the  a;-axis  at  an  angle  either  of  45° 
or  135°. 

28.  From  the  formula  of  No.  27  determine  how  the  ap- 
pearance of  the  O.H.M.  would  change  if  the  amplitudes  of 
the  two  component  motions  remained  equal  but  the  phase- 
difference  gradually  increased  from  0°  to  360°. 

29.  Draw  graphs  of  the  c.h.m.  of  No.  26  in  the  cases 
when  <ji  is 

(i)  0,         (ii)  I         (iii)  J         (iv)  I  .. 

30.  A  point  moves  with  a  c.h.m.  compounded  of  two  s.h. 
motions  whose  amplitudes  are  a  and  b  and  whose  phase-dif- 
ference is  fj).  Show  that  it  traces  out  an  ellipse  whose  major 
axis  is  inclined  to  the  a;-axis  at  an  angle  \j/  given  by  the  relation 

2ab  cos  <b 

tan  2d/  =  —5 rK-. 

^        a^  -  b^ 

[See  Pt.  I,  Ex.  LXV,  No.  28.] 

-31.  A  point  P  moves  with  a  motion  compounded  of  two 
S.H.  motions.  The  amplitudes  and  phases  of  these  are  the 
same,  but  the  frequency  of  one  is  double  the  frequency  of 
the  other.  [That  is,  their  formulae  are  a;  =  a  sin  ^  and 
y  =  a  sin  20  where  6  =  2imt.^  Show  that  P  traces  out  the 
curve 

ay  =  4a!2(a2  -  x^). 

32.  In  No.  31  the  phase  of  the  second  vibration  is  90° 
PT.  n.  16 
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ahead  of  that  of  the  first    i.e.  y  =  a  sin  (26  +  o)   ■      Show 

that  in  this  case  P  traces  out  a  parabola  whose  axis  is  the 
2/-axis. 

33.  What  is  the  path  of  P  when  the  phase-difference  of 
the  vibrations  is  270°  ? 

34.  Employ  the  method  of  No.  21  to  trace  the  path  of  P 
in  No.  31.  Sketch  roughly  (for  comparison)  the  curves  in 
Nos.  32  and  33. 

35.  Two  s.H.  motions  at  right  angles  have  the  same  am- 
plitudes but  their  frequencies  are  in  the  ratio  2  :  3.  Find 
graphically  the  form  compounded  of  them  (i)  when  they  are 
in  the  same  phase ;  (ii)  when  their  phase-difference  is  45° 

i.e.  when  a;  =  a  sin  26  and  y  =  a  sin(36  +  jj   . 


BXEECISB  CII. 


THE  CIECULAR  FUNCTIONS. 

§  1.  The  Sine  and  Gosine  as  Functions. — In  the  discussions 
of  the  last  two  Exercises  the  sine  and  cosine  of  an  angle  have 
ceased  to  be  merely  factors  by  which  one  side  of  a  triangle 
can  be  calculated,  given  another.  They  have  become  rather 
a  means  of  expressing  the  connexion  between  one  variable 
and  another — for  example,  between  a  varying  displacement 


April  giiim. 


April  mim 

Pig.  91. 

and  the  time.  That  being  so,  former  experience  suggests  that 
other  variables,  having  nothing  to  do  with  triangles,  may  be 
found  to  be  connected  by  the  same  kind  of  relation.  Fig.  91 
gives  an  example.  The  small  crosses  mark  the  mean  tempera- 
.tures  at  Greenwich  durinsf  each  month  from  November,  1907, 
to  October,  1911.  April  15th,  1910,  is  taken  as  the  origin  and 
the  time  is  counted  in  weeks  backwards  and  forwards  from  that 
date.    A  temperature  of  50-6°  P.  has  been  taken  for  the  origin 
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of  the  vertical  scale,  this  being  the  mean  temperature  at 
Greenwich  for  all  days  of  the  year  during  the  last  sixty-five 
years.  During  the  same  period  the  highest  individual  mean 
temperature  was  12 '8°  higher  than  the  general  mean  and  the 
lowest  12-8°  lower.  (They  occur  about  July  15th  and  January 
10th  respectively.)  The  smooth  curve  is  T'  =  12-8  sin  6-9  W, 
T'  being  the  deviation  of  the  temperature  from  the  mean  and 
W  the  number  of  weeks  before  or  after  April  15th,  1910. 
(Since  the  curve  is  repeated  every  365J  days,  a  week  must  be 
taken  as  corresponding  to  360°  x  7/365|  =  6-9°.)  It  will  be 
seen  that  although  the  crosses  do  not  actually  lie  on  the  curve 
yet  they  cluster  fairly  closely  about  it.    In  fact  the  formula 

T  =  50-6  +  12-8  sin  6-9  W 
gives  values  which  agree  within  a  degree  or  so,  and  sometimes 
much  more  closely,  with  the  average  values  of  the  mean  daily 
temperature  at  Greenwich  for  the  last  sixty-five  years.  It  is 
easy  to  suppose  the  meteorological  conditions  of  the  British  Isles 
to  be  slightly  changed  with  the  result  of  bringing  the  formula 
into  practically  complete  accord  with  the  averages  over  a  time 
long  enough  to  "  smooth  "  out  the  peculiarities  of  individual 
years. 

To  say  that  the  terms  "  sine  "  and  "  cosine  "  describe  the 
way  in  which  the  magnitude  of  one  variable  depends  upon 
that  of  another  is  equivalent  to  saying  that  they  are  the  names 
of  functions.  If  the  graph  exhibiting  the  relation  of  a  vari- 
able y  to  another  variable  a;  is  a  sine-curve,  we  can  say  that 
2/  is  a  sine-function  of  x  just  as  we  should  say  that  it  was  a 
parabolic  function  if  the  graph  were  a  parabola.  And  just  as 
in  the  latter  case  the  connexion  between  the  variables  can  be 
expressed  algebraically  by  the  formula. 

y  =  ax^ 
or  some  formula  derived  from  this,  so  in  the  former  case  it 
can  be  expressed  symbolically  by  the  formula 

y  =  a  ainpx 
or  some  derived  formula. 

In  this  symbolic  statement  x  is  no  longer  to  be  thought  of 
as  an  angle.  It  is  simply  the  number  which  measures  the 
magnitude  of  the  independent  variable  whatever  that  may 
happen  to  be.  On  the  other  hand,  in  order  to  assign  a  nu- 
merical value  to  the  expression  sin  px  it  riiust  be  understood 
that  its  value  is  the  same  as  if  px  were  an  angle.     But  this 
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rule  will  not  be  perfectly  definite  unless  it  is  made  to  include 
a  rule  for  the  units  in  which  the  angle  is  to  be  measured. 
For  reasons  already  indicated  circular  measure  is  the  mode 
of  measurement  invariably  adopted.  Hence  if  we  are  told 
that  y  =  a  sin  px  and  (given  a  and  p)  are  asked  to  find  the 
value  of  y  corresponding  to  a  certain  value  of  x  the  sine  re- 
quired for  the  calculation  is  the  sine  of  px  radians.  These 
remarks  apply  also  to  the  cosine-function. 

§  2.  Properties  of  the  Functions. — The  sine-function  and 
the  cosine-function  possess  certain  general  properties  in 
common,  (i)  They  are  periodic — that  is,  when  x  has  in- 
creased numerically  by  a  certain  number,  called  the  period 
of  the  function,  the  values  of  y  recur.  The  period  is  the 
length  LjLj  =  LjLj  =  ...  =  I  in  fig.  87.  (ii)  Although  x 
may  have  all  values,  positive  and  negative,  y's  values  are  con- 
fined to  the  range  ±  a.  Half  the  range  ( =  a)  is  called  the 
amplitude  of  the  function.  It  is  evident  also  that -i-  a  and  -  a 
are  upper  and  lower  turning- values  of  y,  and  that  the  function 
has  an  endless  number  of  turning-points,  Pj,  P'j,  Pj,  P'j,  etc. 
(iii)  To  each  value  of  x  there  corresponds  one  and  only  one 
value  oty;  y  is  a,  single-valued  function  of  x.  (iv)  On  the 
other  hand,  each  of  the  two  functions  has  certain  properties 
special  to  itself.  For  example,  just  as  it  is  the  special  pro- 
perty of  the  antilogarithmic  function  that 

antilog  {x^  +  ajg)  =  antilog  Xj  x  antilog  x^, 
so  it  is  the  special  property  of  the  sine-function  that 
sin  (ajj  -I-  x^)  =  sin  x^  cos  x^  +  cos  x^  sin  x^ 

=  sinajj .  sin  (x,^  +  o)  +  sinaig .  sin  (x-^  +  ol- 

Examples : — 

A. 

1.  Show  that  the  period  of  the  function  a  sin  px  is  2irlp. 

2.  The  graph  of  the  function  y  =  bsin  x  is  raised  through 
a  units  and  moved  c  units  to  the  right.  Write  the  formula 
which  describes  it  in  its  new  position.  What  are  its  turning- 
values  ["  maxima  and  minima  "]  ? 

3.  The  graph  oiy  =  b  cos  px  is  raised  a  units  and  moved 
c  units  to  the  left.  What  is  now  its  formula  ?  Where  are 
its  turning-points  situated  ? 
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4.  The  graphs  of  the  functions  2/  =  bsinpx'&ndiy  =  bcoBpx 
are  raised  through  a  units  and  moved  (i)  Trip  units  to  the 
right ;  (ii)  irlip  units  to  the  left.  To  what  functions  does 
each  curve  correspond  in  the  new  positions  ? 

5.  The  amphtude  of  a  certain  sine-function  is  3'2,  its 
period  is  2-7,  and  when  a;  =  0  its  value  is  -  3-2  sin  (27r/3). 
Write  the  formula  of  the  function.  Find  its  value  when 
X  =  +  2-7. 

6.  The  highest  value  of  a  certain  cosine-function  is  -1-  5 ; 
its   value   when  a;  =  0   is    +  4-1265,    and  when   a;  =  1  is 

-1-6168.     Find  the  function. 

7.  A  function  is  of  the  form 

y  =  a  +  b  sin  px. 

Its  highest  and  lowest  values  are  +  12-8  and  +  8-4,  and  its 
value  when  x  =  -+-  1  is  -f  12-1781.     Find  the  function. 

8.  At  the  entrance  to  a  certain  harbour  the  water  is  15  feet 
deep  at  low  tide.  The  following  table  gives  the  depth  at 
half-hourly  intervals  after  low  water  on  a  certain  day.  Show 
that  the  depth  of  the  water  at  different  times  on  that  day  is 
given  by  a  formula  of  the  form 

d  =  a  -  b  cos  pt 

where  t  is  the  time  in  hours  since  low  water.  Find  the 
values  of  the  constants.  [Since  this  formula  is  needed  for 
practical  purposes  p  should  be  calculated  so  that  the  term 
symbolised  by  cos  pt  is  equal  to  the  cosine  of  an  angle  of  pt 
degrees  (not  radians).] 

t  i  1         1|         2  2^         3  3^         4 

(hours) 

d         15-3     16-2    17-7     19-7     22-0     24-5     27-0     29-5 
(feet) 

9.  In  the  formula  of  No.  8  (i)  show  that  p  —  irfS.  where  T 
is  the  time  in  hours  between  high  and  low  water.  Find 
the  value  of  T.  Also  find  (ii)  the  depth  of  the  water  at  high 
tide,  and  (iii)  the  total  rise  of  the  tide  from  low  to  high  water. 

10.  Draw  a  graph  showing  the  depth  of  the  water  at  the 
place  described  in  No.  8  for  25  hours  after  the  first  low  water. 
[This  graph  will  give  approximate  results  only  for  the  later 
hours,  since  the  law  of  succession  of  depths  changes  a  good 
deal  from  day  to  day.] 
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B. 

11.  The  values  of  a  variable  y  are  connected  with  those  of 
another  variable  a;  by  a  relation  which  may  be  expressed  in 
the  form 

y  =  a  tan  fx. 
Explain  clearly  the  meaning  of  the  above  statement. 

12.  Sketch  the  graph  of  the  function  atan^a;  from 
px  =  -  Stt  to  jja;  =  +  Stt,  choosing  any  convenient  values 
for  a  and  p. 

13.  (i)  Is  the  function  tan  ;pa;  periodic?  If  so,  what  is  its 
period  ?  (ii)  Has  it  turning-values  ?  If  so,  what  are  they  ? 
(iii)  Is  it  continuous?  If  not,  where  is  the  break  in  its 
continuity  ? 

14.  How  should  the  graph  of  No.  12  be  moved  so  as  to 
represent  the  values  of  the  function  a  cot  jiaj?  Answer  the 
questions  of  No.  13  with  regard  to  this  function. 

15.  Sketch  the  graph  of  the  function  asec^a;  from  px 
=  -  Btt  to  pa;  =  +  Stt. 

16.  How  may  the  graph  of  a  sec  pa;  be  converted  into  the 
graph  of  a  cosec  px  ? 

17.  Answer  the  questions  of  No.  13  with  regard  to  the 
functions  sec  px  and  cosec  px. 

G. 

18.  Sketch  the  graph  of  the  function  sin  (1/a;)  from  x  = 
-  10  to  a;  =  +10.      At  what  point  has  it  no  value?      Is 

it  continuous?     Is  it  periodic  ?     Has  it  turning- values? 

19.  Sketch  the  graph  oi  y  =  x  -  sin  x  from  x  =  -  10  to 
x  =  -f-  10.  Is  it  periodic  ?  It  is  continuous  ?  Has  it 
turning- values  ? 

20.  Sketch  the  graphs  of  the  functions  x  sin  x,  x^  sin^a;, 
in  each  case  from  x  =   -  ir  to  x  =  +  4:ir. 


BXEECISB  cm. 
INVERSE  CIRCULAR  FUNCTIONS. 

The  Inverse  Sine-function. — Eeturning  to  the  experiment  of 
Ex.  C,  §  1,  let  us  ask  at  what  moments  the  displacement  of  the 
vibrating  brush  had  a  certain  value  h-^.     The  question  is  best 

answered  by  turning  the  graph 

into   the   position  of   fig.   92  so 

that  h  is  now  the  independent 

and   d  the   dependent  variable. 

It  is  clear  that  the  values  of  d 

required  are  those  corresponding 

to  the  points  p^,  p^  .  ■  ■  P-i, 

^  _  2 .  .  .,  where  the  curve  is  cut 

by  the  vertical  through  h-^.     Let 

dj^  be  the  value  nearest  to   Lj, 

.  A  above  or  below,  and  let  I'  (=  lj2) 

,  be  the  distance  LjQj.     Then  this 

^  and  the  values  above  it  are  given 

by  the  table : — 

«Zj  +1'  —  dj 

+  21'  +  di  +  31'  -  di 

+  W  +  di  +  51'  -  dj 

etc.  etc. 

The  negative  values  can  be  set 
out  in  a  similar  table : — 

.  -  21'  +  di  -  I'  -  d^ 

'^  -  4Z'  +  di  -  3Z'  -  di 

Pig.  92.  etc.  etc. 

All  these  values,  positive  and  negative,  are  contained  in  the 
formula  d  =  nl/2  +  ( -  l)»dj  =  nir/p  +  ( -  l^d^. 

248 
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This  result  may  at  once  be  generalised.  The  value  of  y  is 
connected  with  the  value  of  x  by  the  relation 

sin  ^2/  =  xja  .  .  .  ■  (i) 
and  the  problem  is,  given  a  certain  value  of  x,  for  example, 
a?!,  to  find  an  expression  for  all  the  corresponding  values  of  y. 
Let  ^j  be  the  first  positive  or  negative  value  of  y  such  that 
asin^  =  Xj,  then  all  others  are  given  by  the  formula 

y  =  nivlp+  (-  l)»2/i, 
n  being  any  whole  number,  positive  or  negative. 

It  is  always  desirable  to  express  a  relation  such  as  (i)  with 
y  as  the  subject.  In  the  present  case  y  may  evidently  be 
a  number  which  is  1/p  of  any  number  whose  sine  is  xja. 
Two  ways  of  symbolising  such  a  statement  are  in  common 
use.  English  writers  have  generally  used  the  notation 
"  y  =  sin  "  ^o;  "  to  indicate  that  "  y  is  a  number  whose  sine 
is  a;  "  ;  continental  writers  the  form  "arc  sin  x  "  (i.e.  "  the 
arc  whose  sine  is  x  ").  The  English  notation  is  not  very 
happy,  for  it  ought  to  mean  "  1/sin  x  "  just  as  a;  ~  ^  means 
1/x.  The  other  symbolism  is,  therefore,  to  be  preferred. 
Its  use  is  spreading  in  this  country,  and  the  student  should 
at  least  make  himself  familiar  with  it.  By  the  use  of  either 
symbolism  y  in  (i)  above  can  be  expressed  as  a  function  of  x. 
The  expressions  will  be 

y  =  ~  arc  sin  -       or      y  =  -  sin  "^  -. 
p  a  P  o, 

1  X 

The  function  y  =  -  arc  sin  -  is  evidently  the  i  inverse  of 

the  function  y  =  asm px,  since  the  independent  and  de- 
pendent variables  of  the  one  are  the  dependent  and  inde- 
pendent variables  of  the  other.  As  we  have  just  seen,  there 
is,  in  the  case  of  the  inverse  function,  an  endless  number  of 
values  of  y  corresponding  to  every  value  of  x  ;  that  is,  y  is  a, 
many-valued  function  of  x.  One  of  these  values,  j/j,  will, 
however,  always  lie  somewhere  on  the  part  of  the  curve 
between  Qj  and  the  corresponding  point  below  Lj.  This  is 
called  the  principal  value  of  y.  The  range  which  includes 
all  the  possible  principal  values  from  -  ir/p  to  -f  ir/p  is 
called  the  principal  branch  of  the  function  and  the  corre- 
sponding segment  of  the  graph  the  principal  branch  of  the 
curve. 
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Examples  :^ 


1.  Give  formulae  for  the  functions  inverse  to  {i)y  =  2  ain  x  ; 
(ii)  y  =  sin  3x ;  (iii)  y  =  i  sin  5x ;  (iv)  y  —  o4  sin  OSa;. 

2.  Draw  up  a  table  stating  the  field  of  x  and  the  field  of 
y  in  each  of  the  functions  of  No.  1  and  its  inverse.  In  the 
case  of  the  inverse  functions  state  also  the  range  of  values 
included  in  the  principal  branch. 

3.  Give,  for  each  of  the  functions  inverse  to  those  of  No.  1, 
a  formula  for  the  values  of  y  (if  there  are  any)  which  corre- 
spond to  (i)  a;  =  +  1 ;  (ii)  x  =  -  0-2 ;  (iii)  x  =  +  1-5. 

4.  What  formula  describes  fig.  92  when  the  dotted  line  hh 
is  taken  as  the  a;-axis  ? 

5.  Give  formulae  for  the  functions  inverse  to  (i)  y  =  cos  10a; ; 

(ii)  y  =  -J  cos  a;;  (iii)  y  =  2-5  cos  ^. 

6.  Make  for  the  direct  and  inverse  functions  of  No.  5  a 
table  similar  to  that  of  No.  2. 

7.  Show  that  if  y^  is  the  principal,  value  of  y  corresponding 

to  a  given  value  of  x  in 

1  X 

y  =  -  arc  cos  - 

p  a 

all    the   other   corresponding    values   are    included    in   the 

formula 

2»7r    . 

8.  Give,  for  each  of  the  inverse  functions  of  No.  6,  a 
formula  for  the  values  of  y  which  correspond  to  (i)  a;  =  +  2 ; 
(ii)  X  =   -  0-5  ;  (iii)  x  =  +  0-4. 


B. 

9.  Sketch  the  graph  oi  y  =  arc  tan  x{ory  =  tan^^a;)  from 
X  =  -  10  to  a;  =+  10.  Mark  the  principal  branch  by 
a  heavier  line. 

10.  Sketch  for  comparison  with  the  preceding  graph  the 
graph  of 
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1  X 

y  =  -  arc  tan  - 
p  a 

assigning  convenient  values  to  a  and  p. 

11.  In  the  case  of  the  function  of  No.  10,  what  is  (i)  the 
field  of  X  ;  (ii)  the  field  of  y  ;  (iii)  the  principal  branch  of  the 
function  ? 

12.  Let  2/i  be  the  principal  value  of  y  corresponding  to  a 
given  value  of  x  in  the  case  of  the  function  of  No.  10.  Show 
that  all  the  other  corresponding  values  are  included  in  the 
formula 

y  =  mr/p  +  2/i. 

13.  Write  the  formulae  of  the  functions  inverse  to : 
(i)  y  =  tan  3x ;   (ii)  y  =  ^  tan  5x  ;    (iii)    y  =  2-2  tan  l-6a; ; 

(iv)  J/  =  i  tan  g. 

14.  Find  in  the  case  of  each  of  the  inverse  functions  in 
No.  13  the  value  of  y  when  (i)  a;  =  +  0'2  ;  (ii)  x  =  -  6 ; 
(iii)  a;  =  +  10. 

15.  Sketch  the  graphs  of  the  functions  (i)  y  =  arc  cot  x ; 
(ii)  y  =  arc  sec  x  ;  (iii)  y  =  arc  cosec  x,  indicating  the  princi- 
pal branches  by  a  heavier  line. 

16.  Write  down  the  functions  inverse  to  Q)  y  =  2  cot  ^  ; 

(ii)  2/  =  i  sec  j ;  (iii)  «/  =  i  cosec  6x.     Make  a  table  similar 

to  the  one  in  No.  2. 

17.  In  the  case  of  the  inverse  functions  of  No.  16  let  t/j  be 
the  principal  value  of  y  corresponding  to  a  given  value  of  x. 
Write  formulae  which  will  include  aU  the  other  corresponding 
values.     What  does  each  formula  become  when  a;  =  +  1  ? 

18.  Sketch   the   graphs   of   (i)    y  =  \x  +  arc  sin  2a; ;    (ii) 

y  =  X  -  3  arc  tan  j,  each  from  x  =   -5toa;=  +5. 

C. 

19.  Obtain  formulae  which  will  include  all  values  of  6 
that  satisfy  the  following  relations  : — 

(i)  3  cos  5  =  4  sin  d.         (ii)  CDs'*  ^  =  4  sin  5. 
(iii;  4  cos  6  -  3  sec  ^  =  2  tan  6. 
(iv)  6  tan^  fl  =  7  tan  5  +  3. 

i(v).Jsin  3^  =  sin  2fl  ;  [factorise  sin  3^  -  sin  2fl  =  o]. 
(vi)^cos  p5  =  cos  qfl. 
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20.  Solve  the  following  trigonometrical  equations : — ^ 

(i)  4  sin  2^  -  6  sin  5  -  4  cos  6+3  =  0. 
(ii)  cot  6  +  ab  tan  6  +  a.  +  b  =  0. 
(iii)  sm(6  -  (j))  =  i  and  cos  (6  +  (j))  =  J. 
(iv)  sin  4^  -  sin  2d  =  cos  36. 
(v)  cosecx  =  I  +  cotx. 

21.  Show  that   sin  (x  +  j]=  (sin  a;  +  oo^x)l  J%     Use 

this  and  similar  equivalences  to  find  formulae  for  the  values 
of  X  which  make 

(i)  sin  X  +  cos  X  =  +  I.         (ii)  sin  x  +  cos  x  =  +  0'8. 
(iii)  sin  X  -  cosx  =  +  0'2.     (iv)  cosx  -  sinx  =  -  o"3. 

22.  Given  that  x  =  a  sin  p&  and  ^  =  6  sin  qO  show  that 

I,   ■    (1  ■    *^ 

«  =  0  sm    -  arc  sm  -  . 

^  \p  a/ 

23.  A  point   has  a   c.h.m.    of  which  the  components  are 

a;  =  3  sin  4<  and  y  =  5  cos  3i. 

Express  y  as  a  function  of  x  and  find  its  value  when 
a;  =  -  2. 

24.  Given  that  y  =  a(l  -  cos  6)  express  6  as  a  function  of 
y.     Also  express  sin  0  as  a  function  of  y. 

25.  Use  the  results  of  No.  24  to  eliminate   6   from   the 
formulae  for  the  co-ordinates  of  a  cycloid.     [Ex.  C,  No.  33.] 

26.  Eliminate  6  from  the  formulae 

be 

y  =  rj—, — = — z.      a;  =  o  sec  6. 
"       1  +  sm  6 

Sketch  the  graph  showing  the  relation  between  x  and  y. 

27.  Given    that    ^  =  sin  ~  ^a;  and    ^  =  sin  ~  '^y,  express 
cos  6  and  cos  <^  in  terms  of  x  and  y  respectively. 

28.  Given  that 

sin  -^x  +  sin  ~  ^y  =  1-5 
show  that 

« Vl  -  y^  +  y  Jl  -  x^  =  0-9975. 

TT 

29.  Given  that  tan^^a;  +  ta,n~^y  =  t- 
show  that  y  =  (1  -  x)/{l  +  x). 

^  This  sentence  means  the  same  as  the  one  in  No.  19. 
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Find   the   values   of  y  which   correspond  to   (i)   x  =  \, 

(ii)  X  =   -'\,  (iii)  X  =  +11.     Find  tan  "  ^  x  and  tan  ~'^y  'm. 

each  case  and  verify  that  their  sum  is  x/4. 

2a! 

30.  Prove  that  2  arc  tan  x  =  arc   tan 5.        Hence 

1  -  x^ 

prove  that  (i)  2  arc  tan  \  =  arc  tan  ^  and  (ii)  4  arc  tan  |- 

=  arc  tan  i|^.     Use  No.  29  to  show  that 

4  arc  tan  ^  -  arc  tan  ^^  =  j . 


BXBECISB  CIV. 

PROGRESSIVE  WAVE  MOTION. 

§  1.  Nature  of  Wave  Motion. — Waves  are  things  too 
familiar  to  need  description,  but  it  is  necessary  to  consider 
what  the  "  movement "  of  a  wave  really  means.  Waves 
can  be  caused  in  a  rope,  a  length  of  stair-carpet  or  a  folded 
table-cloth  by  jerking  one  end.  For  convenience  think  of 
them  all  as  held  horizontally.  The  wave  is  the  "  hump  " 
that  travels  along  the  material.  It  is  obvious  in  these  cases 
that  the  parts  of  the  material  or  "  medium  "  have  very  little 
longitudinal  movement.  The  movement  is  almost  entirely 
an  up  and  down  excursion  of  each  part  in  its  place.  Observa- 
tion of  the  motion  of  a  floating  cork  shows  that,  with  some 
qualification,  the  same  thing  is  true  of  water  waves.  We  must 
distinguish,  then,  between  (i)  the  actual  movements  of  the 
parts  of  the  medium  and  (ii)  the  movement  of  the  wave.  The 
second  is  simply  an  appearance  presented  by  the  first.  The 
former  movements  have  the  effect  of  making  successive  sec- 
tions of  the  medium  assume  one  after  another  the  same  shape ; 
this  shape  appears,  therefore,  to  be  itself  something  moving 
along.  It  fallows  that  there  are  always  two  questions  to  ask 
with  regard  to  a  "  progressive  "  wave  :  (a)  What  is  the  shape 
which  appears  to  be  moving  forward  (or  backward)  ?  (6)  What 
movements  of  the  individual  parts  of  the  medium  would 
account  for  this  appearance  ? 

§  2.  Harmonic  Waves. — The  waves  mentioned  in  §  1  may 
be  of  many  shapes.  Even  sea  waves,  when  they  approach 
the  shore,  show  a  variety  of  forms.  But  the  waves  met  at 
some  distance  from  shore  are  much  more  constant  in  type. 
A  series  of  them  spread  regularly  across  the  surface  of  the  sea 
has  an  outline  not  very  different  from  fig  87.     If  their  outline 
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were  exactly  a  sine-curve  we  should  have  an  example  of 
harmonic  progressive  waves.  On  a  long  narrow  strip  of 
paper  draw  a  sine-curve  containing  a  considerable  number  of 
periods.  This  strip  drawn  steadily  across  the  desk  gives  a 
representation  of  progressive  harmonic  waves.     The  distance 

LjLg  =  LjLj  =...  =  / 
(fig.  87)  is  called  the  wave-length  (A),  PQ  is,  as  before,  the 
amplitude  (a),  while  the  speed  with  which  the  strip  of  paper 
is  moved  is  the  velocity  of  the  wave.  The  number  of  the 
waves  which  pass  a  given  point  every  second  is  called  the 
frequency. 

The  movements  of  individual  points  can  be  studied  by 
taking  a  sheet  of  cardboard  and  cutting  in  it  three  or  four 
slits,  rather  more  than  2a  in  length,  at  right  angles  to  the 
direction  of  the  wave-motion.  ,  When  the  strip  bearing  the 
sine-curve  is  drawn  steadUy  underneath  the  card  ^  the  suc- 
cessive parts  of  the  outline  seen  through  one  of  the  slits  pre- 
sent the  appearance  of  a  single  dot  vibrating  up  and  down. 
The  motion  of  this  dot  is  simple  harmonic ;  for  it  must  be  a 
reproduction  of  the  movements  of  the  brush  which  may  be 
supposed  to  have  generated  the  curve  in  the  way  described 
in  Ex.  C.  It  is,  however,  a  reproduction  in  reverse  order ; 
for  if  the  slit  is  placed  over  the  point  Lj  (fig.  87)  and  the 
strip  moved  to  the  right  the  dot  will  evidently  begin  by  de- 
scending. It  ascends  only  after  Q\  has  passed  under  the 
slit.  The  time  (T)  which  it  takes  to  complete  its  vibration  is 
the  periodic  time  of  the  wave.  It  is  also,  of  course,  the  time 
taken  by  the  wave  to  advance  a  complete  wave-length.  Thus 
V  =  A/T  =  nX. 

The  dot  seen  in  one  of  the  other  slits  has  exactly  the  same 
harmonic  motion  except  that  it  will  not,  as  a  rule,  have  the 
same  displacement  at  the  same  time.  The  vibrations  of  the 
two  dots  differ  in  phase.  Only  if  the  slits  were  separated 
by  an  exact  number  of  wave-lengths  would  they  be  in  the 
same  phase.  If  the  distance  between  the  slits  was  an  odd 
number  of  half  wave-lengths  the  phases  would  be  opposite 
— that  is,  the  displacements  would  be  equal  but  opposite  in 
sign. 

We  conclude  that  the  movements  of  a  medium  will  appear 

^  A  couple  of  paper  straps  pasted  beneath  the  card  will  keep 
the  strip  in  place. 
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as  harmonic  waves  if  its  parts  have  simple  harmonic  motions 
all  of  the  same  amplitude  and  period  but  differing  constantly 
in  phase.  Imagine  the  experiment  of  fig.  88  performed  with  a 
number  of  wheels  set  at  equal  distances  apart  on  the  same 
axle.  Let  the  bead  on  the  circumference  of  the  first  start  at 
Aj  and  let  the  starting  position  of  the  radius  in  each  of  the 
others  be  a  constant  number  of  degrees  ahead  of  its  prede- 
cessor. Then  as  the  model  rotates  the  shadows  of  the  beads 
will  appear  on  the  wall  as  a  progressive  harmonic  wave.  If 
the  progression  is  to  be  forwards  (i.e.  to  the  right)  the  model 
as  viewed  from  the  right  must  be  turned  backwards  (i.e. 
clockwise)  and  vice  versa. 

§  3.  Formula  of  Wave-motion. — It  remains  to  give  alge- 
braic expression  to  the  foregoing  analysis.  Although  we 
have  been  considering  cases  of  the  actual  movement  of 
material  substances,  yet  we  may,  with  advantage,  write  our 
description  of  progressive  wave-motion  in  terms  of  the  ab- 
stract variables  x  and  y.  For  Ex.  Oil  has  prepared  us  to  regard 
physical  wave-motion  as  only  a  special  instance  of  a  general 
function  or  form  of  connexion  between  variables. 

Examples : — 

A. 

1.  Let  the  formula  y  =  a  sm  px  describe  the  wave-outline 
(as  represented  on  the  paper  slip)  in  a  given  position,  x  being 
measured  from  the  point  occupied  by  Lj.  Show  that  if  the 
curve  moves  to  the  right  with  velocity  v  its  form  after  t  seconds 
is  given  by  the  formula — 

2/  =  a  sin  p{x  -  vt). 

2.  Give  the  formula  descriptive  of  the  same  wave-form 
when  it  is  moving  to  the  left  with  velocity  v. 

3.  Show  that  the  relations  of  Nos.  1  and  2  can  also  be  ex- 
pressed in  the  forms 

(i)  7  =  a  sin  -j-  (x  ±  vt). 
(ii)  y  =  asin27r(*±-j. 
(iii)  y  =  a  sin  27r  (  r-  ±  nt  j. 
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4.  A  train  of  harmonic  waves  20  cms.  high  and  of  wave- 
length 200  cms.  is  advancing  in  the  positive  direction  with  a 
speed  of  40  cms./sec.  Write  a  formula  descriptive  of  the 
wave-form  at  a  given  time  t.  What  is  the  frequency  of  the 
waves  ? 

5.  Determine  the  amplitude,  wave-length,  rate,  and  direc- 
tion of  movement,  periodic  time  and  frequency  of  the  trains 
of  waves  described  respectively  by  the  following  formulae. 
(The  unit  of  length  is  the  centimetre,  the  unit  of  time  the 
second) : — 

(i)  y  =  3  sin  ^  (x  -  5t). 

(ii)  y  =  5sin2,r(^-H  8tj. 

(iii)  y  =  8-3  sin  277  (p-  -j. 
(iv)  y  =  24  sin  o'o628  (x  +  soot). 

6.  Write  formulae  describing  (i)  the  wave-train  of  No.  5  (i) 
2  seconds  after  observations  begin ;  (ii)  that  of  No.  5  (iii) 
12  seconds  before  observations  begin ;  (iii)  that  of  No.  5  (ii) 
1-5  seconds  after  observations  begin.  Calculate  the  displace- 
ment at  the  origin  at  the  given  moment  in  each  case. 

7.  In  the  case  of  the  wave-train  of  No.  5  (ii)  write  the 
formula  which  describes  the  harmonic  motion  of  a  particle 
(i)  at  the  origin ;  (ii)  100  cms.  to  the  right  of  the  origin ; 
(iii)  100  cms.  to  the  left  of  the  origin.  Write  also  the  cor- 
responding formulae  for  the  wave-train  of  No.  5  (i).  In  all 
six  cases  calculate  the  displacement  at  the  point  in  question 
1  second  after  and  1  second  before  the  moment  at  which  ob- 
servations begin. 

§  4.  The  Meaning  of  the  Wave-formula. — The  results  of 
Nos.  6  and  7  are  very  important  and  should  be  clearly 
realised.     They  bring  out  the  property  of  the  formula 

y  =  a  sm  —  (a;  -  vt) 

which  may  be  expressed  as  follows :  If  we  assign  a  definite 
numerical  value  to  t  the  formula  describes,  so  to  speak,  a 
"  snap-shot "  photograph  of  the  train  of  waves  as  they  would 
appear  at  the  moment  in  question.  If  we  assign  a  definite 
numerical  value  to  x  the  formula  corresponds  to  a  "  cine- 
PT.  II,  17 
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matographic "  representation  of  the  movements  observable 
at  the  point  in  question.  If  we  assign  numerical  values  to 
both  X  and  t  we  obtain,  of  course,  a  statement  of  the  displace- 
ment (y)  at  a  particular  place  and  time. 

Examples : — 

TT 

8.  In    the   case   of    the   wave-train  y  =  3  sin  ^  (a;  -  5t) 

calculate  the  displacement  (i)  -(-100  cms.  from  the  origin  at 
the  moment  when  observations  begin  :  (ii)  -  20  cms.  from 
the  origin  at  the  same  moment ;  (iii)  at  the  origin  4  seconds 
after  observations  begin ;  (iv)  at  the  origin  4  seconds  later ; 
(v)  +  50  cms.  from  the  origin  3  seconds  before  observations 
begin  ;  (vi)  -  120  cms.  from  the  origin  at  time  -f  10  seconds. 

9.  In  the  case  of  the  wave-train  of  No.  5  (ii)  give  formulas 
for  the  positions  of  the  points  of  zero  displacement  (i)  10 
seconds  before  ;  (ii)  4  "6  seconds  after  observations  begin. 

10.  In  the  case  of  the  wave-train  No.  5  (i)  give  formulas 
for  the  positions  of  the  points  of  (i)  maximum,  (ii)  minimum 
displacement  2  seconds  after  the  observations  begin. 

11.  State,  in  radians  and  in  degrees,  the  difference  between 
the  phases  of  the  displacements  (i)  at  the  points  a;  =  -  10 
and  a;  =  -I-  20  when  t  =  -  1,  and  (ii)  at  the  moments 
t  =  -  3  and  t  =  -  3'1  where  x  =  -f  5'7,  the  formula  of  the 
wave-motion  being 

2/  =  10  sin  ^{x  -  iOt). 

12.  Show  that  the  following  formulae  all  describe  the  same 
progressive  wave-train  but  with  different  origins  for  the 
measurement  either  of  distance  or  of  time  or  of  both  : — 

(i)  y  =  a  sin  ^r-  (x  -  vt). 

A 

(ii)  y  =  a  cos  -y  (x  -  vt). 
(iii)  y  =  a  sin  Y"  (t  -  vt  +  b). 
(iv)  y  =  a  cos  -j-  (x  -  vt  -  b). 

B. 

§  5.  Gompotmd  Harmonic  Waves. — Imagine  two  persons 
to  be  standing  near  one  another  by  the  side  of  a  ditch  fuU  of 
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water,  and  let  each  cause  a  series  of  waves  by  striking  the 
water  rhythmically  with  a  stick.  Call  the  places  where 
the  water  is  struck  A  and  B,  and  let  B  be  to  the  left  of  A. 
Then  in  the  part  of  the  ditch  which  is  to  the  right  of  A  the 
movements  of  the  water-surface  wiU  show  the  combined 
effects  of  the  movements  which  originate  at  A  and  B.  In 
practice  the  movements  will  (on  account  of  friction)  decrease 
to  the  right  and  eventually  die  away  in  ripples.  We  can, 
however,  imagine  them  to  persist  equally  all  along  the  ditch. 
We  may  also  suppose  that,  even  though  the  blows  fall  upon 
the  water  more  frequently  at  one  point  than  at  the  other, 
yet  the  waves  which  they  cause  travel  along  the  ditch  with 
the  same  velocity.^  It  is  evident  that  if  in  this  case  a  "  snap- 
shot "  of  the  surface  of  the  ditch  were  taken  at  a  certain 
moment  the  displacements  would  show  a  definite  pattern 
repeated  at  constant  intervals  as  in  the  intervals  LjLj,  L2L3, 
etc.,  of  fig.  87.  For  example,  let  the  frequency  of  the  blows  at 
A  and  B  be  respectively  three  per  second  and  four  per  second 
and  let  the  waves  travel  at  5  ft./sec.  Then  the  pattern  will  be 
the  resultant  of  the  7  waves  which  issue  per  second,  3  from 
A  and  i  from  B,  and  will  be  repeated  at  intervals  of  5  feet. 
Thus  the  difference  between  this  ease  and  the  simple  harmonic 
waves  of  fig.  87  will  be  :  (i)  that  the  shape  which  appears  to 
move  along  the  water  may  be  very  different  from  the  sine-curve 
and  may  contain  (as  it  does  in  fig.  98,  p.  283)  several  maxima 
and  minima  displacements  ;  (ii)  that  the  "  length  "  and  there- 
fore the  "frequency"'  of  the  waves  may  be  different  from  the 
length  and  frequency  of  either  of  the  component  waves  from 
whose  combination  the  resultant  wave  is  formed.  It  is  hardly 
necessary  to  add  that  the  amplitude  (i.e.  the  greatest  dis- 
placement) of  the  resultant  wave  will  also  as  a  rule  be  different 
from  the  amplitude  of  either  component  wave.  At  points 
which  would  be  reached  simultaneously  by  "crests"  or 
"  troughs  "  belonging  to  the  two  component  wave-trains  the 
elevation  or  depression  of  the  surface  will  be  exaggerated ;  at 
points  which  are  reached  simultaneously  by  a  crest  belonging 
to  one  train  and  a  trough  belonging  to  the  other  the  displace- 
ment will  be  reduced  and  may  be  entirely  destroyed.  Phe- 
nomena of  these  kinds  are  matters  of  familiar  observation. 

'  This  supposition  again,  is  not  quite  true  of  the  behaviour  of 
waves  on  real  water.    Short  waves  travel  more  quickly  than  long  ones . 

17* 
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We  will  now  make  the  assumption  that  the  waves  issuing 
from  A  and  B  are  simple  harmonic  waves  of  the  kind  studied 
in  Nos.  1-12.  Let  their  wave-lengths  be  Xj  and  A.jj  and  their 
amplitudes  a^  and  a^.  Take  as  origin,  0,  some  point  where, 
at  the  moment  from  which  the  time  is  measured,  the  dis- 
placement due  to  the  wave-train  from  A  is  zero  and  is  about 
to  become  negative — that  is,  a  point  situated  like  Lj,  Lj,  etc., 
in  fig.  87.  Then,  if  this  train  of  waves  existed  alone,  the 
displacements  produced  would  be  represented  by  moving  the 

curve  y  =  a.  sin  —a;  towards  the  right  with  velocity  v.     If, 

on  the  other  hand,  the  waves  from  B  alone  existed,  it  would 
by  no  means  be  necessary  that  the  origin  should,  at  i  =  0, 
be  a  place  of  zero  displacement ;  it  might  be  a  place  of 
maximum,  of  minimum,  or  of  any  intermediate  displacement. 
Thus  the  second  train  will  be  represented  by  taking,  not  the 

•     2ir  .     2,r,  . 

curve  y  =  a^  sm  -r-x,  but  the  curve,  y  =  a^  sm  ^  (a;  -  c) 

and  moving  it  to  the  right  with  velocity  v.  In  this  formula 
c  is  the  a;-coordinate  (at  t  =  0)  of  the  nearest  point  of  the 
waves  from  B  which  is  comparable  with  Lj  or  Lj  or  L3,  etc., 
in  fig.  87.  The  number  2irc/A.2  is  called  the  difference  of 
phase  of  the  waves. 

Next  suppose  that  the  waves  are  issuing  simultaneously 
from  A  and  B.  Then  the  disturbance  of  the  water  to  the 
right  of  A  will  be  the  resultant  of  the  disturbances  due  to  the 
two  separate  trains.  To  calculate  this  resultant  disturbance 
we  adopt  the  principle  (founded  on  observation)  that  the 
actual  displacement  at  any  point  will  be  the  algebraic  sum  of 
the  displacements  due  to  the  waves  separately.  Thus,  if  at 
a  certain  time  and  place  the  disturbances  due  to  the  waves 
from  A  and  B  separately  are  respectively  4-  4  cms.  and 
-  5  cms.,  the  actual  displacement  will  be  -  1  cm.  That  is 
to  say  the  actual  character  of  the  resultant  wave  would  be 
represented  by  drawing  the  graph  of 

.    27r  .    27r,  , 

y  =■  a^  sm  -r-  a;  4-  a2  sm  -r-  (a;  -  c) 
Aj  A2 

and  moving  it  to  the  right  with  velocity  v. 
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Examples : — 

13.  A  compound  wave-train  is  the  resultant  of  two  harmonic 
wave-trains  of  the  same  wave-length  and  the  same  phase. 
[That  is  c  =  0.]  Their  amplitudes  are  a  and  b.  Show  that 
it  is  itself  a  simple  harmonic  wave-train  of  the  same  wave- 
length and  phase  but  of  amplitude  a  +  h.  Illustrate  your 
answer  by  a  sketch  showing  (in  dotted  lines)  the  two  com- 
ponent trains  and  (in  a  firm  line)  the  resultant. 

14.  Show  that  if  the  two  trains  differ  in  phase  by  it  (or 
180°)  the  amplitude  of  the  resultant  train  \b  a  -  b.  What 
will  happen  when  a  =  bl  Illustrate  by  three  sketches  the 
three  cases  :  a>b,  a  =  b,  a<.b. 

15.  The  wave'-lengths  of  two  harmonic  wave-trains  are  the 
same,  the  phase  of  the  second  is  7r/2  behind  that  of  the  first, 
and  their  amplitudes  are  respectively  A  cos  <^  and  A  sin  <^. 
Show  that  the  formula  of  the  wave-form  produced  by  com- 
bining them  is 

y  —  A  sm  I  —  X  +  </>  j. 

Give  also  the  formula  of  the  wave-motion. 

16.  What  would  the  formulae  be  if  the  phase-difference 

37r„ 
were  -^  ? 

17.  Illustrate  Nos.  15  and  16  by  a  careful  graph.      Draw 

.    2Tr  ,     .  2ir         , 

the  curves  y  =  A  cos  (j> .  sm  -r-^,  y  =  A  sm  <j}.  cos  -r-a;  and 

2Tr 

y  =  -  A  sin  <i  .  cos  ^a;  in  dotted  lines,  and  draw  the  result- 

A 

ant  curves  in  hard  lines.      Choose  any  convenient  values 
for  A,  <l>,  and  A. 

18.  Show  that  if  A  cos  <^  =  a  and  A  sin  <^  =  &  then 

A  =   ^{a^  +  b^)  and  ^  =  arc  tan  -. 

19.  Write  formulae  for  the  wave-forms  compounded  of — 

(i)  y  =  3  sin  — X  and  y  =  -  4  cos  — x. 
^ '  '        ■^        20  '  ^20 

(ii)  y  =  I2sin  jxandy=  scos^-x. 

o  o 

(m)  y  =  a  Sin  -t-x  and  y  =  a  cos  -r-x. 
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20.  Two  harmonic  wave-trains  have  the  same  amplitude 
and  wave-length  but  differ  in  phase  by  an  amount  <^.  Show 
that  the  resultant  wave-form  is 


2/  =  2a  cos  2  •  sm  (-r-x  +  ^  1. 


Express  this  result  in  words  and  give  the  formula  for  the 
wave-motion. 

21.  Does  the  result  of  No.  19  (iii)  agree  with  the  formula 
of  No.  20  ? 

22.  Draw  a  graph  showing  the  amplitude  of  the  resultant 
of  the  waves  of  No.  20  for  different  values  of  the  phase- 
difference  from  0  to  TT.     Assume  a  =  1. 

23.  Illustrate  No.  20  in  the  case  when  ^  =  -q-  and  in  one 

other  case  chosen  by  yourself.  [Distinguish  the  component 
and  resultant  curves  as  in  No.  17.] 

24.  Two  component  wave-forms  have  the  same  wave- 
length but  differ  in  amplitude  and  phase.  Show  that  the 
form  of  the  resultant  waves  is  given  by  the  expression 

2/  =  A  sin  (  —a;  -1-  ^  ) 

where 

A.  =  Jia^  +  2a6  cos  <i  +  b^  and  </>'  =  arc  tan  — -^ r. 

^  •  -r         I  f  a  +  b  cos  ^ 

25.  Show  that  the  greatest  and  least  amplitudes  in  No.  24 
are  respectively  a  +  b  and  a  -  b.     What  are  the  amplitudes 

when  <^  =  n  and  when  <^  =  „  ? 

26.  A  certain  wave-form  is  described  by  the  formula 

.      .        IT  -      .       IT 

y  =  4  sm  :r^x  +  2  sm  =a!. 

Describe  the  components  in  words  and  state  the  wave-length 
of  the  resultant  train.  Draw  a  graph  of  the  wave-form 
embracing  one  wave-length  to  the  left  and  two  to  the  right  of 
the  origin. 

27.  Give  formulae  for  wave-forms  compounded  of  the  same 
two  components  with  the  exception  that  at  the  origin  the 
phase  of  the  second  is  (i)  a  right  angle  ahead  of  the  phase  of 
the  first,  (ii)  a  right  angle  behind.  Draw  the  wave-forms  in 
each  case. 
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28.  Draw   three    wave-lengths  of   the   wave-form   whose 
components  are 

2/  =  4  sin  jx,  and  y  =  4  sin  -^x. 

What  is  the  ratio  of  the  wave-lengths  of  the  components  ? 
What  is  the  amplitude  and  wave-length  of  the  resultant  ? 

29.  Two   harmonic    wave-forms    are    described    by    the 

formulae 

.    27r        T  .     /27r  \ 

2/  =  ttj  sm  -r-x  and  y  =  a.^  sm  [j-x  -  <^). 

Show  that    the  resultant   wave-form    corresponds    to    the 

formula 

.    2ir        ,      .    2ir        ,  2^ 

y  =  cii  sin  r-a;  -)-  Oj  sin  —a;  +  Oj  cos  -r-x 

Aj  Aj  Aj 

where  6j  and  63  bave  certain  calculable  values. 

Describe  the  components  in  words.      State  the  values  of 
&j  and  62- 

30.  Draw  two  wave-lengths  of  the  curve 

y  =  10  +  5  sin  a;  -  4  sin  2a;  -^  3  sin  3a;. 


BXEECISB  CV. 

STATIONARY  WAVE-MOTION. 

§  1.  Definition. — Let  LM  (fig.  93)  be  a  length  of  stair- 
carpet  held  by  two  persons  at  L  and  M.  It  is  a  familiar 
experience  that  the  carpet  may  be  shaken  regularly  up  and 
down  so  as  to  pass  rhythmically  through  shapes  like  LpjPjM, 
11^2^2^!  etc.  If  attention  is  fixed  upon  a  particular  point  it 
is  seen  to  vibrate  vertically  along  the  line  pji^,  the  vibration 
having  an  amplitude,  p-^q,  which  increases  from  the  ends  to 
the  middle  of  the  carpet.  In  these  circumstances  the  carpet 
is  said  to  be  in  a  state  of  stationary  vibration,  the  series  of 
movements  is  called  a  stationary  wave,  the  points  L  and  M 
(which  may  be  practically  at  rest)  are  called  nodes  (nmuds, 
knots) ;  LM  is  the  internodal  distance ;  PjQ,  the  greatest  of 
the  series  of  amplitudes,  is  called  the  amplitude  of  the 
vibration  or  of  the  wave ;  the  time,  T,  in  which  the  shape  goes 
through  all  its  transformations  and  returns  to  LPjM,  is  called 
the  period,  and  the  number  of  complete  vibrations  per  second 
the  frequency. 


FiQ.  93. 
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When  the  carpet  is  shaken  twice  as  rapidly  it  may  exhibit 
the  stationary  vibration  shown  in  fig.  94.  The  rhythmic  series 
of  positions  is  now  LP^NE'iM,  LP^NP'2M,  etc.  A  new  node, 
N,  appears  midway  between  L  and  M,  and  the  internodal 
distance  is  halved.  While  the  carpet  to  the  left  of  N  is  rising 
that  to  the  right  is  falling,  and  vice  versa.  The  movements 
of  any  point  q  are  imitated,  upside  down,  by  a  corresponding 
point  g'. 

§  2.  Harmonic  Stationary  Waves. — The  form  of  the  shaken 
carpet  will  not,  in  general,  be  very  different  from  a  sine-curve. 
If  we  assume  it  to  be  exactly  a  sine-curve  the  movements  of 
the  carpet  illustrate  harmonic  stationary  waves.  This  term 
implies  not  a  single  harmonic  form  of  constant  amplitude 
moving  forwards  or  backwards  but  a  succession  of  harmonic 
forms,  with  rhythmically  varying  amplitudes,  all  occupying 
the  space  LM.  Let  PjQ  =  a ;  let  a,  be  the  amplitude  of  the 
form  that  replaces  LPjM  after  t  seconds  and  let  LM  =  I. 

Examples : — 


1.  Show  that  the  ordinates  of  the  stationary  wave  repre- 
sented in  fig.  93  are  given,  at  any  time  t,  by  the  formula 

y  =  a,  sin  tX. 

2.  Show  that  the  ordinates  at  time  t  in  fig.  94  are  given  by 

.     2ir 
y  =  Ui  sm  -j-x. 

3.  Imagine  a  wire  bent  to  the  shape  LPjM  (fig.  93)  and  held 
with  its  plane  vertical  near  a  wall.  Let  it  be  rotated  steadily 
at  the  rate  of  n  revolutions  per  second  and  let  its  shadow  be 
thrown  upon  the  wall  by  a  distant  light  at  the  same  level. 
Let  the  abscissa  of  any  point  ^^  on  the  wire  be  x  and  let  y 
be  the  length  of  the  projection  of  its  ordinate  on  the  wall  at 
time  t.     Show  that 


y  =  a  sin  rjc  .  cos  2Trnt 
=  a  cos  2irnt .  sin  tx. 
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§  3.  FormulcB  for  Stationary  Waves. — No.  3  shows  that 
the  shadow  of  the  rotated  wire  is  always  a  sine-curve  except 

q 

at  t  =  J,  -T-,  etc.,  when  it  becomes  a  straight  line.  More- 
over, it  shows  that  the  amplitude  of  the  curve  at  time  t  varies 
harmonically.  Thus  the  shadow  described  by  the  formula  of 
No.  3  answers  to  the  description  of  a  harmonic  stationary 
wave  in  which  the  varying  amplitude  a,  =  a  cos  2-imt. 

Similarly,  it  a  wire,  bent  to  the  shape  LPjNPi'M  of  fig.  94, 
is  rotated  Isefore  the  wall,  its  shadow  will  imitate  the  be- 
haviour of  the  carpet  of  §  1  when  it  is  shaken  vrith  double 
frequency. 


Examples : — 

4.  Show  that  if  a  wire  of  the  shape  ^  =  a  sin  -yx,  held  be- 
tween points  I  apart,  is  rotated  with  frequency  2«  its  shadow 
at  time  t  is  given  by  the  formulae 

2/  =  a  sm  -j-x .  cos  iTmt 

=  a  cos  iTTfit .  sm  -yx 

and  is  therefore,  in  general,  a  sine-curve  of  amplitude 
a  cos  4:Tmt.  At  what  moments  will  the  shadow  be  a  straight 
line? 

5.  The  wire  of  No.  4  is  bent  successively  to  the  shapes 

...  .    rir        ...  rir 

(i)  y  =  a  sm -y-a;,     (ii)  y  =  aooa  -jx, 

and  rotated  with  frequency  rn  before  a  vertical  wall,  r  being 
a  positive  whole  number.  Give  formulae  for  the  shape  of 
the  shadow  at  time  t  after  the  wire  is  vertical.  How  many 
segments  are  there  and  where  are  the  nodes  ? 

6.  In  No.  5  let  the  time  be  measured  from  a  moment  when 
the  plane  of  the  wire  is  horizontal  and  the  first  loop  is  about 
to  ascend.  What  are  now  the  formulae  which  describe  the 
varying  shadows  ? 

7.  What  information  do  the  formulae  of  Nos.  4,  5,  and  7 
give  when  a  definite  numerical  value  is  assigned  to  (i)  t,  or 
(ii)  X 1. 
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8.  (i)  A  cord  12  feet  long  is  exhibiting  stationary  harmonic 
vibrations  of  frequency  4  per  second  and  amplitude  2  feet,  the 
whole  cord  being  a  single  internodal  segment,  (ii)  It  is  then 
made  to  vibrate  with  frequency  8,  whereupon  the  stationary 
wave  breaks  up  into  two  internodal  segments.  (iii)  The 
frequency  is  next  raised  to  12,  and  the  cord  becomes  divided 
into  three  internodal  segments.  The  amplitude  remains  2 
feet  throughout  the  experiment. 

Write  formulae  which  describe  the  shape  of  the  cord  at 
each  moment  during  each  of  the  three  states  of  vibration, 
taking  t  =  0  at  a  moment  when  the  displacement  at  each  point 
of  the  cord  is  a  maximum.  Draw,  side  by  side,  sketches  of  the 
shape  of  the  cord  when  i  =  0  in  each  case.  Underneath 
these  draw  sketches  showing  the  form  when  t  =  -^^  sec, 
t  =  Jj-  sec,  t  =  xg.  sec,  t  =  ^  sec,  t  =  ^  sec 

9.  The  following  formulae  refer  to  stationary  vibrations  in 
a  cord  1  metre  long,  the  units  employed  being  the  centi- 
metre and  the  second.     Interpret  the  formulae  in  words  : — 

(i)  y  =  10  sin  — x  .  cos  65rt.         (ii)  y  =  8  sin  — x  .  cos  407rt. 

(iii)  y  =  6  sin  l6jrt  .sin  —  x. 
^     '  ^  20 

10.  In  the  vibration  of  No.  9  (ii)  write  a  formula  descrip- 
tive of  the  movements  of  a  point  P  on  the  cord  situated  3 
cms.  from  the  left-hand  end  of  the  cord.  Also  write  a  formula 
giving  the  distance  from  that  end  of  all  points  (i)  whose  dis- 
placement is  the  same  as  P's,  (ii)  whose  displacement  is  equal 
but  opposite  to  P's  at  every  moment  during  the  vibration. 

§  i.  The  Analysis  of  Stationary  Waves. — It  has  already 
been  stated  (Ex.  C,  §  1)  that  points  on  a  vibrating  cord  are 
known  to  move,  in  some  cases,  with  simple  harmonic  motion. 
If  at  the  same  time  the  shape  of  the  cord  were  a  sine-curve — 
and  observation  shows  that  it  may  certainly  be  very  much 
like  one — then  the  formulae  of  the  foregoing  examples  would 
be  a  description  of  stationary  waves  which  actually  occur. 
It  is  interesting,  therefore,  to  inquire  what  conditions  might 
be  expected  to  produce  movements  of  this  type. 

If  the  end  M  (fig.  93)  of  a  cord  is  fastened  and  a  "  hump  " 
made  to  travel  along  it  from  L,  the  motion  will  be  seen  to  be 
reflected  at  M  and  to  return  towards  L.  If  before  it  returns 
a  second  hump  is  transmitted,  the  two  will  cross  one  another. 
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The  part  of  the  rope  affected  will  take  a  form  which  may  be 
regarded  as  the  resultant  of  the  forms  of  the  two  humps.  If 
the  humps  are  properly  timed  the  cord  begins  to  show 
stationary  vibrations  of  one  of  the  types  described  in  §  1. 

This  observation  suggests  that  harmonic  stationary  waves 
may  be  explained  as  produced  by  the  combination  or  "  inter- 
ference "  of  two  progressive  harmonic  waves  travelling  in 
opposite  directions.  The  following  examples  show  that  the 
suggestion  is  well  founded : — 


Examples  : — 

11.  Write  down  the  formulae  which  describe  two  trains 
of  simple  harmonic  waves  of  amplitude  A,  wave-length  X 
and  of  equal  phase  moving  in  opposite  directions  with  velo- 
city V. 

12.  Show  that  if  these  trains  are  moving  along  the  same 

medium  (e.g.  a  canal,  a  stretched  cord,  a  length  of  carpet,  etc.) 

they  will  combine  to  produce  a  resultant  movement  given  by 

the  formula 

„.    .    2ir  2irv    ^ 

y  =  2A  sin  -^x  .  cos  -r— .  {. 

A  A 

13.  Show  that  the  origin  will  be,  throughout  the  passage 
of  the  waves,  a  point  of  zero  disturbance.  Show  further  that 
the  points  ±  p.kj2  (where  p  is  any  whole  number)  are  also 
points  of  zero  disturbance  or  nodes.  How  will  these  re- 
sults and  that  of  No.  12  be  modified  if  the  two  harmonic 
waves  be  taken  to  be  y  =  A  cos  {x  ±  vt)  ? 

14.  Show  that  two  points  at  an  equal  distance  x'  to  the 

right  and  to  the  left  of  any  node  move  with  s.h.m.  of  equal 

2ir 
amplitude,  2 A  sin  —a;,  but  are  always, in  the  opposite  phase. 

A 

[Note  that  this  conclusion  proves  that  the  movements  in  two 
adjacent  segments  are  exactly  like  those  in  two  adjacent  inter- 
nodal  segments  in  stationary  harmonic  wave-motion.] 

15.  Show  that  the  whole  medium  is  momentarily  at  rest 
2«  times  a  second,  n  being  =  v/A. 

§  5.  Summary. — The  foregoing  analysis  makes  clear  that 
when  two  trains  of  simple  harmonic  waves  of  equal  ampli- 
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tude  and  wave-length  pass  with  equal  velocity  but  in  opposite 
directions  through  the  same  medium  the  resultant  disturbance 
is  a  stationary  harmonic  vibration  of  the  medium  with  nodes 
at  intervals  of  X/2  and  frequency  vjk.  The  amplitude  of  the 
stationary  waves  is  seen  to  be  twice  that  of  the  component 
progressive  waves.  The  movement  between  two  nodal  points 
is  exactly  like  that  illustrated  in  fig.  93  while  the  movements 
in  adjacent  segments  are  like  those  illustrated  in  fig.  94.  If 
we  direct  our  attention  to  the  part  of  the  medium  between 
two  nodes  and  ignore  the  rest  this  part  may  be  considered 
as  answering  to  the  length  LM(  =  I)  in  figs.  93  and  94. 
Thus  we  have  that  A.  =  2Z,  and,  since  2A  =  a  the  formula  of 
No.  12  becomes  identical  with  that  of  No.  3.  The  most  con- 
venient standard  form  for  the  description  of  this  stationary 
wave-motion  is  a  combination  of  the  two  formulse,  namely  : — 

IT  TTV 

y  =  a  sin  -j-x.  cos — j-t. 

Examples : — 

16.  Simple  harmonic  waves  of  amplitude  A  and  wave- 
length Xjr  (r  being  a  positive  integer)  advance  in  opposite 
directions  with  the  same  velocity  v.  Show  that  their  re- 
sultant is  the  stationary  harmonic  wave-motion  given  by  the 
formulae 

.    r-ir  rirV , 

2/  =  a  sm  -jx  .  cos  —pi 

rir  r-irV 

or  y  =  a  cos  -j-x  .  cos  -p  t 

according  as  the  origin  is  a  place  of  zero  or  of  maximum 
displacement.  In  the  second  case  what  point  will  be  a 
node  ? 

17.  Water  is  poured  into  a  narrow  rectangular  trough 
5  feet  long  until  it  stands  6  inches  deep.  By  lifting  one 
end  of  the  trough  a  short  distance  and  letting  it  fall  I  cause 
a  simple  harmonic  wave  2  inches  high  which  travels  along 
the  surface  at  the  rate  of  4  ft./sec.  I  maintain  this  wave  by 
similar  (but  smaller)  movements  of  the  end  of  the  trough 
repeated  at  intervals  of  2^  seconds.  Show  that  the  water- 
surface  will  be  kept  in  the  state  of  stationary  wave-motion 
described  by  the  formula 
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y  =  i  COS  -=- .  COS  -=-. 

18.  What  will  the  wave-motion  become  if  the  end  of  the 
trough  is  raised  and  dropped  at  intervals  of  IJ  seconds? 
Describe  its  appearance. 


§  6.  Compound  Stationary  Wave-motion. — In  the  fore- 
going discussion  it  has  been  assumed  that  the  identical  waves 
whose  movement  in  opposite  direction  produces  the  stationary 
wave-motion  are  themselves  simple  harmonic  waves.  This 
is  the  simplest,  but  is  by  no  means  the  only,  admissible 
hypothesis.  We  have  seen  that  a  length  I  of  the  medium 
will  exhibit  harmonic  stationary  wave-motion  when  it  is 
traversed  by  equal  and  opposite  harmonic  waves  whose 
wave-length  is  either  X.  =  21  oi  any  sub-multiple  of  A.  We 
are  entitled  to  suppose,  therefore,  that  several  of  these  pairs 
of  contrary  wave-trains  are  traversing  the  length  I  simultane- 
ously. In  that  case  the  stationary  wave-motion  will  cease 
to  be  simply  harmonic;  the  form  of  the  surface  at  any 
moment  will  be  the  resultant  of  the  forms  due  to  the  different 
pairs  of  opposite  trains. 

This  more  complicated  state  of  affairs  is  the  one  generally 
met  with  in  practice.  The  actual  stationary  wave-motion  is 
the  resultant  of  an  indefinite  number  of  component  stationary 
wave-motions  whose  wave-lengths  are  respectively  2Z,  21/2, 
21/3,  .  .  .  2l/p.  As  a  rule,  however,  the  amplitude  of  the 
component  of  wave-length  21  is  much  greater  than  the  other 
amplitudes.  For  this  reason  this  component  is  called  the 
fundamental  and  the  others  secondary  wave-motions.  In 
consequence  of  its  greater  amplitude  the  fundamental  com- 
ponent generally  persists  when  the  others  have  died  away. 
Thus  the  wave-motion,  which  is  at  first  complicated,  tends 
in  its  later  stages  to  assume  the  simple  form  already  in- 
vestigated. 

Examples : — 

19.  A  cord  10  feet  long  is  vibrating  with  stationary  wave- 
motion  compounded  of  the  two  motions 

TT  TT  TT 

y  =  0"5  sin  ^^a; .  cos  xi  and  y  =  0'25  sin  ^a; .  oosVf. 
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Give  the  formulse  which  describe  the  shape  of  the  cord  (i) 
when  t  =  0 ;  (ii)  when  t  =  ^ ;  (iii)  when  <  =  1 ;  (iv)  when 
t  =  2.  What  is  the  velocity  of  progressive  waves  along  the 
cord? 

20.  Draw  the  shapes  of  the  cord  at  the  times  mentioned  in 
No.  19,  making  use  of  the  graphs  of  Ex.  CIV,  Nos.  26  and 
27.     It  may  be  convenient  to  exaggerate  the  displacements. 

21.  A  compound  progressive  wave  whose  description  is 

«     ■     Stt  ,  J.        ^    .     4ir  ,  ,. 

y  =  A  sin  ^-  (x  -  vt)  +  a  sm  -r-  {x  -  vt) 

meets  another  of  identical  form  travelling  with  the  same 
speed  towards  the  left.  Write  the  formula  which  describes  the 
compound  stationary  wave-motion  produced  by  their  interfer- 
ence.    Show  that  it  may  be  reduced  to  the  form 

.     TT  ttv,       ,     .     2ir  2'7ry 

y  =  a  sm  ^a; .  cos  -jt  +  b  sm  -y-a; .  cos  —j-t 

where  a  and  I  have  the  same  meaning  as  in  §  2. 

22.  Write  the  formulse  of  the  two  compound  progressive 
waves  which  may  be  supposed  to  have  produced  the  stationary 
motion  described  in  No.  19. 

23.  The  argument  of  No.  21  may  be  illustrated  (in  con- 
nexion with  No.  19)  in  the  following  way :  Make  on  thin 
tracing  paper  two  copies  of  the  thrice-repeated  wave-form  of 
Ex.  CIV,  No.  26.  Draw  on  a  sheet  of  ordinary  paper  two 
thick  vertical  lines  at  a  distance  of  10  units  (  =  I  =A./2)- 
Draw  another  line  across  them  at  right  angles  cutting  them 
at  L  and  M — L  being  on  the  left  of  M.  Hold  one  tracing 
so  that  the  beginning  of  the  third  wave  to  the  right  is  at  L, 
and  place  the  other  tracing  above  it  so  that  the  beginning  of 
the  &:st  wave  is  at  the  same  point.  In  these  positions  the 
third  wave  on  the  lower  and  the  first  wave  on  the  upper 
tracing  paper  are  coincident.  Thus  at  4  =  0  the  resultant 
displacement  between  L  and  M  would  be  everywhere  twice 
that  due  to  the  curve 


,    .    27r         -D    .    4^ 
y  =  A  sm  -r-a;  +  B  sm  ^a;. 


That  is,  it  will  be 


,    .    2ir 
+  0  sm  -yX 
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in  accordance,  with  previous  results  in  which  we  have  shown 
that  a  =  2A,  6  =  2B,  and  I  =  \/2.     [Compare  No.  21.] 

Now  move  the  lower  tracing  any  distance  you  please  to 
the  right  and  the  upper  one  an  equal  distance  to  the  left. 
The  resultant  of  the  parts  of  the  wave^Eorms  between  the  two 
parallel  lines  should  be  identical  with  the  stationary  wave- 
form at  that  moment.  Note  that  however  far  the  two  trac- 
ings have  been  moved  the  displacements  at  L  and  M  are 
equal  and  opposite — that  is,  these  points  are  nodes.  Suppose 
that  the  waves  move  with  the  velocity  assumed  in  No.  19, 
so  that  they  cover  the  distance  LM  =  Z  in  2  seconds.  Then 
in  ^  second  each  tracing  must  move  forward  a  distance  Z/6. 
Place  them  in  these  positions  and  satisfy  yourself  that  the 
resultant  form  between  L  and  M  is  similar  to  that  of  No.  19, 
the  only  possible  difiference  being  a  difference  in  the  vertical 
scale.  Deal  similarly  with  the  cases  described  in  No.  19 
(iii)  and  (iv). 

24.  A  stretched  cord  6  feet  long  is  (on  different  occasions) 
drawn  into  the  forms  represented  by  the  following  formulae 
and  is  then  allowed  to  vibrate.  Write  in  each  case  the 
formula  of  the  stationary  wave-motion,  given  that  all  waves 
travel  along  the  cord  at  the  rate  of  60  ft./sec.  Also  draw  the 
forms  of  the  cord  at  the  moment  of  release.  [It  will  be  con- 
venient to  exaggerate  the  vertical  scale.] 

(i)  y  =  -  sin  — X s  sin  -X  +  —  sin  ^x. 

^''26  18        2         50  6 

(u)  y  =  -  Sin  :^x  +  =  Sin  -X sin  — x. 

26         83         32        3 


BXBEGISB  CVI. 
HAEMONIC  ANALYSIS. 

§  1.  Discussion  of  Foregoing  Results. — The  examples  of 
the  last  two  exercises  have  shown  that  the  most  varied  wave- 
forms can  be  produced  by  combining  simple  harmonic  forms 
of  different  amplitude,  wave-length,  and  phase.  The  com- 
pounds may  retain  in  their  appearance  a  strong  suggestion 
of  the  components  from  which  they  are  formed  (e.g.  Ex.  CIV, 
Nos.  26,  27),  or,  on  the  other  hand,  the  process  of  composition 
may  destroy  the  family  resemblance  entirely.  Thus  in  Ex. 
CV,  No.  24  (i)  and  (ii),  the  resultant  wave-form  is  not  very 
different  from  a  pair  of  straight  lines.  In  fact  it  resembles 
closely  the  appearance  of  a  stretched  cord  plucked  aside  at 
the  middle  (i)  or  one-third  of  the  way  along  its  length  (ii). 
The  student  will  readily  believe  that  the  addition  of  a  few 
more  terms  of  the  series  would  in  both  cases  make  the  re- 
semblance practically  perfect.  The  fact  that  the  form  is  built 
up  from  sine  (and  perhaps  also  cosine)  curves  is,  in  such 
cases,  betrayed  only  by  one  characteristic :  namely,  that  the 
form  is  periodic — that  is,  that  it  consists  of  an  endless  number 
of  repetitions  of  the  same  pattern. 

It  appears,  then,  that  functions  of  the  forms  sin  px  and 
cos  px  (where  p  =  27r/A.)  have  the  same  relation  to  periodic 
curves  as  powers  of  x  have  to  non-periodic  curves.  The 
simplest  non-periodic  "  curve "  is  the  straight  line  and  the 
simplest  periodic  curve  the  sine-curve.  In  their  standard 
positions  these  are  described  by  the  formulae 

y  =  A-jX  and  y  =  A-^  sin  px. 

The  effect  of  adding  a  term  A^^  to  the  former  formula  may 

be  compared  with  the  effect  of  adding  a  term  A^  sin  2px  to 

the  latter.     In  the  one  case  a  more  complex   non-periodic 

PT.  II.  273  18 
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curve  is  obtained,  in  the  other  a  more  complex  periodic 
curve : — 

y  =  Ajo;  +  k^^  and  2/  =  Aj  sin  px  +  A2  sin  ^px. 
By  adding  further  terms  of  the  form  A^'  to  the  one  formula 
and  of  the  form  A,  sin  rpx  to  the  other  we  obtain  respectively 
non-periodic  and  periodic  curves  of  constantly  increasing 
complexity,  with  the  restriction  that  in  the  latter  case  the 
successive  curves  all  have  the  same  period  A.  (  =  2irlp). 

Let  2/  =  AjX  +  A^^  +  .  .  .  +  Ax  be  the  standard  formula 
for  a  non-periodic  curve  of  one  of  the  possible  types.  Then 
it  is  possible  to  derive  from  this  an  endless  number  of  related 
curves  by  substituting  for  x  in  any  term  or  terms  expressions 
of  the  form  x  -  d  where  d  is  a  constant.  The  effect  of  these 
substitutions  will  be  to  change  some  or  all  of  the  coefficients. 
Thus,  let  the  original  formula  be 

y  =  3x  +  ix"  -  x^  +  2a;* 
and  let  a;  -h  2  be  substituted  for  x  in  the  second  and  x  -  1 
for  X  in  the  last  term.     The  formula  now  becomes 

y  =  3x+  i  {x  +  2y  -  x^  +  2{x  -  ly 
=  18  +  11a;  +  16a;2  -  9x^  +  2a;*. 

Lastly,  the  curve  may  be  supposed  moved  as  a  whole  both 
vertically  and  horizontally — changes  which  may  again  affect 
all  the  coefficients.  Thus  in  the  general  case  the  final  effect 
of  all  these  complications  will  be  to  produce  a  formula  of  the 
type 

y  =  a^i  +  ayX  +  a.^^  +  .  .  .  +  a^" 
the  form  of  whose  graph  will  depend  partly  on  the  original 
values  of  the  coefficients  and  partly  upon  the  subsequent  sub- 
stitutions which  are  supposed  to  have  been  made. 

In  the  case  of  a  periodic  function  the  standard  formula 
may  be  taken  to  be 

y  =  Aj  sin  fx  +  Aj  sin  2^a;  -f  A3  sin  3ya;  -i-  ...  4-  A,  sin  rpx. 
The  substitution  for  x  of  different  expressions  of  the  form 
a;  -  d  in  various  terms  will  produce  periodic  functions  which 
may  be  regarded  as  variants  belonging  to  the  same  type. 
For  example  let 

y  =  3  sin  X  +  i  sin  2a;(  -  sin  3a;  +  2  sin  4a; 
— a  function  in  which  \  =  2ir.     As  before  let  a;  -f  2  be  sub- 
stituted for  X  in  the  second  and  x  -  1  for  a;  in  the  last  term; 
Then  the  formula  becomes 
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2/  =  3  sin  a;  +  4  sin  2{x  +  2)  -  sin  3x  +  2  sin  4:(x   -  1) 

=  3  sin  a;  +  4  cos  4  .  sin  2x  -  sin  3a;  +  2  cos  4  .  sin  4a; 
+  4  sin  4  .  cos  2a;  -  2  sin  4  .  cos  4a; 

=  3  sin  a;  -  2'61  sin  2a;  -  sin  3a;  -  1'3  sin  4a; 
-  3-03  cos  2a;  +  1-52  cos  4a; 

(For  sin  4  =  sin  229°  11'  =  -  0-7568  and  cos  4  =  -  0-6536.) 
Thus  these  substitutions  have  the  effect  not  only  of  changing 
the  amplitudes  but  also  of  introducing  cosines  into  the  formula. 

Lastly,  the  curve  may  be  supposed  moved  as  a  whole,  both 
vertically  and  horizontally.  Such  movements  will  imply  not 
only  further  modifications  in  the  amplitudes  and  the  intro- 
duction of  more  cosines  but  also  the  appearance  of  a  constant 
term  measuring  the  amount  of  vertical  displacement.  The 
formula  which  describes  the  final  curve  may  therefore  be  of 
the  form 

2/  =  ao  +  <*i  sin|)a;  +  (X2  sin2|)a;+a3  sin  3^a;+    .  .  .   +a,.3inrpa; 
+  b^  cos  px +b2  cos  2px+bg  cos  3px+   .  .  .   +br  cos  rpx 
in  which  the  coefficients  may  have  any  values,  positive  or 
negative. 

Lastly,  it  is  to  be  observed  that  the  whole  argument  applies 
not  only  to  non-periodic  and  periodic  curves,  but  equally  to 
any  non -periodic  and  periodic  functions  which  can  be  repre- 
sented graphically  by  such  curves. 

§  2.  Fourier's  Theorem. — The  student  will  be  aware  that 
although  formulae  of  the  type 

y  =  ttf,  +  a^x  +  a^"-  +  .  .  .  +  aX 
describe  an  endless  number  of  non-periodic  curves  and  func- 
tions, yet  there  are  many  others  of  great  importance  which 
cannot  so  be  described.  The  function  y  =  ^x  is  one  obvious 
example.  He  will,  therefore,  naturally  inquire  whether  a 
similar  limitation  applies  in  the  case  of  periodic  functions  or 
curves.  Unfortunately,  the  question  is  too  difficult  to  investi- 
gate here.  The  student  must  be  content  to  be  told  that  it  is 
known  that  by  taking  enough  terms  the  formula  of  §  1  can  be 
made  to  fit  any  periodic  function  or  curve  to  any  required 
degree  of  accuracy. 

The  man  who  first  observed  that  a  periodic  function  of  un- 
limited complexity  can  be  described  by  a  formula  of  this  type 
was  the  great  French  mathematical  physicist  Fourier  (c.  1800). 
The  enunciation  of  this  fact  is  called  after  him  "  Fourier's 

18* 
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Theorem  ".  The  process  of  determining  the  components  of 
which  a  given  periodic  function  is  the  resultant  is  called 
harmonic  analysis. 

§  3.  4  Preliminary  Investigation. — The  immediate  problem 
in  harmonic  analysis  is  to  determine  the  amplitudes  in  the 
various  terms  of  Fourier's  formula.  The  simple  graphic 
method  about  to  be  described  depends  upon  certain  properties 
of  sine  and  cosine-curves  which  are  brought  out  in  the  fol- 
lowing examples,  Nos.  1-5. 

Examples : — 

A. 

1.  Show  (by  considerations  of  symmetry)  that  the  area 
under  the  curve 

y  =  o  cos  -r-a; 

from  a;  =  0  to  a;  =  \/2  is  always  zero. 

2.  Show  that  if  r  is  any  whole  number  the  area  under  the 
curve 

2r7r 
y  =  a  cos  -r— a; 

from  a;  =  0  to  a;  =  X/2  is  always, zero. 

3.  Show  also  that  in  No.  2  the  area  is  also  zero  from  x  =0 
to  a;  =  X. 

4.  Show  that  the  area  under  the  sine-curve 

.    2rir 
y  =  aam  —r-x 

A 

from  X  =  0  to  a;  =  X  is  always  zero  if  r  is  a  whole  number. 

5.  In  No.  4  show  that  the  area  from  x  =  Otoa;=Z=  X/2 
is  also  zero  if  r  is  even  but  not  if  it  is  odd. 

6.  On  one  side  of  a  line  AB  of  length  I  (fig.  95)  draw  the 
semi-sine-curve 


y  =  a  Bin 


TT     r  .     27r  "I 

jx\_=a  sm  -a;J 


choosing  any  value  for  a.     On  the  other  side  draw  similarly 
the  curve 

y  =  sin  jX. 
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Out  the  figure  out  and  fold  it  about  AB  until  the  planes  of 
the  two  curves  are  at  right  angles.  Then  the  two  curves 
may  be  thought  of  as  marking  out  a  space  which  could  be 
filled  up — for  example,  with  clay.  Imagine  the  solid  thus 
constructed  to  lie  with  the  curve  y  =  a  sin  irx/l  resting  upon 
the  table.  Then  the  figure  bounded  by  this  curve  and  the 
line  AB  is  the  "  plan  "  of  the  solid,  while  the  figure  bounded 


p  Q 


by  the  curve  y  =  sin  -irx/l  and  AB  is  its  "  elevation  ".  Any 
section  of  the  solid  by  a  plane  at  right  angles  to  AB  will  be 
a  rectangle  whose  adjacent  sides  are  a  sin  irx/l  and  sin  irxjl, 
X  being  the  distance  of  the  section  from  A.  Show  that  the 
area  of  this  section  is  given  by  the  formula 


27r 
cos  -J-  X 


=  2-(l-cos^xj. 
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7.  The  result  of  No.  6  shows  that  the  area  of  any  section 
of  the  solid  can  be  regarded  as  the  algebraic  difference  be- 
tween a  constant  area  ffl/2  and  a  variable  area  |a  cos  2irxll. 
For  convenience  these  areas  may  be  regarded  as  rectangles, 
each  of  height  a/2.  The  base  of  the  former  would  be  unity, 
that  of  the  latter  cos  ^irxjl.  The  two  rectangles  may  be  re- 
garded as  cross-sections  of  two  new  solids  of  length  AB  {  =  I) 
and  of  uniform  height  a/2  whose  plans  are  represented  in 
fig.  95.  The  width  of  the  plan  of  the  first  will  everywhere 
be  unity,  while  that  of  the  second  will  be  cos  2irxll.  Let  a 
plane  at  right  angles  to  AB  cut  the  solids  as  at  PP'  or  QQ'. 
Then  the  section  of  the  solid  of  No.  6  is  the  difference  be- 
tween the  sections  P  and  P',  or  Q  and  Q'.  In  the  case  of 
the  section  P'  the  width  cos  ^irxjl  is  positive,  in  the  case  of 
Q'  it  is  negative.  Thus  the  area  of  the  section  F  must  be 
reckoned  positive  and .  that  of  the  section  Q'  negative.  It 
follows  that  the  part  of  the  volume  of  this  solid  which  is  above 
AB  in  the  plan  must  be  reckoned  positive  while  the  part  be- 
low AB  is  negative.  Hence,  by  symmetry,  the  total  volume 
of  this  solid  is  zero.  But  the  volume  of  the  solid  of  No.  6 
must  be  the  difference  of  the  volumes  of  the  two  new  solids. 
We  conclude,  then,  that  the  volume  of  the  solid  of  No.  6  is 
simply  that  of  the  prism  whose  plan  is  shown  in  the  middle 
diagram  of  fig.  95.  Deduce  thence  that  the  volume  of  the 
solid  of  No.  6  is  aljl. 

8.  Draw  on  a  line  AB  (fig.  96)  of  length  I  (  =  \/2)  the  curve 

2/  =  a  sm  -pa; 

and  upon  another  line  AB  of  the  same  length  draw,  upside 
down,  the  curve 

y  =  sm  -yX- 

Cut  out  the  two  curves  and  bring  them  together  so  that  the 
lines  AB  coincide  and  the  planes  are  at  right  angles.  As 
before  the  curves  determine  a  solid  form  which  may  be 
imagined  filled  with  clay.  The  whole  solid  will  evidently 
consist  of  three  segments  each  similar  to  the  solid  of  No.  6 
but  of  length  Z/3.  If  the  lowest  two  diagrams  in  fig.  96 
represent  sections  at  right  angles  to  AB  two  of  the  segments 
will  lie  in  the  quadrant  marked  "  1 "  and  the  other  in  that 
marked  "3".    By  considering  the  signs  of  vertical  and  hori- 
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zontal  distances  measured  in  these  quadrants  show  that  the 
volume  of  all  three  segments  of  the  solid  may  be  considered 
positive.  Hence  show  that  the  total  volume  is  again  rtZ/2  or 
aA./4. 


p, 

/ 

3 

C 

>• 
4 

Pig.  96. 

9.  Eepeat  this  argument  for  the  general  case  in  which  one 

curve  is  given  by 

.    rjT 
2/  =  a  sm  -jx 

and  the  other  by 

,      Tit 

y  =  sm  -y-a! 

r  being  any  positive  whole  number. 

10.  Show  that  the  volume  of  the  solid  whose  plan  and 
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elevation  are  respectively  the  spaces  enclosed  between  the 
line  AB  {  =  I)  and  the  curves  y  =  a  sin  rirx/l  and  y  = 
sin  rirx/l  may  be  regarded  as  the  difference  between  the 
volumes  of  two  solids  of  length  I  whose  cross- sections  are 
respectively  a/2  and  |a  cos  ^rvx/l.  Hence  show  that  the 
volume  of  the  former  solid  is  al/2  or  ak/4o. 

11.  A  solid  is  constructed  whose  plan  and  elevation  are 
respectively  the  spaces  enclosed  between  the  line  AB  (  =  I) 
and  the  curves  y  =  a  sin  tttx/I  and  y  =  sin  sttx/I,  r  and  & 
being  different  positive  whole  numbers.  Show  that  the 
volume  of  this  solid  is  the  difference  between  the  volumes  of 
two  other  solids  of  length  I  whose  cross-sections  are  respectively 
\a  cos  (r  -  s)irxll  and  fa  cos  (r  -1-  s)-irxll.  Hence  show  that 
the  total  volume  of  the  original  solid  is  always  zero. 

12.  Next  let  the  line  AB  be  of  length  A.(  =  21)  and  let  the 
curves  which  determine  the  solid  be 

2rir         ,  .    2sir 

y  =  a  cos  ^— a;  and  y  =  sm  -r-x. 

Prove  by  a  method  similar  to  that  used  in  No.  11  that  the 
total  volume  of  the  solid  is  zero.  [It  is  best  to  consider 
separately  the  cases  r>s  and  r<s.]  Why  is  the  volume 
not  always  zero  when  AB  =  I  =  X/2  ? 

13.  Lastly,  let  the  line  AB  be  of  length  I  and  let  the  deter- 
mining curves  be 

rir        ,  r-TT 

y  =  a  cos  -jX  and  y  =  cos  -j-x. 

Show  that  the  volume  of  the  solid  is  al/2{  =  aXji)  for  all 
positive  integral  values  of  r. 

14.  Summarise  the  results  of  Nos.  10-13. 

B. 

§  i.  Application  to  Harmonic  Analysis. — Kg.  97  shows 
how  the  preceding  results  can  be  applied  to  determine  the 
harmonic  components  of  a  given  periodic  curve.  From  the 
facts  (i)  that  the  ends  (A,  B)  and  middle  point  (B')  of  the  line 
AB(  =  A.)  are  all  nodes  and  (ii)  that  the  second  half  of  the 
curve  is  a  reversed  and  inverted  reproduction  or  "  image  " 
of  the  first  half,  we  infer  that  the  components  of  the  firm 
curve  are  all  sine-curves.  To  determine  the  amplitudes  in 
this  case  it  is  sufficient  to  work  with  half  the  curve  (length 
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=  I).      Let   us   suppose   that    there   are   two   components 

(indicated  by  the  lines .  and  .  .  .  .)  and  that  their 

formulae  are 

y  =  ai  sin  jx  and  2/  =  fla  ^^^  T^  > 
then  our  problem  is  to  determine  the  values  of  a^  and  aj. 


Fia.  97. 

Examples : — 

15.  On  a  line   A'B'  of  the   same  length  as  AB'  in   the 
figure  draw  upside  down  the  curve 

y  =  sm  j-x 

and  consider  the  solid  determined  by  this  curve  and  the  firm 
curve  AB'  when  the  lines  AB'  and  A'B'  are  made  to  coincide 
and  the  planes  of  the  figures  are  at  right  angles.  The  volume 
of  this  solid  is  evidently  the  sum  of  the  two  solids  determined 
by  the  curve  y  =  sin  ttx/I  and  the  two  component  curves 
respectively.  But  the  volume  of  the  latter  of  these  iszero 
(No.  11)  and  the  volume  of  the  former  is  ajZ/2.  Hence  the 
total  volume  is  ajlji.     But  the  volume  of  the  resultant  solid 
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can  be  determined  directly  by  calculating  the  mean  value  of 
its  cross-section.  Consider,  for  example,  the  cross-section  at 
the  point  N  on  AB  where  x  =  AN  =  Z/5  so  that  ttk/Z  =  ir/S 
radians  or  36°.  The  section  is  a  rectangle  whose  sides  corre- 
spond to  PjNi  and  NjQj  in  fig.  96.  Of  these,  PiNj  can  be 
determined  by  measurement  while  QiNj  =  sin  36°  =  0'588. 
The  product  gives  the  cross-sectional  area  at  Nj.  Find  in 
this  way  the  cross-section  at  thirteen  equidistant  points  along 
AB'  (including  A  and  B') ;  calculate  the  volume  of  the  solid 
by  Simpson's  Eule.^  and  deduce  thence  its  average  cross- 
section  A  by  dividing  by  I.     Then  we  have 

2    ~  ^^ 
.:  ttj  =  2Ai. 

In  a  similar  manner,  by  supposing  the  semi-wave  to  be 
combined  with  the  curve  y  =  sin  2Trx/l  the  value  of  a^  can  be 
determined.  If  the  curve  contained  any  other  sine  components 
their  amplitudes  could  be  determined  by  the  same  method. 
The  principle  of  this  method  is  that  any  sine- curve 
y  =  sin  rTTXjl,  when  combined  with  the  semi-wave,  de- 
termines a  solid  whose  volume  (a,Z/2)  depends  upon  the 
amplitude  a, .  of  the  component  y  =  a^  sin  r-rx/l  and  not  at 
all  upon  the  amplitudes  of  any  other  component.  Thus  the 
amplitudes  of  the  various  sine  components  can  be  picked  out 
one  by  one. 

The  computation  of  the  average  cross-section  can  be  divided 
between  the  members  of  the  class  and  will,  of  course,  give 
better  results  the  shorter  the  intervals  at  which  the  sections 
are  taken. 

16.  Determine  (by  comparison  with  Ex.  CIV,  No.  26) 
whether  your  analysis  of  the  given  form  is  complete. 

17.  Obtain  an  harmonic  analysis  of  the  broken-lined  curve 
of  fig.  97. 

18.  Pig.  98  gives  one  wave-length  of  a  periodic  form. 
Comparing  it  with  fig.  97  you  will  note  (i)  that  the  ends  are 
not  nodes,  (ii)  that  the  second  half  wave-length  is  not  an 
image  of  the  first.  We  infer  from  these  facts  that  the 
harmonic  analysis  involves  a  cosine  or  cosines  as  well  as 

^  Add  half  the  first  and  last  areas  and  the  whole  of  the  inter- 
mediate areas  ;  multiply  the  sum  by  the  common  interval  Z/12. 
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(possibly)  a  sine  or  sines.     It  is  necessary,  therefore,  to  work 
with  the  whole  wave-length. 

Compute  as  in  No.  15  the  amplitudes  of  the  terms 
sin  2vxl\,  cos  2ira;/X,  sin  4ira;/A.,  and  cos  ^ttxjX.  [Twenty- 
five  ordinates  should  be  drawn.  Bach  member  of  the  class 
should  work  out  one  component.]  Determine  by  comparison 
with  Ex.  CIV,  No.  27,  whether  the  analysis  is  complete. 


Fig.  98. 


19.  A  string  is  stretched  between  two  nails  A  and  B,  60 
inches  apart.  At  a  point  P,  24  inches  from  A,  it  is  pulled 
aside  until  P  is  2  inches  from  the  line  AB  and  is  then  re- 
leased. Determine  the  first  four  harmonic  components  of 
its  form  at  the  moment  of  release. 

[The  work  should  be  divided.  Note  that,  since  we  are 
dealing  here  with  a  stationary  vibration,  AB  =  X/2  and  all 
the  components  must  be  sines.] 

20.  Write  a  formula  giving  the  form  which  the  vibrating 
string  would  exhibit  at  subsequent  moments  if  the  amplitudes 
remained  constant.  Deduce  the  formula  which  gives  the 
form  at  the  moment  when  the  fundamental  component  has 
completed  half  a  vibration.     [Fundamental  period  =  T.] 

21.  Draw  graphs  showing  the  form  of  the  vibrating  string 
(i)  at  the  moment  of  release ;  (ii)  at  the  end  of  the  first  half- 
vibration  of  the  fundamental  component,  using  the  formula 
of  No.  20.     Compare  the  shape  of  (i)  with  the  true  form  of 
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the  string  as  specified  in  No.  19.     [The  vertical  scale  must  be 
exaggerated.] 

22.  Write  formulae  which  give  the  displacement  at  any 
moment  of  the  point  of  the  string  of  No.  19  situated  (i)  20 
inches  from  A,  (ii)  24  inches  from  A. 

23.  It  is  possible  to  record  the  movements  of  a  point  of  a 
vibrating  string  by  a  method  similar  to  that  described  in  Ex. 
XOIII,  §  1.  Draw  graphs  exhibiting  as  in  fig.  87  the  move- 
ments of  the  two  points  specified  in  No.  22. 


BXBECISB  CVII. 

DIFFERENTIAL  FORMULAE  FOR  PERIODIC  FUNCTIONS. 

§  1.  The  Problem  Stated.— In  Part  I,  Exs.  XLVII-XLIX, 
certain  highly  important  truths  were  established  which  may 
be  summarised  as  follows :  Let  y  be  any  function  which  can 
be  expressed  as  the  sum  of  a  number  of  powers  of  x  with 
constant  coefficients — 

2/  =  cIq  +  a^x  +  a^^  +  a^x"  +  .  .  .  (i) 

Let  the  graph  of  this  function  be  drawn — that  is,  a  graph  in 
which  the  abscissae  are  the  values  of  x  and  the  ordinates  are 
the  corresponding  values  of  y.  Then  it  is  possible  by  apply- 
ing a  simple  rule  to  deduce  from  the  expression  for  y  (the 
ordinate-function)  another  function  of  x,  the  area-func- 
tion, which  gives  the  area  under  the  curve  from  the  y-&xis 
up  to  any  ordinate  whose  abscissa  is  x.  The  rule — which 
we  named  Wallis's  Law  after  its  discoverer — is  that  for 
each  term  in  the  ordinate-function  of  the  form  x"~^  there 
will  be  in  the  area-function  a  corresponding  term  of  the  form 

-  x".     Thus  the  area-function  corresponding  to  (i)  above  is 

A  =  a^x  +  ^a;2  +  ^x^  +  ^x^  +   ...  (ii) 

Again,  by  applying  Wallis's  Law  in  the  converse  sense  (that 
is  by  substituting  a  term  of  the  form  wa;"  ~  ^  for  every  term  of 
the  form  oS"),  it  is  possible  to  derive  from  the  ordinate-function 
a  third  expression,  the  gradient-function,  which  gives  the 
gradient  of  the  corresponding  curve  at  any  point  ^  whose 
abscissa  is  x.  In  the  case  of  the  curve  (i)  this  rule  leads  to 
the  result 

gradient  =  a^+  2af:  +  3a^^  +  .  .  .  (iii) 

^  The  student  should,  if  necessary,  remind  himself  of  the  exact 
meaning  of  this  statement  by  reference  to  Part  I,  p.  258. 

285 
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In  connexion  with  this  investigation  and  others  which  grew 
out  of  it  we  made  considerable  use  of  differential  formulae 
— that  is,  of  formulae  which  make  about  the  increments  of  the 
variables  assertions  which  are  true  to  an  increasing  degree  of 
exactness  as  the  size  of  the  increments  considered  is  dimin- 
ished. Thus  if,  in  the  case  of  function  (i)  above,  we  suppose 
the  independent  variable  to  reach  its  value  a;  by  a  series  of 
sufficiently  small  increments,  8x,  then  the  ordinate  y  is  given 
to  any  desired  degree  of  exactness  by  the  statement 

8A 

Similarly  the  gradient  at  the  point  whose  abscissa  is  x  can  be 
represented  by  the  differential  ratio  SylSx.  It  follows  that 
formulae  (i)  and  (iii)  above  may  also  be  expressed  in  the  forms 

g^  =  a^  +  a^x  +  a^^  +  a^x^  +    .  .  . 

^  =  Oj  +  2a.^  +  SfflgS^  +   .  .  . 

One  of  the  most  important  uses  of  the  gradient-function  is 
to  determine  maxima  and  minima  values  and  other  peculi- 
arities of  the  original  function.  To  solve  problems  of  this 
kind  completely  it  is  generally  necessary  to  consider  incre- 
ments of  the  second  and  (perhaps)  higher  orders  and  to 
examine  the  differential  formulae  of  higher  orders  which  ex- 
press their  relations.  A  differential  formula  of  the  second 
order  stands  in  the  same  relation  to  one  of  the  first  order  as 
the  latter  stands  in  with  respect  to  the  original  or  primitive 
formula.  Thus,  since  the  gradient-function  is  derived  from 
the  ordinate-function  exactly  as  the  ordinate-function  is 
derived  from  the  area-function,  the  gradient-function  is,  in 
relation  to  the  area-function,  a  differential  formula  of  the 
second  order,  and  may,  therefore,  be  written 

»-2-  =  «!  -f-  2a^  +  3a^x^  +  .  .  . 

We  have  seen  that,  just  as  a  sum  of  powers  of  x  is  the 
natural  mode  of  symbolic  expression  for  a  non-periodic 
function,  so  a  periodic  function  finds  its  natural  expression  in 
a  Fourier's  series.  We  are  led,  therefore,  to  inquire  whether 
there  are  any  rules  which  will  enable  us  to  solve,  in  the  case 
of  a  function  expressed  by  a  Fourier's  series,  the  problems 
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which  in  the  case  of  the  functions  of  the  former  type  are 

solved  by  means  of  Wallis's  Law. 

We  have  already  had  in  Ex.  LXXXVI,  Nos.   10,  11,  an 

indication  of  rules  of  this  kind.    Eeplaoing  the  degree  measure 

180°  by  its  equivalent  circular  measure  ir  we  have  as  the 

result  of  that  investigation  the  following  relations  : — 

Ordinate-Function.  Aeea-Funotion. 

IT  .        al    .    IT 

y  =  a  cos  ric  A  =  —  sin  7-0; 

y  =  a  Sin  yx  A  >=  —  ( 1  -  cos  =-35). 

Examples : — 

A. 

1.  Re- write  the  foregoing  results  substituting  (for  simplicity) 
p  for  ir/L  What  do  they  become  when  a  and  p  are  both 
unity  ? 

2.  In  Ex.  XGIX  it  was  found  that,  if  a;  is  <  1,  cos  x  and 
sin  X  can  be  calculated  very  accurately  by  the  formulae 

x^       x^ 
cos  ^  =  1  -  2  +  21 

x^ 
sm  a;  =  a;  -  -=-. 
b 

Use  these  approximations  to  find  (i)  the  area-function  corre- 
sponding to  ^  =  sin  x  ;  (ii)  the  ordinate-function  correspond- 
ing to  A  =  1  -  cos  X.  Do  the  results  agree  with  those  of 
No.  1? 

3.  Use  the  approximation  for  cos  x  to  calculate  the  area- 
function  corresponding  to  3/  =  cos  x.  Can  you  offer  any 
explanation  of  your  result  ? 

4.  Use  the  approximations  of  No.  2  to  find  the  area- 
function  when 

y  =  a  sin  px. 

§  2.  General  Investigation. — The  foregoing  arguments  are 

suggestive  but  are  not,  of   course,   conclusive.      We   must 

now  attack  directly  the  problem  of  finding  the  area-function 

corresponding  to  ordinate-funotions  of  the  form 

sin 
y  =  a        px 
"  cos  *^ 

for  all  values  of  x. 
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Examples : — 

5.  A  series  of  ordinates  are  drawn  to  the  curve  y  =  sin  x 

at  equal  distances  h,  beginning  with  the  y-axis.      Let  x  be 

the   abscissa  of  any  one  of  these  ordinates  and  let  y'  = 

sin  (jc  +  h).     Show  that  the  first  difference  of  y  is  given  by 

the  formula 

/        h\      .    h 
y  -  y  =  2  cos  ( a;  +  2  j  •  sm  2 

and  that  the  ratio  of  the  increment  of  y  to  that  of  x  is 
y'  -  y  (        h\    sin  (hj2) 

6.  Show  that  the  numerical  value  of  this  ratio  is  less  than 
cos  (x+^j  and  that  it  is  therefore  less  than  unity. 

7.  It  follows  from  No.  6  that  all  possible  values  of 
{y'  -  y)/h  can  be  shown  upon  a  number-scale  graduated 
from  -  1  to  +  1.  Draw  such  a  scale.  Consider  a  value  of  x 
for  which  cos  a;  >  0  and  let  the  point  A  mark  the  value  of 
cos  X  on  the  scale.  Then  cos  {x  +  hj2i)  is  >  cos  a;  or  <  cos  x 
according  to  the  circumstances.  Give  examples  of  each 
case,  illustrating  them  by  a  sketch  of  a  cosine-curve  includ- 
ing several  positive  and  negative  periods.  Let  the  point  B 
represent  the  value  of  cos  {x  +  hl2)  in  a  case  when  it  is 
<  cos  X.  Since  {y'  -  y)/h  is  <  cos  (a;  -i-  h/2)  its  value  will 
be  represented  by  a  point  P  to  the  left  of  B.  Now 
let  h  -^  0  ;  then  cos  {x  +  hl2)  ->  cos  x  and  the  ratio 
sin  {h/2)j{h/2)  ->  1.  That  is  to  say  P  ->  B  and  B  -»  A ;  so 
that  by  making  h  small  enough  P  may  be  confined  within  any 
distance  of  A  however  small.  If  this  distance  corresponds 
to  the  smallest  number  of  which  note  is  to  be  taken,  then  h 
and  y'  —  y  are  the  differentials  of  x  and  y,  and  we  have 

8« 

jr-  =  COS  a;. 

8a! 

Eepeat  this  argument  with  other  figures  in  the  cases  when 

(i)    cos   a;  <  0   and    cos   {x  +  hl2)  >  cos  x  as   h-^0;    (ii) 

COS  a;  >  0   and   cos  {x  +  hj2)  >  cos  x  ;    (iii)   cos  a;  <  0    and 

cos  {x  +  hj2)  <  cos  X  as  h  -^0. 

8.  Let  sin  {hl2)l{h/2)  =  1  -  a  and  let  cos  (x  +  /i/2)  = 
cos  x  ±b  according  to  circumstances,  a  and  b  being  non- 
directed  numbers.  Obtain  an  expression  for  the  ratio 
{y'--y)lh  and  use  it  to  prove  that 
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Sy 

^  =  cos  X. 

Sx 

9.  Prova  that  the  differential  formula  of  the  first  order 
corresponding  to  y  =  cos  x  is 

8« 

^  =  -  sin  a;. 

Sx 

[Use  the  method  of  Nos.  5  and  8  and  illustrate  your 
argument  by  figures  similar  to  those  of  No.  7.] 

10.  Find  the  primitive  of  the  formula 

Sy 

-~r-  —  cos  a; 

Sx 

given  (i)  that  y  =  0-8  when  x  =  0,  (ii)  that  y  =  1  when 
X  =  7r/2 ;  (iii)  that  y  =   -  1  when  x  =  ^tt. 

11.  Find  the  primitive  of  the  formula 

Sy 

^  •=  -  sma; 

Sx 

given  (i)    that  y  =  0  when  x  =  0;  (ii)   that  y  =  0   when 
X  =  7r/2  ;  (iii)  that  y  =  1  when  x  =  -  fir. 

12.  Find  the  area-functions  corresponding  to  the  ordinate- 
funotions  (i)  y  =  cos  x  and  (ii)  y  =  -  sin  x.  [Substitute 
SA/8a;  for  y,  find  the  primitives  and  determine  the  constants 
by  the  consideration  that  if  a;  =  0,  A  =  0.] 

13.  Use  the  method  of  Nos.  5  and  8  to  find  and  prove 
the  differential  formulae  of  the  first  order  which  correspond  to 

(i)  y  =  a  sin  px  and  (ii)  y  =  a,  cos  px 

14.  Find  the  area-functions  corresponding  to  the  ordinate- 
functions  {i)  y  =  a  cos  px ;  (ii)  j/  =  -  a  sin  px ;  (iii)  y  = 
a  sin  px.     Compare  the  results  with  the  table  on  p.  287. 

15.  Use  the  results  of  No.  14  to  verify  the  conclusions  of 
Ex.  CVI,  Nos.  1-5. 

16.  Find  the  values  of  SyjSx  corresponding  to 

(i)  y  =  sin  p{x  -t-  a),  (ii)  y  =  cos  p{x  +  a). 
Seek  your  results  by  two  methods :  first,  by  that  of  No.  5, 
secondly,  by  expanding  the  sine  or  cosine  and  applying  the 
results  of  No.  13. 

B. 

17.  Given  (i)  that  y  =  a  sm  px,  (ii)  that  y  =  a  cos  px, 
(iii)  that  y  =  a  3inp{x  +\a),  (iv)  that  y  =  a  cosp(x  +  a), 
write  down  formulae  tov'S^yjSx^. 

FT.  II,  19 
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18.  Find  the  primitives  of  the  following  differential  for- 
mulae : — 

(i)  r-^  =  2  sin  X,    given    that  5?  =  o  when  x  =  nn  and  that 
ox  ox 

y  =  +  I  when  x  =  ^  ; 

(ii)  g^  =  3  cos  4x,    given   that  ^  =  +  4  ^^^^^  x  =  +  — tt  and 

that  y  =  o  when  x  =  o  ; 
(iii)  ^2  =  5  sin  (2x  -  i),  given  that  y  =  o  when  x  =  o  and  that 
y  =  +  TT  when  x  =  +  J  (tt  +  i). 

19.  Write  a  formula  for  the  gradient  at  any  point  of  the 
curve 

y  =  i  sm  jj^x  +  2  cos  ?«. 

20.  Hence  sKow  that  the  curve  has  turning-points  where 
(1)  a;  =  5(2w  +  1)  and  also  (ii)  where  x  =  lOn  +  (  -  1)"|. 
Calculate  the  ordinates  at  the  various  turning-points.  Verify 
the  correctness  of  your  deductions  by  referring  to  the  graph 
of  Ex.  CIV,  No.  27  (ii). 

21.  Show  by  means  of  the  differential  formulae  of  the  second 
order  that  the  turning-points  given  by  formula  (i)  are  alter- 
nately maxima  and  minima  and  that  those  given  by  (ii)  are 
all  maxima.     Compare  with  the  graph. 

22.  Obtain  a  formula  (i)  for  the  gradient  at  any  point  of 
the  curve 

y  =  4:  sm  ytlX  +  2  sm  -sx 

and  (ii)  for  the  values  of  x  at  which  turning-points  occur. 
Find  which  of  these  are  maxima  and  which  are  minima,  and 
calculate  the  ordinates.  Compare  your  results  with  the  graph 
of  Ex.  CIV,  No.  26. 

23.  Obtain  a  formula  for  the  gradient  at  any  point  of  the 
curve 

y  =  1-61  sm  jrrr  +  0"2o  sm  ^tt:  -  Oil  sm  kt;  -  O'l  sm  r-= 
dU  oU  2u  lo 

which  is  approximately  of  the  shape  of  the  plucked  string  in 
Ex.  CVI,  No.  19.  (i)  What  value  does  the  formula  assign  to 
the  gradient  where  a;  =  24  ?  Select  any  values  of  x  (ii)  be- 
tween 0  and  24  and  (iii)  between  24  and  60  and  calculate  the 
gradient  at  each.    What  would  the  gradients  be  if  the  formula 
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given  above  were  a  complete  harmonic  analysis  of  the  form 
of  the  string? 

24.  Obtain  formulae  for  the  gradient  at  any  point  of  the 
curves  (i)  y  —  x  -  2  sin  x  ;  (ii)  y  =  2x  -  sin  x.  Show  that 
the  former  has  an  endless  number  of  turning-points  where 
X  =  2mr  ±  w/3  and  that  they  are  alternately  minima  and 
maxima.  Show  that  the  latter  has  no  turning-points  but 
that  it  has  equal  periods  of  alternate  convexity  and  concavity 
towards  the  ai-axis.  Illustrate  your  answer  by  sketching 
graphs  of  the  functions. 

G. 

25.  A  point  is  moving  with  the  simple  harmonic  motion 
described  by  the  formula 

a;  =  a  sin  27rwi 
n  being  the  frequency  of  the  vibrations.     Show  that  its  velo- 
city at  any  moment  is  given  by  the  formula 

y^  =  2x«V(a2  -  x^). 

26.  Show  that  the  same  formula  for  the  velocity  holds 
good  when 

x  =  a  sin  {Zirnt  +  <l>), 
that  is  when  the  amplitude  and  frequency  are  the  same  but 
the  phase  is  different.  [It  follows  from  this  that  if  the  velocity 
of  a  moving  point  is  2ir»  J{a^  -  x^)  its  position  at  any  moment 
must  be  given  by  a  formula  of  the  type  x  =  a  sin  {2-irnt  +  <^) 
where  <^  is  a  constant  which  may  have  any  value.] 

27.  The  bob  of  a  pendulum  moves  in  such  a  way  that 
when  its  distance  from  its  equilibrium  position  is  x  cms.  its 
velocity  is  6ff  ^(9  -  x^)  cms. /sec.  Write  a  formula  for  its 
position  at  any  moment  t,  given  that,  when  t  =  0,  a;  =  0. 
State  also  (i)  the  amplitude,  (ii)  the  frequency  of  the  move- 
ment, and  (iii)  the  velocity  of  the  bob  as  it  passes  through 
the  zero  position. 

28.  Give  a  formula  for  the  displacement  at  any  moment  of 
a  point  whose  velocity  is  given  by  the  formula 

V  =  3141-6  V(0'25  -  a;2) 
given  that  the  velocity  is  at  its  least  when  i  =  0.     State  (i) 
the  frequency,  (ii)  the  amplitude,  (iii)  the  greatest  velocity. 

29.  A  point  is  moving  with  the  s.h.m. 

a;  =  a  sin  (2im4  -f-  4>)- 
19* 
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Show  that  its  acceleration  is  given  by  the  differential  formula 
gag. 
-^  =   -  4tTrV  .  X. 

Explain  the  meaning  of  this  formula  in  words,  taking  the 
moving  bob  of  a  pendulum  or  the  end  of  a  vibrating  lath  as 
an  illustration. 

30.  A  pendulum  bob  moves  in  such  a  way  that  its  accelera- 
tion is  given  by  the  formula 

p-  =    -  10a;. 

The  amplitude  of  the  vibration  is  3  inches  and  the  time  is 
measured  from  a  moment  when  the  bob  is  stationary.  Write 
the  formula  which  gives  the  displacement  at  any  time  t. 
[Assume  that  tt^  =  10.] 


EXBECISE  CVIII. 

THE  HYPERBOLIC  SINE  AND  COSINE. 

§  1.  Circle  and  Bectangular  Hyperbola :  Point  to  Point 
Correspondence. — In  fig.  99  APQ  ig  the  graph  of  x^  +  y^  =  a^ 
while  the  curves  FA  and  Q'A'  are  portions  of  the  graph  of 
x^  —  y^  =  a^.  The  student  should  begin  by  revising  the  argu- 
ments which  prove  the  following  properties  (Pt.  I,  Ex.  LXV). 


Fig.  99. 

Examples : — 

'1.  The  graph  of  x^  +  y^  =^  a^  is  a  circle  of  radius  a. 

2.  If  /_AOP  =  '$  the  co-ordinates  of  P  are  a  cos  6,  a  sin  0. 

3.  Let  PN  be  the  ordinate  at  any  point  P  on  the  circle. 
On  PN  or  PN  produced  take  a  point  B  such  that 

EN  =  PN  X  - 
a 

293 
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where  b  is  any  positive  number  either  greater  or  less  than  a. 
Then  the  locus  of  B  is  the  ellipse 

5!a.^  -  1 
a^  ■*■  62  ~  ■^• 

4.  The  graph  of  x^  -  y'^  =  a^  is  the  graph  of  the  rectangular 
hyperbola 

a 

^--^ 

turned  anti-clockwise  through  45°. 

5.  The  co-ordinate  x  may  have  any  value  from  +  a  to 
+  CO  in  the  positive  branch  of  the  curve  and  any  value  from 
-  a  to  -  00  in  the  negative  branch ;  y  may  have  any  value 
from  -  00  to  +  00  in  both  branches. 

6.  Let  P'N'  be  the  ordinate  at  any  point  P'  on  either 
branch.     On  FN'  or  FN'  produced  take  a  point  E'  such  that 

B'N'  =  P'N'  X  - 
a 

where  b  is  any  positive  number  greater  or  less  than  a.    Then 
the  locus  of  B'  is  the  hyperbola 

a'       b^  ~    • 

These  examples  show  that  there  is  an  interesting  analogy 
between  the  properties  of  the  circle  and  the  rectangular  hyper- 
bola which  answers  to  the  similarity  between  their  algebraic 
descriptions :  all  possible  ellipses  can  be  thought  of  as  derived 
from  the  circle  and  all  possible  hyperbolas  from  the  rectan- 
gular hyperbola.  It  is  natural,  therefore,  to  regard  the 
rectangular  hyperbola  as  corresponding  to  the  circle,  in  the 
same  way  as  a  projection  corresponds  to  its  original,  and  any 
ellipse  x^la'^  +  y^jb^  =  1  as  corresponding  similarly  to  the 
hyperbola  x^ja^  -  y^jb^  =  1. 

We  are  thus  led  to  inquire  whether  there  is  any  rule  by 
which  (as  in  the  projections  of  Section  V)  one-to-one  corre- 
spondence may  be  set  up  between  the  points  on  the  circle 
and  the  points  on  the  hyperbola.  Fig.  99  suggests  a  simple 
rule  of  this  character.  Draw  ^A  the  common  tangent  at  A 
and  suppose  it  produced  endlessly  both  ways.  From  any 
point  P'  on  the  hyperbola  draw  the  perpendicular  T'p  ;  join 
0^  cutting  the  circle  at  P.  Then  P  and  P'  may  be  considered 
to  be  corresponding  points. 
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Examples : — 

7.  Show  that  every  point  on  the  circle  to  the  right  of  the 
2/ -axis  can  in  this  way  be  linked  up  with  a  point  on  the  right- 
hand  branch  of  the  hyperbola,  and  conversely. 

8.  Show  that  if  L  AOP  =  B  the  ordinate  of  F  is  a  tan  B. 
Deduce  (from  the  formula  for  the  curve)  the  abscissa  of  P'. 

9.  Show  that  if  Z.AOQ  =  B,  where  Q  is  a  point  on  the 
circle  to  the  left  of  the  2/-axis,  then  a  tan  B  is  the  ordinate, 
not  of  the  point  Q"  but  of  its  "image"  Q'.  That  is,  show 
that  Q  and  Q',  not  Q  and  Q"  must  be  considered  to  be  corre- 
sponding points. 

10.  Which  two  points  on  the  circle  have  no  corresponding 
points  on  the  hyperbola  ? 

11.  A  point  P  starts  from  the  point  (0,  -  a)  and  moves 
completely  round  the  circle  in  the  anti-clockwise  direction. 
Trace  the  movement  of  the  corresponding  point  P'  on  the 
rectangular  hyperbola. 

12.  The  absoissse  of  the  point  A  is  a  for  both  curves.  If  P 
starts  from  this  point  and  revolves  through  the  first  quadrant 
in  either  direction,  its  abscissa  decreases  from  a  to  0. 
Simultaneously  the  abscissa  of  P'  increases  from  a  to  oo . 
These  facts  suggest  another  principle  of  correspondence 
between  the  points  on  the  circle  and  the  hyperbola — namely, 
that  the  product  of  their  absoissse  shall  be  constant.  Show 
that  this  principle  leads  to  the  same  result  as  the  former  one. 

§  2.  Denumeration  of  Points  on  the  Bectangular  Hyper- 
bola.— It  appears,  then,  that,  upon  either  of  the  principles 
considered  above,  to  the  point  on  the  circle  whose  co-ordinates 
are  a  cos  B,  a  sin  B,  there  corresponds  on  the  hyperbola  a 
point  whose  co-ordinates  are  a  sec  B  and  a  tan  6.  By  means 
either  of  these  trigonometrical  statements  or  of  the  geometri- 
cal construction  of  §  1  it  would  be  possible  to  "graduate" 
the  circle  and  the  hyperbola  by  sets  of  corresponding  points. 

The  question  now  arises :  If  P  and  P'  are  corresponding 
graduations  on  the  two  curves  what  numbers  shall  be  set 
against  them  ?  In  the  case  of  the  point  on  the  circle  we  have 
a  ready  answer :  B,  the  circular  measure  of  ^AOP  is  the  most 
suitable  numerical  label  for  the  point  P.  The  case  of  the 
point  P'  is  more  difficult.  It  is,  of  course,  permissible  to 
number  the  points  on  the  hyperbola  in  any  way  we  please, 
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and  one  obvious  way  would  be  to  assign  to  them  the  numbers 
attached  to  their  corresponding  points  on  the  circle.  Upon 
this  principle  the  point  F  would  be  numbered  6  to  indicate 
its  correspondence  with  P.  On  the  other  hand,  it  would  seem 
better  to  denumerate  the  points  on  the  hyperbola  upon  some 
principle  which  depends  directly  upon  the  properties  of  the 
curve  itself  and  not  merely  upon  its  correspondence  with 
another  curve.  The  general  analogy  between  the  circle  and 
the  hyperbola  suggests  two  possible  principles.     The  number 


PiQ.  100. 

6  attached  to  P  may  be  considered  as  informing  us  (i)  that  the 
arc  AP  =  aO,  or  (ii)  that  the  area  of  the  sector  AOP  =  ia^. 
fPor  the  area  of  AOP  is  evidently  wa^  x  (6/27r).]  In  con- 
formity with  these  facts  we  might  assign  to  P'  a  number  u 
such  that  either  (i)  the  length  of  the  hyperbolic  arc  AP'  =  au, 
or  (ii)  the  area  of  the  hyperbolic  sector  AOP'  =  -Ja^w.  Now 
investigation  shows  that  it  is  extremely  difficult  to  evaluate 
the  arc  AP'  but  easy  to  evaluate  the  area  of  the  sector  AOP'. 
We  shall  adopt,  therefore,  the  second  as  our  principle  of 
numeration.  Thus  if,  for  a  given  position  of  P',  the  sectorial 
area  =  50a^,  we  shall  assign  to  P'  the  number  100,  and  so  on 
for  other  cases. 

We  turn  then  to  the  problem  of  evaluating  the  sectorial 
area. 
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Examples : — 

13.  In  fig.  99  join  OF  and  let  Z-AOF  =  <l>.     Show  that 

tan<^  =  sin  6.     Also  show  that  tan  {4>  +  j)  =  ^^^^  (2  "^  i)' 

[Ex.  CI,  No.  18.] 

14.  Turn  fig.  99  through  46°  in  the  anti-clockwise  direction 
so  that  the  asymptotes  of  the  rectangular  hyperbola  become 
the  axes  of  x  and  y.  [See  fig.  100.]  From  P'  and  A  draw 
ordinates,  P'M'  and  AB,  to  the  new  a;-axis.  Then  we  have 
to  determine  the  area  of  the  hyperbolic  sector  AOP' 

Let  OB  =  ^  and  show  (i)  that  p  =  aj  J2;  (ii)  that  the 
formula  of  the  hyperbola  in  its  present  position  ia  y  =  p^lx  ; 
(iii)  that  the  area  of  the  triangle  OP'M'  is  the  same  as  that  of 
the  triangle  OAB.     Hence  show  (iv)  that 

area  OAP'  =  area  P'M'BA. 

15.  Show  that  OM' ^ 


Vtan  f^ 


+  -4 


16.  It  was  proved  in  Ex.  LXXXIII,  No.  26,  that  the 
area  under  the  hyperbola  y  =  p^lx  between  two  ordinates 
whose  abscissae  are  x^  and  x^  is  p^  log,(a;2/a;i).  Assuming 
this  proposition,  prove  by  means  of  the  results  of  Nos.  14  and 
15  that 

area  OAF  =  s  *^  •  ^°Se  V^an  (<i>  +  Tj 


1       „      ,  ,  /e      .      TT 

2«' 


.  log,  tan  (^2  +  l) 


and  hence  that 


u  =  log,  tan  (-  +  ^). 

17.  Draw  on  a  fairly  large  scale  the  circle  and  rectangular 
hyperbola  of  fig.  99.  [Points  on  the  hyperbola  may  be 
most  easily  found  by  the  relations  x  =  a  sec  6,  y  =  a  tan  6.] 
Mark  on  the  circumference  of  the  circle,  starting  from  A  and 
working  both  ways,  points  such  that  L  AOP  =  0°,  ±  10°, 
±  20°  .  .  .  ±  80°.  Mark  the  corresponding  points  on  the 
hyperbola. 

18.  Calculate  the  numbers  to  be  attached  to  the  points  in 
the  hyberbola  by  means  of  the  formula 


ALGEBRA 


u  =  log.  tan  ^2  +  j)- 


Enter  the  numbers  against  the  points,  prefixing  a  plus  when 
the  point  is  above  the  a;-axis  and  a  minus  when  it  is  below. 
What  is  the  justification  for  these  signs?  [The  work  of 
calculation  should  be  divided.] 

§  3.  Gompletion  of  the  Denumeration. — This  method  of 
graduation  assigns  to  the  part  AP'  of  the  curve  [fig.  99] 
numbers  ranging  from  zero  upwards,  and  to  the  part  AP" 
numbers  ranging   from   zero   downwards.     As   0   increases 

numerically  from  0  to  „,  tan^x  +7)  ^t^^>   therefore,  u  = 

log,  tan  („  +7)  increase  without  limit.     Thus  every  possible 

positive  or  negative  number  is  needed  to  be  the  label  of  some 
point  on  the  right-hand  branch  of  the  hyperbola.  It  follows 
that  the  values  of  u  must  be  repeated  on  the  left-hand  branch. 
In  accordance  with  No.  11  they  will  run  from  0  to  -^  00 
along  the  part  AQ'  and  from  0  to  -  ao  along  AQ",  each 
value  of  u  being  diametrically  opposite  the  same  value  on 
the  other  branch. 

The  circular  sector  AOQ  may  be  considered  as  produced 
by  the  continuous  rotation  of  the  radius  from  the  position 
OA.  The  student  will  see  that  it  is  impossible  to  regard  the 
hyperbolic  sector  bounded  by  OQ'  as  produced  in  a  similar 
way.  As  the  line  OP,  rotating  about  O,  approaches  the 
asymptote,  the  area  -^a^u  grows  through  all  possible  values 
and  never  reaches  a  definite  maximum.  Thus  the  areas  of 
the  sectors  determined  by  points  on  the  left-hand  branch 
must  be  considered  independently.  If  (as  suggested  above) 
the  points  on  this  branch  are  numbered  to  correspond  with 
those  diametrically  opposite  to  them  on  the  right-hand 
branch,  then  it  is  clear  that  ^a^u  is,  for  such  a  point  Q',  the 
area  of  the  sector  A'OQ'. 

Lastly  it  will  be  seen  that  as  the  radius,  starting  from  the 
position  where  6  =  3ir/2,  commences  a  second  revolution,  u 
must  be  supposed  to  go  once  more  through  the  same  values 
from  -  00  to  -t-  00  ,  simply  because  this  range  exhausts  all 
the  numbers  which  are  available  as  labels.  We  conclude 
that  though  one  point  on   the   circle  and   one   point  only 
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corresponds  to  one  point  on  the  hyperbola,  and  conversely, 
yet  each  value  of  u  corresponds  to  an  endless  series  of  values 
of  6,  separated  by  intervals  of  tt. 

§  4.  Hyperbolic  Sines  and  Cosines. — Let  P'  be  a  point  on 

the  rectangular  hyperbola  whose  label  u  is  log^  tanf  s  +  7  )• 

Then  we  have  seen  that  its  co-ordinates  are  a  sec  0,  a  tan  6. 
Since  the  co-ordinates  of  the  corresponding  point  on  the  circle 
are  a  cos  6,  a  sin  6,  sec  0  and  tan  &  are  called  respectively  the 
hyperbolic  cosine  of  u  (cosh  u)  and  hyperbolic  sine  of 
u  (sinh  u).^ 

The  hyperbolic  cosine  and  sine  have  properties  which  are 
in  various  respects  analogous  to  those  of  the  ordinary  or 
circular  cosine  and  sine.  Some  of  the  analogies  are  exhibited 
in  Nos.  19-20.  The  identities  are  to  be  proved  by  making 
the  substitutions 

cosh  u  =  sec  0        sinh  u  =  tan  6. 

Examples : — 

19.  Verify  the  following  identities  : — 

(i)  cosh'  u  -  sinh"  u  =  i  ; 
(ii)  cosh  ( -  u)  =  cosh  u,  sinh  (  -  u)  =  -  sinh  u. 

20.  Defining  tanh  u  =  sinh  w/cosh  u,  sech  u  =  l/cosh  u, 
etc.,  prove  the  following  equivalences  : — 

(i)  tanh  u  =  sin  6,  coth  u  =  cosec  6,  sech  u  =  cos  6, 

cosech  u  =  cot  6  ; 
,..,  tanhu  .  .  .....  I  . 

W  ~ir, — I — cr^  =  sinh  u  ;     (ui)  -77- 7 — r,— \  =  csh  u  ; 

,J{x  -  tanh'u)  '  ^(1  -  tanh^u) 

(iv)  ^/(I  -  sech"  u)  =  tanh  u  ;      (v)  ;y/(cosech"  u  +  i)  =  coth  u  ; 

,  .,    ^/(l  -  tanh"u)  , 

(vi)   ^^^-^— — i -'  =  cosech  u. 

^    '  tanh  u 

Quote  the  formulae  for  the  circular  functions  which  correspond 

to  (ii)-{vi). 

21.  Take  a  pair  of  rectangular  axes ;  graduate  the  horizontal 
axis  both  ways  from  0  to  ±  00  to  be  a  scale  of  values  of  B 
and  the  vertical  axis  both  ways  from  0  to  ±  oo  to  be  a  scale 
of  values  of  u.     Draw  the  graph  of  the  values  of  u  which  • 
correspond  to  given  values  of  B.      Sketch  roughly  the  graph 

'  This  unpronounceable  symbol  is  generally  spoken  of  as  "shine 
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of  the  values  of  0  which  correspond  to  given  values  of  u. 
What  facts  about  the  relations  of  6  and  u  are  brought  out  by 
these  graphs  ?     [Take  the  values  of  u  from  No.  18.] 

22.  Draw  the  graph  of  sinh  u  for  different  values  of  u. 
[Take  from  the  graph  of  No.  21  the  values  of  6  which  corre- 
spond to  M  =  ±  2,  ±  4,  etc.,  and  use  the  relation  sinh  u  = 
tan  6.     Carry  the  graph  at  least  as  far  as  m  =  ±  10.] 

23.  Draw  the  graphs  of  (i)  cosh  u,  (ii)  tanh  u. 

24.  Write  out  a  summary  of  the  argument  of  this  Exercise, 

including  the  proof  that  u  =  log„  tan  (h  +  t)- 


BXEEGISB  GIX. 

THE  HyPERBOLIC  FUNCTIONS. 

A. 

§  1.  Exponential  Values  of  Sink  u  and  Gosh  u. — In  Ex. 
CVIII  sinh  u  and  cosh  u  were  regarded  simply  as  an  alter- 
native description  of  the  numbers  tan  0  and  sec  0  in  the  case 
in  which  u  is  connected  with  6  by  the  relation 

u  =  log.  tan  [^  +  I  j. 

Apart  from  this  relation  between  each  value  of  u  and  a 
certain  value  of  B  we  possess  at  present  no  means  of  defining 
the  values  of  the  hyperbolic  sine  and  cosine.  The  following 
examples,  Nos.  1-4,  bring  out  the  interesting  and  important 
fact  that  it  is  possible,  when  a  given  value  is  assigned  to  u, 
to  determine  the  values  of  the  hyperbolic  sine  and  cosine 
without  reference  to  the  corresponding  value  of  6. 

Examples : — 

1.  Prove  that 

a 

1  +  tan  n 

1  -  tan  - 
A 

1  H-  sin  ^ 
~      cos  0 

[See  Ex.  CI,  No.  17.] 

2.  Hence  show  that 

cosh  u  +  sinh  u  =  e". 
Also  show  (by  changing  u  into  -  u)  that 
cosh  M  -  sinh  w  =  e  "  ", 
301 
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3.  Henoe  prove  that 

.           e"  +  e 
cosh  u  = — 


e   -  e" 
sinh  u  = 


2 

These  expressions  are  called  the  exponential  values  of 
cosh  u  and  sinh  u.  It  is  obvious  that  they  can  be  used  to 
calculate  cosh  u  and  sinh  u  directly  for  any  given  value 
of  u. 

4.  Show  that  when  u  is  large  the  following  approximate 
equivalences  hold  good  :  (i)  cosh  u  =  ^e"  =  sinh  u  ;  (ii) 
tanh  M  =  1  =  coth  u ;  (iii)  sech  u  =  2e  ~  "  =  sech  ( -  u). 

5.  Use  a  table  of  logarithms  to  base  e  to  calculate  to  four 
decimal  places  :  (i)  cosh  1 ;  (ii)  sinh  1 ;  (iii)  cosh  (  -  0-5) ; 
(iv)  sinh  (  -  0-5) ;  (v)  cosh  100 ;  (vi)  tanh  (  -  0-2) ; 
(vii)  tanh  20 ;  (viii)  sech  (  -  40). 

6.  Verify  the  relation  cosh^  ii  -  sinh^  u  =  1,  either  when 
u  =   -  0"5  or  when  u  =  1. 

7.  Use  the  exponential  values  of  the  hyperbolic  sine  and 
cosine  to  prove  that 

(i)  cosh^  u  -  sinh^  u  =  i ;  (ii)  cosh^  u  +  sinh^  u  =  cosh  2u  ; 

(iii)  2  sinh  u  .  cosh  u  =  sinh  2u  ;       (iv)   r — rs—  =  tanh  2u  : 

'  ^    '  I  +  tanh"  u 

(v)  3  sinh  u  +  4  sinh'  u  =  sinh  3u  ; 

(vi)  3  cosh  u  +  4  cosh'  u  =  cosh  3u. 

Give  in  each  case  the  corresponding  formula  involving  the 
sine,  cosine,  or  tangent  of  an  angle  6. 

8.  Show  that  (i)  sinh  (m  +  v),  (ii)  sinh  (u  -  v),  (iii) 
cosh  (m  +  1;),  (iv)  cosh  (m  -  v)  can  be  expressed  in  terms  of 
sinh  w,  sinh  «,  cosh  u,  cosh  v,  by  formulae  analogous  to  the 
expansions  of  sin  (^  +  ^),  etc.  Point  out  any  important 
differences  between  the  formulaa  and  their  analogues. 

B. 

§  2.  Hyperbolic  Functions  of  x. — We  know  already  that 
sin  X  and  cos  x  may  be  regarded  as  special  functions  whose 
value  can  be  calculated  (at  least  approximately)  for  any  given 
value  of  X  without  reference  to  the  angle  of  which  x  happens 
to  be  the  measure.  The  foregoing  results  show  that  corre- 
sponding to  any  number  x  there  are  other  special  functions, 
sinh  X  and  cosh  x,  whose  values  can  be  calculated  without 
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any  reference  to  a  reotangular  hyperbola.  They  are  called 
hyperbolic  functions  of  x  simply  to  distinguish  them 
from  other  functions,  just  as  sin  x  and  cos  x  are  for  the  same 
reason  called  circular  functions  of  x. 

The  examples  of  this  and  of  the  preceding  Exercise  have 
brought  out  the  striking  resemblances  between  the  properties 
of  the  circular  and  hyperbolic  functions.  Further  resem- 
blances will  appear  in  the  following  examples.  There  is, 
however,  a  fundamental  difference  between  them  :  the  circular 
functions  are  periodic,  the  hyperbolic  functions  are  non- 
periodic.  This  fact  is  well  illustrated  by  the  graphs  of  Ex. 
CVIII,  Nos.  22  and  23,  in  which  the  horizontal  axis  may  be 
considered  as  the  a;-axis,  and  the  ordinates  as  the  values  of 
y  =  sinh  x  and  y  =  cosh  x  respectively. 


Examples  :— 

9.  Sketch  the  graphs  of  the  inverse  hyperbolic  functions 
(i)  y  =  sinh  "  ^x,  or  y  =  arg  sinh  x ;  (ii)  y  =  cosh  ~  ^x  or 
y  =  arg  cosh  x}  Sketch  beside  them,  for  comparison,  the 
graphs  of  the  inverse  circular  functions,  y  =  arc  sin  x, 
y  —  arc  cos  x. 

10.  State  the  field  of  x  and  the  field  of  y  in  the  case  of  the 
functions  (i)  y  =  cosh  x  and  (ji)  y  =  arg  cosh  x.  Do  the 
same  for  the  functions  (iii)  y  =  sinh  x  and  (iv)  y  =  arg  sinh  x. 
State  also  in  each  case  (v). whether  j/  is  a  single  or  a  two- 
valued  function  of  x  ;  (vi)  whether  it  has  a  turning  value. 

11.  Show  that  if  2/  =  sinh  x  then  hjlhx  =  cosh  x. 

12.  Show  that  if  y  =  cosh  x  then  ^ylhx  =  sinh  x. 

13.  Find  S^/Sas  and  also  ^yjhx^  when  (^)  y  =  a  sinh  px; 
(ii)  y  =  a  cosh  jpx. 

14.  A  point  moves  in  a  straight  line  X'OX  in  such  a  way 
that  its  distance  x  from  O  at  any  time  t  is  given  by  the 
formula  x  =  5  cosh  ^t.  Describe  its  movement  in  general 
terms.  Mark  on  the  straight  line  (i)  the  nearest  point  to  0 
which  it  reaches ;  (ii)  its  position  when  i  =  -  4  ;  (iii)  its 
position  when  t  =  +  &. 

^  Sinh  ~  'as  and  oosh  -  'x  are  the  forms  commonly  used.  "  Arg 
sinh  x"  is  composed  on  the  analogy  of  "arc  sin  x"  and  means 
"  the  argument  whose  hyperbolic  sine  is  x  ".  The  second  form  is 
to  be  preferred  for  reasons  given  on  p.  249. 
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15.  In  what  direction  and  with  what  speed  is  it  moving  as 
it  passes  through  each  of  the  three  points  mentioned  in 
No.  14  ? 

16.  Another  point  is  moving  in  the  line  XOX'  in  accord- 
ance with  the  formula  a;  =  5  sinh  ^t.  How  will  its  move- 
ment differ  from  that  of  the  former  point?  Indicate  its 
position  (i)  when  t  =  -  4,  (ii)  when  <  =  +  6,  using  the 
figure  drawn  for  No.  14. 

17.  In  what  direction  and  with  what  speed  will  the  point 
be  moving  as  it  passes  through  (i)  the  point  x  =  5;  (ii)  the 
origin ;  (iii)  and  (iv)  the  points  mentioned  in  No.  16  ? 

18.  A  point  moves  in  accordance  with  the  formulae  {i)x  = 
a  sinh  pt ;  (ii)  x  =  b  cosh  pt ;  (iii)  x  =  a  sinh  pt  +  b  cosh  pt. 
Show  that  in  each  case  its  motion  obeys  the  differential  law 

S'x         „ 

Compare  this  formula  with  the  differential  formula  of  har- 
monic motion,  Ex.  CVII,  No.  29. 

19.  Show  that  a  motion  described  by  a  formula  of  the  type 

X  =  A  sinh  p{t  +  d)  +  3  cosh  p{t  +  e) 
can  also  be  described  by  one  of  the  type 

X  =  a  sinh^i  +  b  cosh  pt 
where  a  and  b  are  functions  of  A,  B,  d  and  e. 

20.  A  point  moves  on  the  line  XOX'  in  accordance  with 
the  differential  formula 

8^x  _ 

Sfi  ~  **■ 

When  t  =  -1-  10  it  comes  momentarily  to  rest  at  the  point 
X  =  +  3  and  then  reverses  the  direction  of  its  movement. 
Show  that 

X  =  3  cosh  2(t  -  10). 
[In  accordance  with  No.  19  assume  that 

X  =  a  sinh  2t  +  b  cosh  2t. 
Obtain  the  formula  for  SxjBt{  =  velocity)  and  apply  the 
condition  that  SxjSt  =  0  when  t  =  +  10.  Also  apply  the 
condition  that  x  =  +  3  when  t  =  +  10.  Prom  the  pair  of 
conditions  deduce  the  values  of  a  and  b  and  apply  one  of  the 
formulae  of  No.  8.] 

21.  A  point  moves  in  accordance  with  the  differential 
formula  of  No.  20,  but  when  <  =  +  10  it  is  at  the  origin. 
When  i  =  0  it  is  at  a;  =   -  7.     Show  that 

X  =  7(8inh  2t  -  cosh  2t)  approximately. 
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22.  Draw  the  graph  of 

y  =  a(oosh^a3^  -  s.mhpd') 
when  a  and  p  are  both  positive.     [Different  students  should 
select  different  values  for  a  and  p.     If  a  table  of  hyperbolic 
functions  is  not  available  find  the  exponential  value  of  y  and 
work  with  it.] 

23.  Give  an  interpretation  of  the  formula 

y  =  ajcosh  p{x  -  vtf  -  sinh  ^(a;  -  vif). 

24.  Write  a  formula  descriptive  of  the  motion  of  a  single 
wave,  moving  to  the  left  with  velocity  v,  the  form  of  the 
wave  being  given  by  the  formula 

y  =  a(cosh  fx"^  -  sinh  px^)  +  6{cosh  q{x  -  6f  -  sinh  q{x  -  c)^}. 
Draw  the  outline  of  the  wave-form  (i)  when  a  =  1,  6  =  0-5, 
■p  =  0-1,  q  =  0-3,  c  =  +  1 ;  (ii)  whena  =  1,  &  =  0-3,^  =  0-4, 
q  =  0'2,  c  =   -  2.     [Each  student  should  draw  one  outline 
only.] 


PT.  It  20 


EXEECISE  ex. 

SUPPLEMENTAEY  EXAMPLES. 

A. — DiPFBBENTIAL  PoBMOLa!    AND   EXPANSIONS   OP   THE   SiNE 

AND  Cosine. 

1.  A  ship  sails  a  distance  r  along  a  course  which  is  esti- 
mated to  be  6  radians  from  the  meridian  line.  Its  northing 
(or  southing)  is  y,  its  easting  (or  westing)  x.  If  the  estimate 
of  the  course  is  in  error  by  a  small  amount,  hO  radians,  find 
the  error  in  y  and  x. 

2.  Let  the  course  be  a  degrees  and  the  error  8a  degrees. 

Show  that  the  errors  in  y  and  x  are  respectively 

riT  ttt 

8v  =   -  TFTn  sin  a  .  8a  and  Sx  =  irrrn  cos  a  .  8a. 
^  180  180 

3.  According  to  the  captain's  reckoning  a  ship  sailed  from 
a  certain  port  upon  the  following  courses  :  (i)  28°  E.  of  N. 
for  9  miles;  (ii)  37^°  E.  of  N.  for  12  miles  ;  (iii)  82°  E.  of  S. 
for  7  miles.  What  difference  would  it  make  (in  miles)  to 
the  calculated  latitude  difference  and  departure  if,  through 
incorrect  adjustment,  the  N.S.  line  of  the  compass  pointed 
half  a  degree  to  the  west  of  north  ? 

4.  The  area  of  a  triangle  is  determined  by  measuring  the 
lengths  of  two  sides,  b  and  c,  and  the  magnitude,  a  (degrees), 
of  the  included  angle.  Show  that  if  an  error  of  8a  degrees  is 
made  in  reading  the  angle  the  calculation  of  the  area  will  be 
in  fault  by  an  amount  SA  such  that 

oA  =  oT^Tj  cos  a  .  da. 

360 
Find  the  error  in  square  yards  when  b  —  1000  yards,  c  = 
800  yards,  a  =  42°  20'  and  the  error  in  reading  the  angle 
is  8'. 

5.  The  two  sides,  a,  b,  and  the  angle,  j3,  of  a  triangle  are 
measured  and  the  angle  a  calculated  from  the  measurements. 

306 
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Show  that,  if  a  and  b  are  measured  correctly  but  an  error  of 
Sj8  degrees  is  made  in  measuring  the  angle  j8,  the  calculation 
of  a  will  contain  an  error 

0      cos  a      '^ 

Show  also  that  if  j3  and  h  are  correct  but  a  in  error 

180  sin /3 
oa  =  — J .  8a. 

TTO    COB  a 

Show  also  that  if  /8  and  a  are  correct  but  h  in  error 
.  180a    sin/?    ., 

oa  =    —   — To-  .  ■  .  00. 

ttO^       cos  a 

6.  Give  a  reason  for  supposing  that  the  individual  errors 
calculated  in  No.  5  would  be  practically  the  same  if  all 
three  measurements  were  faulty  at  the  same  time. 

Given  that  the  measurements  of  a,  b,  and  0  are  120  feet, 
210  feet,  and  35°  24',  that  a  and  b  are  each  one-tenth  per  cent 
too  large,  and  that  /3  is  12'  too  small,  calculate  the  total  error 
in  a.     State  also  the  calculated  value  of  a. 

7.  The  side  a  of  a  triangle  is  calculated  by  the  formula 

flS  =  62  -f.  c^  -  26c  cos  a. 
Find  an  expression  for  Sa,  the  error  in  a,  due  to  small  errors 
(i)  in  a,  (ii)  in  6,  (iii)  in  c.      Give  also  an  expression  for  the 
total  error  when  all  three  measurements  are  incorrect. 

8.  Find  by  means  of  a  differential  formula  the  maximum 
value  of  y  (i)  when  t/  =  3  sin  a;  -  5  cos  x ;  (ii)  when  y  = 
12  sin  a;  +  5  cos  x  ;  (iii)  y  =  a  sin  x  +  b  cos  x. 

9.  Obtain  answers  to  No.  8  by  throwing  each  function 
into  the  form  E  sin  (x  +  ^). 

10.  The  ordinate-funotions  of  three  curves  are  : — 

(i)  ^  =  8  sin  2a; .  sin  3a; ;  (ii)  y  =  -  3  cos  4a; .  sin  a; ; 

(iii)  y  =  4  sin  2a; .  cos  4a;. 

Find  the  area-functions.     Illustrate  your  answer  by  rough 

sketches.     [Express   the  product  in  each  case  as  a  sum  or 

difference.] 

11.  Use  the  relation  cos  2a;  =  1  -  2  sin^  a;  =  2  cos'  x  -  1 
to  find  the  differential  formulae  of  the  first  order  corresponding 
to  y  =  sin*  x  and  y  =  cos^  x. 

12.  When  a  stone  is  thrown  into  the  air  with  velocity  v  at 
an  inclination  of  a  degrees  to  the  horizontal  it  rises  to  a 
vertical  height 

20* 
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Find  the  difference  in  the  height  made  (i)  by  increasing  the 
velocity  by  a  small  amount  Sv  ;  (ii)  by  increasing  the  eleva- 
tion by  a  small  amount  8a ;  (iii)  by  making  both  changes  at 
once. 

13.  A  stone  is  thrown  with  a  velocity  of  32  feet  per 
second  at  an  elevation  of  35°.  Find  the  difference  in  height 
if  the  velocity  were  reduced  to  31-5  ft./sec.  and  the  elevation 
increased  to  35°  18'. 

14.  The  ordinates  of  a  curve  are  given  by  the  relation 

y  =  a  cos^  px. 
Find  the  area-function. 

15.  In  the  cycloid  (Ex.  C,  No.  33)  show  that  the  gradient 

n 

at   any  point  is  cot  „.     Use  this  result   to  prove  that  the 

tangent  is  vertical  where  x  =  2nair  and  horizontal  where 
X  =  (2n  -  l)air.  Confirm  by  reference  to  the  figure  of  the 
cycloid. 

16.  Show  that  the  gradient  of  any  point  of  the  epicycloid 
of  Ex.  C,  No.  36,  is  given  by  the  formula 

|=tan(«-l-2)|. 

Verify  this  conclusion  by  reference  to  the  graphs  of  Ex.  C, 
Nos.  37  and  38. 

17.  We  may  take  it  as  obvious  that  sin  x<.x.  Hence  if  we 
have  two  graphs  whose  ordinates  are  given  respectively  by 
the  formulae 

y  =  sin  X     and     y  =  x 
the  area  up  to  a  given  ordinate  under  the  former  must  be  less 
than  the  area  under  the  latter. 

In  view  of  the  periodicity  of  the  sine  and  cosine  let  the 

TT 

argument  be  restricted  to  a;  >■  a-  Write  down  the  area- 
functions  for  the  two  graphs  and  prove  that 

a;* 
cos  a;  >  1  -  -g . 

18.  Next   suppose   two   curves   whose   ordinate-functions 
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Yfroma;  =  Otoaj  =  ^j  are 


X' 


y  =  COS  X  and  y  =  1  -  -^. 
Use  their  area-functions  to  prove  that 


a;" 
sm  a;  >  a;  -  s-s- 


Use  the  result  to  prove  that 


X'         X* 

cos  a;  <  1  -  fT,  + 


2'.      4!" 


19.  Prove  in  general  that 

.  a;'       x^       x' 

8ma;>aj-si+5i-s7  + 


.  X 

<x  -  in  + 


3!  ^  5!       7!  ^   ■  •  •        (2w  -  1)! 


and  that 


3!  ^ (2w  -  1) !  ^  (2w  +  1)  1 


a;2       x^       x^  x^" 


cosa;>l-fr:  +  -n-^  + 


2!  ^  4!       6!  ^  ■  ■  ■        (2»i) 
a;2  a;2" 


<l-oi+ -7srvi  + 


2!  ^ (2?i)!  ^  (2«-i-  2) 

These  expansions  can  evidently  be  used,  provided  that  x  is 
less  than  unity,  to  calculate  the  values  of  sines  and  cosines  to 
any  desired  degree  of  accuracy.  The  labour  involved  is  im- 
mensely less  than  that  which  had  to  be  undertaken  by  the 
earlier  computators  who  knew  only  the  methods  considered 
in  Pt.  I,  Ex.  L. 

20.  It  was  shown  in  Ex.  XCIX,  Nos.  24,  25,  that  a  table  of 
sines  and  cosines  could  be  computed  by  using  the  approximate 
equivalence 

smO  =  0  -  g 

for  the  sines  of  angles  from  0°  to  45°  and  the  cosines  of  angles 
from  90°  down  to  45°,  and  the  approximate  equivalence 

cos  ^  =  1  -  2"  +  2i 

for  the  remaining  sines  and  cosines.  Show  that  all  the 
numbers  calculated  by  the  first  formula  are  too  large  and  those 
calculated  by  the  second  formula  too  small.     Express  as 
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decimal  fractions  to  five  places  the  errors  involved  in  using 
each  formula  when  ^  =  1. 

B. — DlFPEBENTIAL   POBMULA    FOB   TaN   X. 

21.  Establish  the  identities 

,       ,         , .       ,  sin  /i 

tan  (x  +  K)  -  tana;  =  -, j-: 

^  '  cos  X .  COS  (x  +  h) 

tan  h 


~  oos^  a; .  (1  -  tan  x  .  tan  h)' 

22.  Prove  that  ii  y  —  tan  x,  Sy  =  sec''  x  .  Bx. 

23.  Find  the  differential  formula  of  the  first  order  corre- 
sponding to  y  —  a  tan  px. 

24.  Given  that  y  =  a  tan  p{x  -  c)  show  that 

8y  =  ap  sec'  p{x  -  c) .  Sx. 

25.  The  height  of  a  tower  is  determined  by  measuring  its 
altitude  a  with  a  theodolite  at  a  distance  of  a  feet  from  its 
base.  Write  a  formula  for  8h  the  error  in  the  calculation  of 
the  height  produced  by  an  error  of  8a  degrees  in  taking  the 
altitude.  [The  angle  a  must  be  expressed  in  the  primitive 
formula  in  circular  measure.     Why  ?] 

26.  The  reading  of  the  theodolite  in  No.  25  is  known  to  be 
not  more  than  10'  in  error.  Find  the  greatest  possible  error 
in  calculating  the  height  of  the  tower  (i)  when  a  =  200  feet 
and  a  =  51° ;  (ii)  when  a  =  400  feet  and  a  =  23°. 

27.  A  vertical  post  6  feet  high  stands  10  feet  from  a  wall. 
A  postman  bearing  an  electric  lamp  at  a  height  of  3  feet 
6  inches  from  the  ground  is  approaching  the  wall  along  a 
line  which  passes  through  the  post.  Find  a  formula  for  the 
height  of  the  shadow  upon  the  wall  when  the  postman's 
distance  from  the  post  is  x  feet.  Deduce  a  formula  for  the 
speed  u  with  which  the  top  of  the  shadow  rises  when  the 
postman's  speed  is  v.  Given  that  the  postman  is  walking  at 
the  rate  of  3  miles  an  hour  (=  4-4  ft. /sec.)  find  how  fast  the 
top  of  the  shadow  is  moving  on  the  wall  when  he  is 
(i)  20  feet,  (ii)  5  feet  from  the  post. 

28.  In  fig.  99  the  ordinate  P  ia  y  =  a  sin  6  and  that  of  P' 
ia  y'  =  a  tan  9.  Find  Sy'lty  the  ratio  of  the  changes  pro- 
duced in  the  ordinates  by  a  given  small  change  S6  in  6. 

The  point  P  moves  steadily  along  the  circumference  of  the 
circle.  Find  the  ratio  of  the  vertical  velocity  of  P'  to  that  of 
P  when  L  POA  is  (i)  0°,  (ii)  10°,  (iii)  20°,  (iv)  80°. 
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29.  T  is  the  total  time  in  hours  that  a  heavenly  body  is 
aboTO  the  horizon.  Use  the  formula  of  Ex.  XC,  No.  33,  to 
prove  that 

cos  ^^T  =  -  tan  S  .  tan  \ 
24 

where  8  is  the  declination  of  the  body  and  \  the  latitude  in 

degrees   of  the   place  of  observation.      Show  that   8T,    the 

difference  in  the  time  of  visibility  of  the  body  produced  by  a 

small  change  of  latitude  8X  is  given  by  the  formula 

grj,  _  _^    sin8 g^ 

15  '  cos  X  ^[cos(A.  +  8) .  eos(A.  -  8)J ' 

30.  The  greatest  and  least  declinations  of  the  sun  may  be 
taken  as  ±  23^°.  Find  approximately  the  differences  in  the 
length  of  (i)  the  longest,  (ii)  the  shortest  day  of  the  year  at 
London  (51f  N.)  and  York  (54°  N). 

0. — The  Calculation  of  tt. 

31.  Given  that  y  =  tan  x  prove  that 

1  +  2/2 

32.  Hence  show  that  ii  y  =  are  tan  x 

Sy  =  {1  -  x^  +  x^  -  x^  +    .  .  .)Sx. 

33.  Prove  (by  finding  the  primitive  of  the  preceding 
differential  formula)  that 

X  OS  Qj 

arc  tan  x  =  x  -  -^  +  -^ —  -=■  +  ■•• 

This  aeries  is  called  Gregory's  series  after  the  Scotch 
mathematician  who  first  enunciated  it  in  1671.  It  can  be 
used  to  calculate  the  value  of  arc  tan  x  only  when  we  know 
that  there  is  a  definite  number  to  which  its  sum  approximates 
more  closely  as  more  terms  are  taken.  It  is  especially 
important  to  find  whether  this  is  the  case  when  x  =  1;  for, 

TT 

since  arc  tan  1  =  t>  the  series  would  then  be  a  means  of 
4 

calculating  the  value  of  tt.      The   question   here  raised  is 

answered  in  the  next  example. 

34.  The  series  l-J^  +  y-^  +  .  .  .  can  be  grouped  in, 
t^e  two  following  ways  :■ — 
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(1  -  J)  +  a  -  ^)  +  a  -  ^)  +  •  ■  • 
1  -  a  -  i)  -  (I  -  i)  -  (t^  -  A)  -  •  •  • 

Use  these  groupings  to  prove  that  however  many  terms  are 
taken  the  sum  lies  between  0  and  1,  and  hence  that 

5  =  1-*  +  ^-^+^-  .  ■  • 

It  is  evident  that  by  means  of  this  equivalence  -k  can  be 
calculated  with  immensely  less  labour  than  by  van  Ceulen's 
method  (R.  I,  Ex.  L).  Nevertheless,  the  series  converges 
slowly — that  is  to  say,  a  relatively  large  number  of  terms 
must  be  taken  in  order  to  calculate  the  value  of  tt  to  a  given 
number  of  decimal  places.  It  is  desirable,  therefore,  to  find 
a  more  convergent  series.  Nos.  35-7  show  certain  famous 
methods  which  have  been  used  for  this  purpose.  It  will  be 
noted  that  they  all  depend  upon  substituting  for  x  in  Gregory's 
series  a  small  number  whose  powers  will  rapidly  diminish. 

(Compare  the  series  for  logarithms,  Ex.  LXXXIV,  No.  67.) 

Examples  :— 

35.  Halley  (the  astronomer  of  Charles  II's  reign)  suggested 

using  a;  =  ^  — selecting  this  value  because  it  is  the  only  angle 

TT 

less  than  j  whose  tangent  has  a  simple  value.     Prove  that 

36.  The  Swiss  mathematician  Buler  (about  the  same  date) 
made  use  of  the  identity 

I  =  tan  -  1  J  +  tan  -  1  i.     [Ex.  CHI,  No.  29.] 

Prove  this  identity,  apply  it  to  obtain  Euler's  series  and 
calculate  the  value  of  ir  to  three  decimal  places. 

37.  A  still  better  method  was  invented  by  the  Englishman, 
Machin.  (It  was  first  published  in  1706.)  He  noticed  that 
the  tangent  of  \  of  45°  was  about  \,  so  that  4  arc  tan  \  was 

TT 

nearly  equal  to  j.     Show  (as  in  Ex.  GUI,  No.  30)  that 

TT 

J  =  4  arc  tan  \  -  arp  tan  -^-^, 
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and  hence  derive  Machin's  series  for  7.      Why  is  it  so 

effective  ? 

38.  With  centre  0  and  radius  unity  draw  a  circle.  Show 
that  its  ordinate-function  is 

y  =  l-^^-^x^-^x^  -  .  .  . 
and,  therefore,  that  its  area-function  is 

—  d,  —  -gj^        ■jTj.t        Trj-^        •  ■  • 

39.  Show  that  the  area  of  the  sector  bounded  by  the  ^/-axia 
and  a  radius  making  30°  with  it  is 

where  A  is  the  value  which   the  second  series  in  No.  38 
assumes  when  x  =  ^.      Hence  deduce  a  series  for  calculat- 

mgg. 

40.  Write  down  the  differential  formulae  of  the  first  order 
derived  from  (i)  y  =  arc  tan  px  ;  (ii)  y  =  arc  sin  px ;  (iii) 
y  =  arc  cos  px.     [Follow  the  method  indicated  in  No.  31.] 

D. — The  Gudeemannian  Functions. 

41.  Let  P'  (fig.  99)  be  any  point  on  the  right-hand  branch 
of  the  rectangular  hyperbola  x^  -  y^  =  a^,  and  let  P(a  cos  0, 
a  sin  6)  be  the  corresponding  point  on  the  circle  x^  +  y^  =  a''. 
Then  we  know  that  the  area  of  the  hyperbolic  sector  P'OA  is 
^a^u  where 

M=  logtan^g  -I-  jj       .         .         .      (i) 

Show  that  if  u  is  given  the  corresponding  point  on  the  circle 
is  fixed  by  the  relation 

0  =  2  arc  tan  e"  -  I        .         .         .     (ii) 

The  Direct  and  Inverse  Gudermannian. — Let  AOB  be  a 
uniformly  graduated  line  scale  with  zero  at  0  and  let  P  be  a 
moveable  point  in  it  whose  distance  from  0  is  x.  Let  y  be 
the  distance  of  a  moveable  point  F  from  O'  the  zero  of  a 
second  scale,  A'O'B',  graduated  identically  with  the  former. 
Let  P  move  steadily  along  AOB.  Then  we  may  suppose  P' 
to  move  along  A'O'B'  in  such  a  way  that  O'P'  is  always 
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connected  with  OP  in  the  same  way  as  B  is  connected  with  u 
in  formula  (ii)  above.     That  is  the  formula 

"■ 
^  =  2  arc  tan  ^  -  n 

may  be  regarded  as  a  description  of  a  certain  relation  between 
variables  which  need  have  nothing  to  do  with  the  circle  and 
rectangular  hyperbola.  This  relation  is  called  the  Guder- 
mannian  function  after  the  German  mathematician  (c.  1840) 
who  first  studied  it  systematically.  It  may  be  referred  to 
briefly  by  the  symbolism  y  =  gdx. 

If,  on  the  other  hand,  F  moves  so  that  O'F  can  be  calcu- 
lated from  OP  in  the  same  way  as  u  is  calculated  from  0  in 
No.  41  (i)  then 

y  =  log  tan  (^  +  jj 

and  the  relation  expressed  by  the  formula  is  the  inverse 
Gudermannian  function.  It  may  be  symbolised  concisely 
by  the  form 

y  =  arg  gd  a;  or  2/  =  gd'^a; 
i.e.  "  y  is  the  argument  whose  Gudermannian  is  x  ". 

The  following  examples  lead  to  the  discovery  of  the  differ- 
ential formulae  which  correspond  to  the  Gudermannian  func- 
tions. It  wUl  be  seen  that  one  of  them  has  great  practical 
importance. 

Examples : — 

42.  In  fig.  99  let  P,  Q  be  two  points  on  the  circle  and  F, 
Q'  the  corresponding  points  on  the  rectangular  hjrperbola. 
Let  the  two  members  of  each  pair  be  so  near  one  another  that 
we  can  call  their  parameters  6  and  6  +  BO,  and  u  and  u  +  8u 
respectively.  Join  FO  and  Q'O.  Call  Z.P'OA  <^ ;  then  lQ'OA 
can  be  called  <j>  +  8<^.  Let  A  =  the  hyperbolic  sectorial  area 
P'AO  and  A  +  8A  the  area  Q'AO.  Finally  let  r  =  OF.  Prove 
the  following  statements  : — 

(i)  SA  =  iaK  8m. 
(ii)  8A  =  -J  r2 .  8<^. 
(iii)  8A  =  I  a^    gec^  0  .  sec^  <^  .  8<^. 
(iv)  Su  =  sec2  e  .  sec2  <^  .  8^. 
Also  proye  that  tan  ^  =  sin  $  and  hence  that 
sec^  (^  .  8<^  =  cos  6  .  86., 
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43.  Hence  deduce  the  differential  formulae 

(i)  8m  =  sec  e  .  Se. 
(ii)  8^  =  sech  u  .  8m. 
Write  down  the  differential  formulae  of  the  first  order  char- 
acteristic of  the  functions  (iii)  y  =  gd  a; ;  (iv)  y  =  arg  gd  x. 

44.  A  map  is  to  be  constructed  on  the  Meroator  projection 
in  which  the  length  of  the  equator  is  equal  to  that  of  a  certain 
geographical  globe.  Let  x  be  the  distance  in  radians  of  a 
point  P  on  the  globe  from  the  equator  of  the  globe,  and  y  the 
distance  in  radians  of  the  corresponding  point  P'  on  the  map 
from  the  equator  of  the  map.     Show  that 

2/  =  arg  gd  a;     or     y  =  log  tan  (^  +  jj. 

45.  The  importance  of  the  foregoing  result  is  that  it  enables 
us  to  fix  the  position  of  the  parallels  of  latitude  in  the 
Mercator  projection  by  calculation  instead  of  by  the  graphic 
method  of  p.  119.  The  values  of  x  and  y  are,  of  course,  the 
values  of  6  and  u  in  the  calculations  and  graph  of  Ex.  CVIII, 
Nos.  18,  21.  Write  down  a  scale  of  distances  from  the  equator 
for  the  10th,  20th  .  .  .  70th  parallels  and  see  whether  the 
results  obtained  graphically  in  Ex.  LXXXVII,  §  3,  agreed 
with  this  scale. 

E. — The  Prediction  of  Tides. 

The  Time  and  Depth  of  High  Water. — The  tides  offer  per- 
haps the  most  important  field  for  the  application  of  periodic 
functions.  We  saw  in  Ex.  CII,  No.  8,  that  at  a  given  place 
on  a  given  day  the  depth  of  the  water  may  be  taken,  for  the 
purpose  of  correcting  "  soundings,"  to  vary  harmonically. 
But  we  also  saw  that  the  amplitude  of  the  variation  itself 
varies  from  day  to  day.  Most  people  know  that  this  variation 
depends  upon  the  "age"  of  the  moon — that  we  have  high 
or  "  spring  "  tides  about  new  moon  and  full  moon,  and  low 
or  "  neap  ''  tides  when  the  moon  is  in  the  first  and  last  quarters. 
It  is  also  well  known  that  the  time  of  high  tides  shows, 
roughly  speaking,  a  fortnightly  periodicity. 

The  task  of  analysing  the  periodic  movements  of  the  sea 
so  completely  that  the  depth  of  the  water  at  a  given  port  can 
be  foretold  accurately  ^  for  any  given  time,  is  exceedingly 
difficult.     It  is  found  necessary  to  regard  these  movements  as 

'  Excluding  unpredictable  irregularities  produced  by  a  sudden 
gale,  etc. 
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the  resultant  of  no  less  than  twenty  component  tidal  waves 
different  in  amplitude,  period  and  phase.  The  relation  of  the 
periods  is  such  that  corresponding  tides  during  successive 
fortnights  vary  considerably.  (By  "  corresponding"  tides  are 
meant  those  which  occur  at  the  same  age  of  the  moon.) 
Thus  the  high  tide  which  occurs  next  after  new  moon  this 
month  will  not  take  place  at  exactly  the  same  time  as  the 
corresponding  tide  of  last  month  nor  will  the  greatest  depth 
of  the  water  be  exactly  the  same.  Nevertheless  if  a  great 
number  of  observations  of  the  times  and  depths  of  high  water 
are  taken  at  the  same  port  it  is  possible  to  find  the  mean  time 
and  depth  of  high  water  corresponding  to  each  age  of  the  moon. 
These  means  are  found  to  be  quite  steady  and  can  be  used  by 
sailors  for  calculating  approximately  the  time  and  depth  of 
high  water.  The  first  column  of  the  following  table  gives  the 
age  of  the  moon  in  the  form  of  a  statement  of  the  time  at 
which  it  crosses  the  meridian.  At  new  moon  sun  and  moon 
cross  the  meridian  at  exactly  or  nearly  the  same  time,  though 
the  moon  is  (unless  it  is  eclipsing  the  sun)  invisible.  At  full 
moon  when  the  sun  is  on  the  visible  part  of  the  meridian 
(i.e.  south)  the  moon  is  on  or  near  the  invisible  part  (i.e. 
north,  below  the  horizon).  The  moon  crosses  the  same 
part  of  the  meridian  about  12  hours  later  than  the  sun. 
The  high  tides  follow  the  moon  in  the  sense  that  they  occur 
(on  the  average)  at  a  definite  time  after  the  moon's  transit 
across  the  meridian,  but  the  interval  between  the  transit  and 
high  water  depends  upon  the  interval  between  the  sun's  tran- 
sit and  the  moon's — i.e.  upon  the  time  of  the  moon's  transit. 
Columns  2,  4  give  the  mean  interval  between  the  transit  of  the 
moon  and  the  time  of  high  water  for  several  ports.  Columns 
3,  5  give  also  the  mean  depth  of  high  water.  It  must  be 
understood  that  the  table  refers  not  only  to  superior  transits, 
when  the  moon  is  visibly  crossing  the  meridian ;  but  also  to 
inferior  transits,  when  it  is  crossing  the  invisible  part  of 
the  meridian  below  the  horizon.  Thus  there  are  two  high 
tides  in  every  lunar  day — i.e.  between  two  superior  transits  of 
the  moon.i 

'  The  men  who  have  done  most  to  build  up  our  knowledge  of  the 
tides  are  :  Sir  Isaac  Newton  (c.  1690),  Daniel  Bernoulli  (a  Swiss, 
c.  1740),  the  great  Frenchman,  Laplace  (c.  1800),  Sir  J.  W.  Lubhock 
and  W.  Whewell  (c.  1835),  Lord  Kelvin  (died  1907),  and  Sir  G.  H. 
Darwin  (died  1912)  son  of  Charles  Darwin, 
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London  Docks. 

Liverpool. 

Portsmouth. 

Brest. 

Moon's  Transit. 

Interval. 

Depth. 

Interval. 

Depth. 

Interval. 

Interval. 

h. 

h. 

m. 

ft 

h.    m. 

/*. 

h.     m. 

h.    m. 

0 

2 

2 

22-2 

11    26 

17-5 

11    40 

3     48 

1 

1 

47 

22-7 

11     8 

17-75 

11    28 

3     33 

2 

1 

32 

22-8 

10   53 

17-55 
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46.  Draw  a  graph  ahowing  in  the  case  of  one  of  the  four 
ports  how  the  interval  between  the  moon'a  transit  and  the 
time  of  high  water  varies  with  the  interval  between  the  sun's 
and  the  moon's  transits.  [Different  students  should  take 
different  ports.] 

On  1  April,  1913,  the  moon  southed  at  8.27  a.m.  and  on 
2  April  at  9.11  a.m.,  so  that  its  inferior  transit  occurred  at 
about  8  h.  27  m.  +  22  m.  =  8.49  p.m.  on  1  April.  Find 
the  times  of  high  water  at  your  selected  port  which  corre- 
spond to  the  superior  and  inferior  transits  of  1  April. 

On  14  May,  1913,  the  moon  southed  at  7.24  p.m.  ;  on 
15  May  at  8.13  p.m.  Find  the  time  of  the  two  high  tides 
which  correspond  to  the  first  superior  and  the  next  inferior 
transit. 

47.  Draw  a  graph  showing,  in  the  case  either  of  London 
Docks  or  Liverpool,  how  the  depth  at  high  water  varies  with 
the  interval  between  the  sun's  and  the  moon's  transits. 

On  iO  June,  1913,  the  moon  southed  at  5.22  p.m.  and  on 
11  June  at  6.10  p.m.  Find,  in  the  case  of  London  or  Liver- 
pool, the  depth  of  high  water  at  the  next  two  high  tides  after 
5.22  p.m.  on  10  June. 

48.  Apply  the  methods  of  Ex.  CVI  to  express  the  tidal 
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interval,  in  the  case   of  your  selected  port,   by  a  Fourier 
function.     It  will  be  sufficient  to  assume 

I  =  fflo  +  '"i  sin  2  .  t  +  fflj  sin  s  .  5 

7  "■        ,  ,  IT 

+  Oj  cos  n-t  +  Oj  cos  s  ■  t 

where  I  is  the  interval  (in  hours)  and  t  the  time  of  transit  in 
hours. 

Test  your  formula  by  using  it  to  determine  the  tidal  inter- 
vals of  No.  46. 

49.  Obtain  a  similar  harmonic  analysis  of  the  high  water 
depths  either  at  London  Docks  or  at  Liverpool.  Test  your 
formula  by  using  it  to  determine  the  depths  mentioned  in 
No.  47. 

50.  Theoretical  consideration   led  the   mathematicians  of 

the  early  nineteenth  century  to  the  conclusion  that  the  tidal 

interval  should  be  given  by  a  formula  of  the  form 

h      .    „  , 

T7  .  sin  2  (<^  -  a) 

tan  2  ((9  -  X)  = ^^ 

1  +  ^  .  cos  2  (^  -  a) 

In  this  formula  6  is  the  tidal  interval,  X  the  mean  value  of 
all  tidal  intervals  at  the  port  in  question,  h  and  h'  are  the 
heights  of  the  tidal  waves  due  respectively  to  the  action  of 
the  sun  and  the  moon,  <^  is  the  interval  between  the  sun's 
transit  and  the  moon's  and  a  is  a  constant  (called  the  retard) 
which  (like  X)  differs  from  port  to  port.  The  value  of  X  for 
London  is  1  h.  32  m.,  for  Liverpool  11  h.  6  m. ;  that  of  h/h'  is 
for  London  0-3348,  for  Liverpool  03786 ;  that  of  a  is  for 
London  2  h.,  for  Liverpool  1  h.  15  m. 

Calculate  the  tidal  interval,  either  at  London  or  Liverpool, 
for  any  two  times  of  transit  which  you  please  to  select  and 
compare  the  results  with  those  of  the  table.  [X,  <t>  and  a 
must,  of  course,  be  converted  into  degrees.] 

51.  The  same  theory  suggests  for  the  depth  of  high  water 
the  formula 

d  =•  d,+   J{W  +  h"^  +  Ihh'  cos  2  (<^  -  a)} 
where  d„  is  the  mean  depth  of  the  water  for  all  times.     Find, 
either  for  London  or  Liverpool,  by   using  any   convenient 
value  of  <^,   the  value  of  d„,  and  then  test  the  formula  for 
another  value  of  <f>. 


SECTION  VIII. 

LIMITS. 


INTEODUCTION. 

A  great  Frenchman  (Augusta  Comte,  c.  1835)  defined 
mathematics  as  "  the  science  of  indirect  measurement ''.  The 
definition  cannot  be  accepted  as  adequate,  but  is  nevertheless 
instructive.  The  object  of  much  mathematical  work  is  un- 
doubtedly to  determine  magnitudes  which  cannot  be  measured 
directly  or  can  be  calculated  more  easily  and  accurately  than 
they  can  be  measured.  The  determination  of  the  distance  of 
the  sun  is  an  example  of  the  first  kind  of  calculation ;  the 
determination  of  a  volume  or  an  area  from  its  linear  dimen- 
sions one  of  the  second  kind.  In  all  such  cases  our  pro- 
cedure is  the  same.  We  begin  by  assigning  symbols  to 
certain  measurements  regarded  as  data,  and  then,  by  mathe- 
matical argument,  arrive  at  a  formula  which  is  a  symbolic 
description  of  the  magnitude  to  be  determined.  Thus,  if,  in 
a  particular  case,  the  side  of  a  square  can  be  denoted  by  the 
symbol  a  +  b,  then  we  know  that  the  formula  A  =  a^  +  ^ab 
+  b^  is  in  all  cases  an  adequate  expression  of  its  area. 

When  we  come  to  make  practical  use  of  a  theoretical  re- 
sult, such  as  the  simple  one  just  quoted,  we  often  find  that 
part  of  the  calculated  expression  has  no  measurable  magni- 
tude corresponding  to  it.  For  example,  if  b  stands  in  a  parti- 
cular case  for  something  less  than  1/100  of  the  linear  unit, 
and  if  1/1000  of  the  square  unit  is  the  smallest  area  measur- 
able, then  the  term  b^  in  the  foregoing  expression  corresponds 
to  nothing  that  could  be  verified  as  actually  there.  It  is 
admissible,  therefore,  in  these  circumstances  to  adopt  the 
simpler  expression  A  ==  a{a  +  2b)  as  an  "  approximation- 
formula  "  adequate  to  our  present  purpose.  The  symbol 
"  =  "  replaces  the  customary  "  =  "  to  remind  us  that  we 
are  now  dealing  not  with  a  theoretical  identity  but  with  a 
practical  equivalence  valid  only  under  specified  conditions. 
FT.  IL  321  21 
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"  Approximation -formulae ''  have  at  various  points  of  our 
study  played  an  important  part,  but  especially  in  the  discus- 
sion of  the  connexion  between  "  area-functions  "  and  "  ordinate- 
functions  ".  The  conclusion  which  we  reached  there  may  be 
summarized  as  follows :  Let  F(a;)  be  a  function  which  gives 
the  area  between  the  a;-axis  and  a  certain  curve  from  the 
y-asds  up  to  the  ordinate  whose  abscissa  is  x,  and  let  y  =  f{x) 
be  the  formula  which  describes  the  ordinates  of  the  curve ; 
then  the  second,  or  ordinate-function,  is  identical  with  the 
"  differential  formula  "  of  the  former,  or  area-function.  Of 
the  immense  practical  importance  of  this  conclusion  abundant 
examples  have  been  given ;  our  present  purpose  is  to  call  at- 
tention to  the  nature  of  the  argument  upon  which  it  is  based. 
Consider  as  a  typical  instance  the  argument  by  which  in  Part 
I,  Ex.  XLVII,  we  reached  the  conclusion  that  the  area- 
function  corresponding  to  the  parabolic  ordinate-function 
y  =  aa?  is  A  =  ^ax^.  A  number  of  rectangles  of  equal  width 
and  of  heights  0^,  1^,  2*^,  3^,  .  .  .  were  thought  of  as  lying 
side  by  side,  in  order,  with  their  bases  along  the  base  of  a 
rectangle  whose  width  was  equal  to  their  combined  width  and 
whose  height  was  equal  to  that  of  the  greatest  of  them. 
It  was  shown  that  the  ratio  of  the  combined  areas  of  the 
overlying  rectangles  to  the  area  of  the  underlying  rectangle 
is  1/3  +  l/6m.  Hence  it  follows  that  the  larger  the  number 
of  rectangles  the  nearer  their  total  area  approaches  to  one-third 
of  that  of  the  underlying  rectangle,  and  that  the  difference  can 
be  made  as  small  as  we  please.  Since  the  tops  of  a  vast  num- 
ber of  rectangles  would  be  indistinguishable  from  the  curve 
y  =  ax^,  we  concluded  that  the  area  under  this  curve  is  given  by 
A  =  ^ax^  to  an  unlimited  degree  of  accuracy.  Now  there  are 
two  weak  points  in  this  argument.  An  obstinate  or  a  very 
careful  person  might  object  (i)  that  however  numerous  and  thin 
the  rectangles  may  be  they  remain  a  series  of  rectangles  and 
do  not  become  identical  with  the  curve ;  (ii)  that  although 
the  fraction  1/3  -1-  lj6m  can  be  made  to  differ  as  little  as  we 
please  from  1/3  yet  this  fact  does  not  prove  that  the  formula 
A  =  ^ax^  has  absolute  accuracy.  For  there  may  be  an  out- 
standing difference  between  the  area  of  the  series  of  rect- 
angles and  the  area  under  the  curve  which  cannot  be  reduced 
below  a  certain  amount.  In  any  case  we  do  not  learn  what 
the  area-function  is  exactly. 

These  objections  have,  of  course,  no  practical  weight ;  that 
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is  to  say,  no  one  could  have  any  hesitation  in  making  use 
of  the  conclusion  A  =  ^x^  in  any  practical  calculation  or 
physical  argument.  Nevertheless,  the  situation  cannot  be  re- 
garded as  entirely  satisfactory.  No  one  need  feel  any  scruple 
about  using  the  approximation-formula  A  =  a{a  +  26),  for  it 
is  based  upon  the  absolute  truth  represented  by  the  formula 
(a  +  by  =  a^  +  2ab  +  b^.  But  in  the  other  case  the  de- 
pendence is  reversed  ;  instead  of  an  approximation-formula 
derived  from  an  absolute  truth  we  have  what  should  be  an 
absolute  truth  depending  for  its  certification  upon  an  approxi- 
mation-formula. Our  first  object  in  this  section  will  be,  then, 
to  establish  the  connexion  between  area-functions  and  ordin- 
ate-functions  upon  a  basis  of  certainty  and  exactness  precisely 
like  that  of  the  connexion  between  (a  -I-  by  and  a^  +  2ab  +  W. 
In  seeking  this  improvement  in  the  theory  of  our  subject,  we 
shall,  as  usual,  discover  that  we  have  greatly  widened  the 
scope  of  its  practical  usefulness  ;  the  fuller  exploration  of  this 
discovery  wiE  be  the  second  object  of  our  work. 

It  will  be  convenient  to  take  our  start  from  an  analysis  of 
an  idea  which  we  have  made  use  of  at  more  than  one  previous 
point — namely,  the  idea  of  a  "rate".  The  examination  of 
this  notion  wUl  be  found  to  lead  to  the  theoretical  improve- 
ments which  we  desire. 
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THE  MEANING  OF  A  "  LIMIT ' 


§  1.  The  Idea  of  a  Bate. — As  a  stone  falls  through  the  air 
or  a  motor-car  descends  a  hill  it  goes  constantly  faster  and 
faster.  What  exactly  is  meant  by  the  statement  that  at  a 
certain  moment  it  is  going  at  the  rate  of  so  many  feet  per 
second?  Consider  first  the  following  case.  Water  is  de- 
livered into  a  cistern  by  a  tap  which  is  suddenly  turned  on 
further  at  the  end  of  every  second.  Fig.  101  is  a  portion  of 
the  column-graph  which  records  the  amount  of  water  in  the 
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Fig.  101. 
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Fig.  102. 
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Fig.  103. 


cistern  from  moment  to  moment.  Thus  the  area  ^M  measures 
the  amount  delivered  during  the  sixth  second.  Let  the  area 
of  pM.  represent  Q  gallons — that  is,  let  PM  =  Q.  Then 
without  question  during  the  sixth  second  the  water  was  de- 
livered at  the  rate  of  Q  gallons  per  second.  Next  let  the  tap 
be  turned  on  further  every  quarter  of  a  second.  On  each 
unit  length  of  the  base  four  columns  will  now  stand  instead 
of  the  original  one  (fig.  102).  Let  the  flow  be  so  controlled 
that  during  the  last  quarter  of  the  sixth  second  Q/d  gallons 
are  delivered.  The  representative  column  vnll  have  the  same 
height  as  pM.  but  only  a  quarter  of  its  area.  It  is  evident 
that  the  rate  of  flow  during  this  period  is,  as  before,  Q  gallons 
per  second,  though  only  Q/i  gallons  are  actually  delivered. 

324 
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Now  let  the  tap  be  turned  on  at  still  more  frequent  intervals 
— say  n  times  a  second — with  the  condition  that  during  the 
last  nth  of  the  sixth  second  the  quantity  of  water  delivered 
shall  be  Q/w  gallons.  Then  the  representative  column  next 
before  PM  will  still  retain  the  original  height  Q  though  its 
widtb  will  be  reduced  to  Pp/w.  Moreover,  it  will  still  be  said 
that  the  flow  during  the  particular  interval  in  question  is  at 
the  rate  of  Q  gallons  per  second.  This  statement  can  in  fact 
be  made,  whatever  the  value  of  n,  provided  that  PM  =  Q. 
"Finally,  let  the  tap  be  turned  on  continuously,  and  let  the 
amount  of  water  delivered  up  to  a  given  moment  be  repre- 
sented by  the  area  under  the  curve  of  fig.  103  from  the  ^/-axis 
up  to  the  corresponding  ordinate.  Let  the  ordinate  PM  at 
the  point  representing  the  end  of  the  sixth  second  have  the 
height  Q.  Then  although  PM,  having  no  breadth,  does  not — 
as  the  columns  did — represent  any  quantity  of  water  de- 
livered, yet,  since  it  has  the  same  height  as  the  series  of 
narrowing  columns  had,  we  say  that  it  still  represents  a  rate  of 
flow  of  Q  gallons  per  second.  But  since  this  is  clearly  not  a 
flow  during  any  interval  of  time,  however  small,  we  say  that 
it  is  the  rate  of  flow  at  the  end  of  the  sixth  second. 

We  can  now  give  a  precise  answer  to  our  question — pro- 
vided that  we  are  permitted  to  refer  to  a  graph.  Let  a  graph 
be  drawn,  with  time  as  the  independent  variable,  in  such  a 
way  that  the  area  under  it  from  the  y-axis  up  to  a  given 
ordinate  measures  the  magnitude  of  the  changing  thing  at  the 
moment  to  which  the  ordinate  corresponds.  Then  the  height 
of  the  ordinate  is  the  rate  of  change  of  the  thing's  magnitude 
at  that  moment.  In  algebraic  terms,  if  the  distance  fallen  by 
a  stone  or  traversed  by  a  motor-car  in  a  given  time — or  the 
magnitude  possessed  by  any  other  increasing  or  decreasing 
quantity — be  represented  by  an  area-function,  the  rate  of  in- 
crease or  decrease  of  the  quantity  at  any  specified  moment  is 
given  by  the  corresponding  ordinate-function.  This  idea  may 
be  extended  to  quantities  whose  magnitude  depends  upon  a 
variable  which  is  not  necessarily  time,  and,  therefore,  is  best 
symbolised  by  x.  Thus  if  any  given  function  is  regarded  as 
an  area-function  the  corresponding  ordinate-function  may 
be  called  the  rate-function  of  the  former. 

If  it  be  asked  what  advantage  is  gained  by  the  definition  of 
a  "  rate  of  flow  ''  which  corresponds  to  no  actual  passage  of 
water,  the  answer  is  as  follows  :  If  in  fig.  103  another  ordin- 
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ate  P'M'  be  drawn  to  the  left  of  PM,  the  area  under  the  curved 
segment  FP  and  above  M'M  measures  the  quantity  of  water, 
Q',  which  falls  into  the  cistern  during  the  time  measured  by 
M'M.  Thus  the  (juotient  Q'/M'M  which  measures  the  average 
height  of  the  slice  FM  also  measures  the  average  rate  of  flow 
during  the  time  M'M.  Now  as  FM'  approaches  PM  the  value 
of  this  quotient  will  constantly  change.  When  we  have  dealt 
with  this  question  before  (e.g.  in  Ex.  LXIX),  we  have  argued 
that,  although  the  quotient  does  actually  change  as  the  time 
represented  by  M'M  decreases,  yet  when  M'M  becomes  small 
enough  it  is  for  all  practical  purposes  constant.  Thus  when 
M'M  has  become  so  small  that  further  diminution  produces 
no  further  measurable  change  in  the  quotient,  we  defined  the 
quotient  as  "  the  rate  of  flow  at  the  moment  represented  by 
PM".  But  although  practically  sufficient  this  definition  is 
theoretically  unsatisfactory,  for  it  defines  the  ' '  rate  of  flow  at 
time  t  "  only  approximately  and  not  exactly.  The  great  ad- 
vantage of  defining  it  as  the  height  of  the  ordinate  PM  is  that 
we  substitute  for  an  ambiguous  reference  to  an  endless  string 
of  values  which,  though  nearly  the  same,  are,  after  all,  really 
different,  a  perfectly  definite  reference  to  a  single  number. 
Thus  the  demand  for  theoretical  precision  is  duly  satisfied. 

§  2.  Calculation  of  Bate-Functions. — We  now  proceed 
to  investigate  the  calculation  of 
rate-functions.  Our  object,  it 
will  be  remembered,  is  to  ob- 
tain results  which  can  be 
regarded  as  theoretically  unim- 
peachable, but  it  will  be  well  to 
begin  with  a  case  in  which  we 
have  already  reached  a  result  by 
less  satisfactory  reasonings.  For 
this  reason  we  will  consider  the 
rate-function  corresponding  to 
the  function  ax^.  According  to 
Wallis's  Law  this  should  be  Bax'^. 
In  fig.  104  let  the  curve  of 
,  which  AB  is  a  segment  have  the 

0  9  ^   ^  ^  property  that  the  area  under  it 

Pig.  104.  from  the  y-axis  up  to  any  ordi- 

nate PQ  whose  abscissa  is  x  is  axK      The  problem  is  to 
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determine  the  exact  height  of  PQ.  Take  two  other  ordinates 
CD  and  EP,  one  on  each  side  of  PQ  and  at  any  distance  h 
from  it.  Draw  upon  DQ  and  QP  rectangles  whose  areas  are 
respectively  equal  to  those  of  the  slices  under  the  curve  be- 
tween CD  and  PQ  and  PQ  and  BF.  Let  the  curve  cut  the 
upper  ends  of  these  rectangles  at  p  and  p'.  Now,  although 
we  cannot  calculate  PQ  directly  it  is  easy  to  calculate  pq  and 
p'q.     We  have,  in  fact : — 

area  CQ  ,  ,      area  BQ 

M  =  — ^-  P^=—h 

x^  -  {x  -  Kf  (x  +  hf  -  x^ 


h 

h 

=  (3a;2  - 

-  ixh  +  h^)a 

=  (3a;2  +  3xh  +  h^)a 

=  {3ic2  - 

-  h{Zx  -  h)}a 

=  {3a;2  +  h{3x  +  h)}a 

Now,  however  small  x  is,  h  may  be  taken  smaller  than  3a!. 
In  that  case  the  numbers  h{3x  -  h)  and  h{3x  +  h)  will  have 
the  same  sign,  and  the  ordinates  pq  and  p'q'  will  be  necessarily 
one  greater  and  the  other  less  than  PQ.  Moreover,  by  making 
h  small  enough  we  can  make  them  differ  from  3ax^  as  little 
as  we  please.  It  follows  that  PQ  must  be  exactly  3ax^.  For 
we  know  (1)  that  it  lies  between  all  the  possible  positions 
of  pq  and  all  the  possible  positions  of  p'q',  and  (2)  that  if 
it  were  ever  so  little  greater  or  less  than  3ax'^  it  would  have 
possible  positions  either  of  pq  or  of  p'q'  on  both  sides  of  it ; 
while  (3)  the  area-property  shows  the  curve  to  be  continuous. 
Thus  the  value  3ax^  is  the  only  one  left  for  it  to  possess.  In 
other  words,  in  spite  of  the  lack  of  rigour  in  the  argument 
upon  which  it  was  based,  Wallis's  Law  gives,  in  this  instance 
at  least,  a  result  absolutely,  not  only  approximately,  true. 

Examples : — 

A. 

1.  Eepeat  this  argument  in  order  to  find  the  rate-function 
ot  the  functions :  (i)  5x\  (ii)  7x\  (iii)  ix<^. 

2.  Give  a  strict  proof  of  Wallis's  Law  that  the  rate-function 
corresponding  to  the  function  ax"  is  nax"~^,  n  being  any  posi- 
tive integer. 

3.  A  point  is  moving  along  a  straight  line  in  such  a  way 
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that  its  distance  from  the  origin  at  the  moment  t  is  given  by 
the  space-formula 

s=  W 
the  units  being  centimetres  and  seconds.     Write  down  its 
velocity-formula  and  use  it  to  find  the  velocity  of  the  point 
4  seconds  after  it  begins  moving.     Explain  exactly  what  your 
result  means. 

4.  Find  the  acceleration -formula  of  the  same  moving  point 
and  use  it  to  find  the  acceleration  when  t  —  +  4:.  Explain 
this  result  carefully. 


tTf  N    M 
Fig.  105. 

§  3.  j1  Bate  as  a  Slope. — Another  way  of  regarding  a  rate- 
function  is  very  useful  and  instructive.  Let  OA  (fig.  105)  be 
the  curve  y  =  ax^.  Let  the  abscissa  of  any  point  P  be  a;  and 
the  abscissae  of  two  neighbouring  points  Q  and  Q',  x  -  h  and 
X  +  h  respectively.  Then  while  the  independent  variable 
rises  from  x  -  h  to  x  and  from  x  to  x  +  h  the  value  of  the 
function  increases  by  Qg'  and  Q'q'  respectively.  The  average 
rates  of  increase  during  the  first  and  second  of  these  periods 
are,  then,  Qq/h  and  Q'q^jh — that  is,  tan  QP^  ( =  tan  PiX)  and 
tan  Q'Pg'  (=  tan  Pi'X)  respectively.     But  since 

QN  =  a{x  -  hy  and  Q'N'  =  a(x  +  hy  we  have : — 

tan  PtX  =  a{3a;2  -  h{hx  -  h)}, 

tan  PrX  =  a{3x^  +  h{3x  +  h)} 
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as  in  §  2.  As  h  grows  smaller  Q  and  Q'  approach  P,  tan  PfX 
being  always  less  and  tan  Pi'X  always  more  than  3ax\  though 
by  taking  h  small  enough  they  may  be  made  to  differ  as  little 
as  we  please  from  3ax^.  If  PT  be  drawn  so  that  tan  PTX  =  3ax^ 
exactly,  then  PT  is  evidently  the  tangent  at  P.  For  a  line 
through  P  ever  so  little  divergent  from  PT  would  make  with 
the  flj-axis  an  angle  greater  or  less  than  PTX  and  so  would 
cut  the  curve  in  one  of  the  possible  positions  of  Q  or  Q'.  Thus 
PT  is  the  only  line  which  (in  Euclid's  words)  meets  the  curve 
at  P  but  does  not  cut  it.  PT  holds,  in  fact,  among  secants 
such  as  PQ  and  PQ'  the  same  unique  position  that  PM  in 
fig.  103  holds  among  the  rectangles  or  PQ  in  fig.  104  among  the 
other  ordinates.  The  slopes  of  PQ  and  PQ'  (p.  105)  measure 
the  average  rates  of  change  of  the  function  during  the  changes 
of  X  represented  by  NM  and  MN'.  The  slope  of  PT  does 
not  measure  the  change  during  any  interval  but  obviously 
gives  an  alternative  measure  of  what  has  been  defined  as  the 
rate  of  change  of  the  function  at  the  moment  (or  for  value  of  x) 
represented  by  OM. 

Examples : — 

5.  Find  the  gradient  of  the  parabola  y  =  ^x^  where 
X  =  +10.  Deduce  the  formula  of  the  tangent  at  that  point 
and  the  formula  of  the  normal.     [See  Part  I,  p.  356.] 

6.  Obtain  expressions  for  the  subtangent  and  subnormal  of 
a  parabola  in  the  position  represented  by  the  formula 

y  =  ax^. 

7.  Show  that  the  tangents  to  the  cubic  curve  y  =  ax^  at 
the  points  whose  abscissas  are  ±  p  are  parallel.  Find  the 
points  in  which  they  cross  the  a;-axis. 

8.  Find  expressions  for  the  subtangent  and  subnormal  of 
the  curve  y  =  ax",  n  being  any  positive  integer. 

§  4.  The  Meaning  of  "  Limit  ". — The  common  element  in 
the  situation  of  PM  (fig.  103),  PQ  (fig.  104)  and  PT  (fig.  105) 
is  expressed  by  saying  that  they  are  all  three  examples  of  a 
limit.  In  fig.  103  PM  is  the  limit  of  the  ordinate  pm.  This 
means  (i)  that  by  taking  mM  constantly  smaller  pm  may  be 
brought  constantly  nearer  to  PM,  so  that  it  never  occupies  a 
position  so  near  to  PM  that  it  could  not  be  still  nearer ; 
(ii)  that,  nevertheless,  being  the  opposite  side  of  a  rectangle,  it 
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never  actually  coincides  with  PM — PM  stands  outside  the  whole 
series  of  possible  positions  of  pm;  (iii)  that  PM  is  the  _;?rs( 
ordinate  which  stands  outside  that  series,  i.e.  that  there  is  no 
other  ordinate  between  PM  and  the  series  of  possible  positions 
of  pm.  Mutatis  mutandis  the  same  three  things  hold  good  of 
PQ  in  fig.  104  and  PT  in  fig.  105.  Lastly  3x^  is  in  exactly  the 
same  sense  the  "  limit  "  of  the  numbers  3x^  -  h{3x  -  h)  and  of 
3x^  +  h{3x  +  h)  SiS  h  approaches  zero.  For  in  each  case 
(i)  the  number  can,  by  taking  h  smaller,  be  brought  nearer  to 
3x^,  and  is  never  so  near  that  it  cannot  be  brought  still 
nearer  by  making  h  still  smaller ;  (ii)  3x^  stands  in  a  certain 
sense  outside  the  sequence  of  numbers  obtained  by  assigning 
to  h,  in  descending  order,  all  possible  positive  values  except 
zero;  and  (iii)  is  theirs*  number  beyond  this  sequence.  It 
is  extremely  important  to  understand  clearly  in  what  sense 
statement  (ii)  is  true.  Taking  the  case  of  3x^  -  h{3x  -  h) 
it  is  obvious  that  the  value  of  this  expression  is  3x^  when 
h  =  3x;  so  it  is  not  true  that  3x^  is  not  a  member  at  all  of 
the  sequence  obtained  by  giving  to  h  in  descending  order  all 
possible  positive  values  except  zero.  What  is  true  is  that, 
in  this  sequence,  the  term  3x^,  though  it  would  occur  else- 
where, would  be  missing  from  the  place  in  the  sequence 
where  it  corresponds  to  h  =  0,  and  would  not  be  found  at 
all  within  a  sufi&ciently  limited  distance  from  that  place. 
This  statement  would  be  true  even  if  we  take  x  so  small 
that  the  points  of  the  sequence  where  the  two  terms  3*^ 
occur — the  one  which  corresponds  to  h  =  0  and  the  one 
which  corresponds  to  h  =  3x — are  extremely  near  to  one 
another.  It  is  still  possible  to  consider  a  range  which  ex- 
tends to  some  distance  from  the  place  where  the  former 
should  occur,  and  to  say  that  within  this  range  there  are  an 
infinite  number  of  terms  of  the  sequences,  all  different  from  3x^, 
and  a  gap  where  the  term  corresponding  to  h  =  0  would 
have  its  place  if  it  were  not,  by  hypothesis,  omitted.  This 
range  may  conveniently  be  described  by  saying  that  it  corre- 
sponds to  values  of  h  in  the  neighbourhood  of  zero. 
Thus  we  may  summarise  our  qualification  of  condition  (ii) 
as  follows  :  3x^  is  not  one  of  the  values  of  the  sequence 
3x^  -  h{3x  -  h)  or  of  the  sequence  3x^  +  h{3x  +  k) 
obtained  by  giving  h  positive  values  in  the  neighbourhood 
of  zero. 

Eeferenoe  to  fig.  106  may  make  the  meaning  of  this  ex- 
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planation  clearer.  PQ  is,  as  before,  the  ordinate  whose 
abscissa  is  x,  DQ  =  h 
=  Sx,  and  pq  is  the 
other  ordinate  whose 
height  is  3x^  -  h{3x 
-  h)  or  (in  this  case) 
3x^.  All  ordinates  on 
the  left  of  PQ  up  to,  but 
exclusive  of,  pq  can  be 
taken  in  this  case  to  cor- 
respond to  values  of  h  in 
the  "neighbourhood"  of 
zero.  Of  these  none  has 
3a;^  for  its  height — this  height  being  reserved  for  PQ  itself,  i 


9         O 

Pro.  106. 


^  It  may  occur  to  the  student  to  ask  how  we  should  deal  with 
the  case  in  which  the  curve  AB  (fig.  104)  is  a  horizontal  straight 
line  distant  a  from  the  x-axis.  For  in  this  case  the  same  number 
a  would  measure  the  height  not  only  of  PQ  but  also  of  all  the 
ordinates  to  right  and  left  of  it.  Thus  according  to  the  conditions 
laid  down  in  the  text  the  height  of  PQ  cannot  be  called  the  limit 
of  the  heights  of  the  ordinates  in  its  neighbourhood. 

The  question  may  be  answered  as  follows.  If  we  are  speaking 
of  the  figure  it  is  still  legitimate  to  say  that  PQ  is  the  limit  both 
of  the  ordinates  to  the  left  and  of  those  to  the  right  of  it.  For, 
considering  those  on  one  side,  it  is  obvious  (i)  that  they  approach 
endlessly  near  to  PQ,  (ii)  that  PQ  is  not  a  member  of  the  sequence 
they  compose,  and  (iii)  that  it  is  first  ordinate  outside  that  sequence. 
Thus  it  complies  with  the  definition  of  a  limit.  But  when  we  turn 
from  the  lines  to  the  numbers  which  measure  their  heights  the  case 
is  different.  It  cannot  be  said  that  the  num,ber  a  which  measures  PQ 
is,  as  a  number,  different  from  the  other  as  ;  it  is  the  same  identical 
number.  Thus  there  is  simply  no  meaning  in  asking  whether  it  is 
the  limit  of  the  other  os,  for  there  are  no  other  as.  We  conclude 
that,  in  the  case  proposed  and  in  similar  cases,  while  the  ordinate 
whose  height  is  to  be  calculated  may  still  be  regarded  as  a  limit 
among  the  other  ordinates  the  calculation  of  its  height  is  no  longer 
the  calculation  of  a  limit  among  other  numbers. 

These  remarks  are  reinforced  by  algebraic  considerations.     If 
AB  is  horizontal  the  area-function  is  ax,  and  the  rule  for  finding  the 
ordinate-function  leads  to  the  calculation 
a(x  +  h)  -  ax 

y  =  - — h — 


Since  this  result  ia  quite  independent  of  the  value  of  h  it  ought  not, 
strictly  speaking,  to  be  represented  as  the  calculation  of  a  limit. 
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^  '%We  are  now  in  a  position  to  define  a  rate-function  without 
any  reference  to  graphs.  Take  the  given  function  of  x  and 
find  how  much  its  value  changes  when  x  is  raised  or 
lowered  by  any  positive  number  h.  Divide  this  change  by  h 
so  as  to  have  the  average  rate  of  change  for  a  change  of  the 
variable  from  x  -  h  to  x  ov  from  x  to  x  +  h.  The  rate- 
function  is  the  limit  of  the  quotient  as  h  approaches  zero. 

If,  as  before,  we  symbolise  the  given  function  by  P(a!)  and 
the  rate-function  by  /(a;)  the  connexion  between  the  two 
may  be  conveniently  expressed  by  the  notations  : — 

f{x)=     Lt  ^(^  +  ^)  -  ^(^) 

i  _>  0  h 

and  /(.)  =  Lt    ^(")  -  y^  -  ^) 

The  former  of  these  expressions  implies  that  f{x)  is  the 
first  number  which  lies  beyond  the  series  obtained  by  giving  to 
the  variable  an  endless  sequence  of  descending  values,  symbol- 
ised by  (a;  +  h)  where  h  is  positive.  The  latter  expression 
implies  that  f{x)  is  the  first  number  beyond  the  sequence  pro- 
duced when  the  values  of  the  variable  are  an  ascemdtwg'sequence. 
In  the  case  of  most  functions  ordinarily  met  with  these  two 
numbers  are  the  same,  so  that  two  formulae  are  unnecessary. 
The  former  may,  then,  be  regarded  as  the  standard  formula 
to  be  used  on  ordinary  occasions.  There  are,  however,  some 
important  cases  in  which  the  two  limits  do  not  coincide.  In 
these  cases  both  formulae  must  be  used. 

B. 
Examples  : — 

9.  Find  the  limit  of  ix^  -  a{x  +  2a)^  (i)  as  a  approaches 
zero,  (ii)  as  a  approaches  -  1.  Calculate  the  numerical 
value  of  the  limits  when  a;  =  +  2.  Give  a  careful  explana- 
tion of  your  results. 

10.  Find  the  limit  of  the  sequence 

2  -  i,  2  -  i,  2  -  J 2  -  i  .  .  . 

Nevertheless,  mathematicians  commonly  do  so  speak  of  it — just  as 
they  speak  of  "  multiplying  "  by  zero — for  the  sake  of  avoiding 
exceptions.  When  the  student  meets  with  such  cases  he  should 
remember  that  the  term  "  limit  "  is  being  employed  simply  for  the 
convenience  of  generality. 
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as  n  increases  endlessly.     Explain  fully  the  meaning  of  your 
result. 

11.  Explain  and  justify  the  symbolic  statements 

(i)    Lt   a/x  =  o  ;        (ii)    Lt   a/(a  +  x)  =  i  ; 

(iii)    Lt   ax/(a  +  x)  =  a  ;        (iv)     Lt    a*  =  o,  when  a  >  +  i  ; 
x->^  x->  -« 

(v)    Lt   log  (i  +  x)/(i  -  x)  =  o. 

X  — >o 

12.  Explain  the  statement  that  the  limit  of  the  sum  of  the 
series   ^  =  a  +  ar  +  ar^  +  ar^  +    ...  is   a/(l  -  r)    when 

M<i- 

Note. — The  student  has  probably  found  in  No.  12  a  new 
difficulty.  When  r  is  positive  the  definition  and  discussion 
of  §  4  apply  directly ;  but  when  r  is  negative  the  matter  is  less 
simple.  For  in  this  case,  as  n  increases,  the  successive 
values  of  S  are  alternatively  above  and  below  the  number 
a/(l  -  r).  Thus  there  now  is  no  "  neighbourhood,"  however 
narrow,  in  which  they  form  a  sequence  of  numbers  approach- 
ing a/(l  -  r)  endlessly  either  from  above  or  from  below ; 
nor  can  it  be  said  that  a/(l  -  r)  is  the  first  number  beyond 
the  sequence.  It  is  evident  that  if  we  are  to  apply  the 
notions  of  §  4  to  such  a  case  we  must  think  of  the  values  of  S 
as  forming  not  one  but  two  sequences— one  composed  of  the 
values  above  a/(l  -  r),  the  other  of  the  values  below.  If  we 
do  so  we  shall  see  at  once  that  a/(l  -  r)  is  the  lower  limit  of 
the  former  sequence  and  also  the  upper  limit  of  the  latter ; 
and  this  is  what  we  must  be  taken  to  mean  when  we  say, 
speaking  briefly,  that  a/(l  -  r)  is  "the  "  limit  of  S  when  r 
is  negative  as  well  as  when  it  is  positive.  A  series  is  con- 
ceivable in  which  alternate  values  of  S  form  sequences  lying, 
the  one  wholly  above  and  the  other  wholly  below,  a  certain 
number,  but  in  which  the  lower  limit  of  the  former  is  not 
identical  with  the  upper  limit  of  the  latter.  In  such  a  case, 
if  it  ever  occurred,  S  could  not  be  said  to  have  a  limit  at  all. 

These  considerations  suggest  another  way, of  stating  the 
conditions  for  a  limit  when  the  sequence  in  question  is,  as 
here,  the  sequence  of  numerical  values  of  a  function.  Let  L 
be  a  number  such  that,  as  the  variable  assumes  values  which 
approach  a,  the  values  of  the  function  eventually  come  and 
remain  within  the  range  L  ±  fe,  and  do  so  however  small  h 
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is  taken  to  be;  then  L  is  the  limit  of  the  function  as  the 
variable  approaches  a. 

The  student  will  see  that  this  definition  agrees  with  the 
one  given  in  §  4,  and  that  it  has  the  advantage  of  including  in 
a  single  form  of  words  such  cases  as  the  two  of  No.  12.  It 
does  not,  however,  give  so  clear  a  notion  of  the  nature  of  a 
limit.  Moreover,  as  will  be  seen  in  Nos.  17,  18  below, 
though  it  applies  to  the  limit  of  a  function  it  does  not  apply 
in  all  cases  of  limits.  It  is  mentioned  here  chiefly  because 
it  is  the  one  which  the  student  is  most  likely  to  meet  in 
mathematical  books. 

Examples : — 

13.  Prove  by  means  of  the  properties  of  the  exponential 
curve  that  (1  +  1/%)"  has  a  definite  limit  as  w  -*  ao  . 

14.  A  point  P  is  taken  on  the  straight  line  OX.  What  is 
meant  by  the  statement  that  P  is  the  upper  limit  of  the 
points  on  the  left  of  it  and  the  lower  limit  of  the  points  on 
the  right  ? 

15.  Name  (where  they  exist)  the  lower  and  upper  limits 
of :  (i)  the  rational  numbers  between  2  and  5  ;  (ii)  the  rational 
numbers  from  3  (inclusive)  up  to  but  excluding  10 ;  (iii)  the 
integers  between  100  and  200.  Justify  your  answers  in  each 
case. 

16.  In  the  function  y  =  n  -  x,  n  stands  for  the  integer 
next  above  the  value  of  x.  Show  that  as  x  approaches  any 
integral  value  (e.g.  +  4  or.  -  5)  y  has  two  limits,  one  for 
ascending  tod  one  for  descending  values  of  x.  Illustrate 
by  drawing  the  graph  of  the  function  between  a;  =  +  3  and 
X  =  +  b  and  also  between  a;  =   -  4  and  -  6. 

17.  A  sequence  is  made  up  of  all  the  rationals  less  than  3 
followed  by  all  the  rationals  from  4  upwards,  (i)  What  is  the 
upper  limit  in  the  sequence  of  the  terms  which  are  less  than 
4?  Have  (ii)  the  rationals  not  greater  than  4,  (iii)  the 
rationals  greater  than  3  a  limit  in  the  sequence?  Justify 
your  answers.  How  would  your  answer  be  modified  if  the 
selected  sequence  consisted  of  the  rationals  less  than  3  fol- 
lowed by  the  rationals  greater  than  4  ? 

18.  Sketch  the  graph  which  shows  the  positive  values  of 

from  a;  =  Otoa;=  +3,  w  being  the  integer  next  above  the 
value  of  X.     (i)  What  nvmlf^r  is  ±he  limit  of  the  numbers 
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measuring  the  abscissae  whose  lengths  are  less  than  +1-5? 
(ii)  What  point  of  the  graph  is  the  limit  of  the  points  of  the 
graph  which   possess  abscissae  less  than  +  1"5? 

19.  Show  that  the  fraction 

x^  -  i 
a;^  -  5a;  +  6 

has  no  definite  value  when  a;  =  +  2.  Find  its  limit  as  x 
approaches  +  2. 

20.  Find  the  limit  of  the  fraction 

a;  +  2 

5a;  +  3 
as  a;  -=►  CO  .     [Begin  by  dividing  the  numerator  and  denomi- 
nator by  X.] 

21.  Evaluate  : — 

,..     ,  ,       X^   -  4X  -  21    .  x"  -   3X  +  2 

22.  Give  reasons  in  support  of  the  statements  : — 

Lt  sine  =  0,  Lt  008(9=1,   Lt  ?^  =  1. 

23.  Prove  by  means  of  a  figure  that 

Lt    6"+"  -  e 


h 


[See  Ex.  LXXXIII.] 
24.  Prove  also  that 


Lt  log(a;  +  h)  -  lo^x  _  1 


X 


25.  How  would  the  results  of  the  last  two  examples  be 
modified  if  a'  were  substituted  for  e'  in  No.  23  and  log„a;  for 
log  a;  [  =  log^]  in  No.  24  ? 

C. 

§  5.  "  Infinity  "  as  a  Limit. — In  the  function  a/x  let  a  be 
any  finite  positive  number,  and  let  x  approach  zero  from  the 
positive  side.  Then  it  is  obvious  that  a/x  will  increase 
without  end ;  that  is,  it  will  never  be  so  great  that  it  cannot 
be   increased  by   further  diminution  of  x  although  x  still 
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remains  above  zero.  The  interesting  question  arises  whether 
ajx  can  in  this  case  be  said  to  have  a  limit.  It  is  clear  that 
one  condition  for  the  existence  of  a  limit  is  present :  the 
values  of  ajx  produced  by  giving  to  x  values  decreasing 
towards  zero  form  an  endless  sequence.  In  this  respect 
they  are  (for  instance)  like  the  rational  numbers  less  than 
four  or  the  points  on  a  line  OX  whose  distances  from  the 
beginning,  0,  are  less  than  one  inch.  But  is  the  other 
condition  present  ?  That  is,  is  there  a  number  which  is  the 
first  number  beyond  the  possible  values  of  ajx,  just  as  four 
is  the  first  number  beyond  the  rationals  less  than  four,  and 
the  point  P  (where  OP  =  1  inch)  is  the  first  point  beyond 
the  points  whose  distances  from  0  are  less  than  one  inch  ? 
If  there  is  such  a  number  it  is,  by  our  definition,  the  limit  of 
ajx  as  X  approaches  zero ;  if  there  is  not,  then  ajx  has  no 
limit  when  x  approaches  zero. 

To  simplify  the  problem  let  us  first  confine  our  attention 
to  the  sequence  of  values  of  afx  produced  by  values  of  x 
which  are  either  equal  to  a  or  are  exact  submultiples  of  a. 
This  will,  of  course,  be  the  sequence  of  cardinal  numbers 
1,  2,  3,  4.  .  .  .  Now  we  have  seen  (p.  8)  that,  although 
every  member  of  this  sequence  is  finite^  yet  the  number  of 
the  whole  collection  is  infinite  in  the  sense  that  part  of  it 
(e.g.  the  odd  numbers)  has  the  same  number  as  the  whole. 
Moreover  we  saw  (pp.  11,  12)  that  this  infinite  number  is 
the  same  as  the  number  of  the  whole  collection  of  rational 
numbers.  Thus,  although  infinite  and  therefore  lying 
outside  the  whole  series  of  finite  cardinals  1,  2,  3,  .  .  .,  it  is 
as  definite  a  number  as  any  of  them.  It  cannot  be  repre- 
sented by  figures,  but  we  may  denote  it  by  a  special  symbol. 
Let  us  adopt  for  this  purpose  the  symbol  o.  Now  it  can  be 
proved  that  the  number  <o  not  only  lies  outside  the  sequence 
1,  2,  3,  4,  .  .  .  but  is  also  %\iB  first  cardinal  number  outside 
that  sequence.  Thus  if  we  consider  only  the  series  of  in- 
creasing integral  values  of  ajx  we  can  say  that  as  x  approaches 
zero  they  have  a  limit,  namely,  the  infinite  number  <a. 

But  we  cannot,  of  course,  consider  only  integral  values  of 
a/a;,  and  to  decide  whether,  when  all  real  values  are  admitted, 
the  limit  of  ajx  may  stil)..  be  said  to  be  w  would  involve  us  in 
a  long  and  very  difficult  investigation.  We  must  be  con- 
tented, therefore,  to  see  that  ajx,  as  ijc  ->  0,  may  have  a  limit 
in  exactly  the  sense  defined  in  §  4.     For  practical  purposes 
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we  will  follow  the  general  cuatom  of  mathematicians,  who, 
when  they  say  that  the  limit  of  ajx  is  "  infinity,"  do  not 
mean  by  that  term  any  definite  infinite  number,  such  as  <u, 
but  mean  simply  that  the  values  of  ajx  increase  for  ever,  so 
that  no  finite  number  can  be  named  which  they  will  not 
exceed  if  x  be  taken  small  enough.  It  is  unfortunate  that  a 
term  which  has  so  clear  a  meaning  should  ever  be  used 
loosely,  but  the  student  will  recognize  in  this  case,  as  in  the 
one  described  in  the  footnote  on  p.  331,  that  the  advantage 
of  using  a  uniform  notation  for  all  problems  of  the  same 
kind  is  very  great  and  may  justify  a  certain  amount  of 
logical  irregularity. 

Examples : — 

26.  Explain  and  criticise  the  symbolic  statements 

(i)    Lt   tan  X  =  rf  00  ;  (ii)     Lt    a*  =  +  oo  when  o  <  a  <  +  1 ; 
X  ->  -  x->  -  « 

2 

(ill)    Lt    log  X  =   -  05  ;  (iv)    Lt     y?l  (1  -  3x)  =  +  oo . 
X  ->o  X  ->  ~  oo 

27.  "The  function  l/(a;  -  a)  has  two  limits  according  as 
X  approaches  a  from  above  or  from  below."  In  what  sense 
do  you  understand  this  statement  ?     Illustrate  it  graphically. 

28.  Evaluate :— 

X-5>  +  2  X->+2 


FT.  u.  22 


EXEEOISE  CXII. 
DIFFBEENTIATION  (I). 

§  1.  Derived  Functions. — Consider  the  following  prob- 
lems : — 

(i)  The  volume-function  ^  of  a  solid  is  F(a;) ;  what  func- 
tion gives  the  area  of  the  cross-section  distant  x  from  the 
origin  ? 

(ii)  The  area-function  of  a  curve  is  P(a;) ;  what  is  its 
ordinate-function  ? 

(iii)  The  ordinate-function  of  a  curve  is  P(a;) ;  what  is  its 
gradient-function  ? 

We  know  from  the  last  exercise  that  the  answer  to  each  of 
these  questions  is  the  same,  and  that,  if  f{x)  is  the  required 
function,  it  is  connected  with  P(a;)  by  the  relation 

/(.)  =   Lt  ^(-^  +  ^)  -  ^(^)        .         .        I 

There  are,  as  we  shall  shortly  see,  a  number  of  other  im- 
portant problems  which  can  be  solved  only  by  the  algebraic 
argument  represented  by  I.  It  will,  therefore,  be  convenient 
to  have  some  way  of  describing  the  relation  between  ¥{x) 
and /(a;)  more  concise  than  either  the  symbolic  statement  I 
or  the  verbal  description  for  which  it  stands.  In  accordance 
with  the  usual  practice  we  shall  express  the  relation  by 
saying  that /(a?)  is  the  derivative  of,  or  the  function  derived 
from  ¥(x).  It  will  be  noted  that  this  description  is  rather 
arbitrary ;  there  are  an  endless  number  of  functions  which 
might  be  "  derived "  from  a  given  function  F{x).  If,  for 
example,  'F{x)  is  taken  to  be  the  function  2x  -  3,  then  the 
functions  ix^  -  12x  +  9,    J{2x  -  3),  log,  (2a;  -  3)  are  all 

'  That  is,  V{x)  gives  the  volume  of  the  solid  between  the  j/z-plane 
and  the  parallel  plane  distant  x  from  the  origin. 

338 
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in  one  way  or  another  derived  from  it.  But  mathematical 
custom  dictates  that  when  we  speak,  without  further  quah- 
fication,  of  the  function  derived  from  !'(»),  we  mean  only  the 
function  derived  in  accordance  with  the  algebraic  argument 
symbolized  by  I.  The  process  of  determining  the  derivative 
of  a  given  function  is  called  differentiation.  In  what 
follows  we  shall  use  a  capital  D  as  our  symbol  for  the  words 
"  the  function  derived  from  "  or  "the  derivative  of".  JPor 
example,  the  result  of  the  investigation  of  Ex.  CXI,  §  3,  will 
be  expressed  in  the  form 

D{ax^)  =  Bax^ 
to  be  read  :  "  the  function  derived  from  (or  the  derivative  of) 
ax^  is  3ax^  ".     In  general,  then,  we  have  as  the  definition  of 
the  derivative  of  a  function  F(a;) 

DF{x)  =   U  ^(^  +  \)  -  ^('^^      .         .        II 
h  ->o  n 

Examples  :— 

A. 

1.  Write  down  the  following  functions :  (i)  D{2x^) ;  (ii) 
D{alx) ;  (iii)  Dilpx^) ;  (iv)  D{e') ;  (v)  D{log,  x). 

2.  Write  in  symbols  the  definitions  of  the  following  func- 
tions, but  make  no  attempt  to  determine  what  they  are  : 
(i)  X)(sin  x) ;  (ii)  D(oospx) ;  (iii)  D{x  tan  x) ;  (iv)  -D(aro  sin  2x). 

3.  Find,  by  applying  the  definition  symbolized  in  II : 
(i)  D{a  +  hx)  ;  (ii)  I){a  +  bx  +  cx^).  How  may  the  results 
be  generalized? 

4.  Assuming  that  Dix")  =  px"  '  i  and  that  D{x^)  =  qx'' '  i, 
prove  by  definition  II  that  D{af  +  of)  =  px"  '^  +  qx^'^. 

5.  Write  down  the  results  of  the  differentiations  expressed 
by:- 

(i)  D(l  -  3x+  5x^) ; 
(ii)  D(|a!*  -  f ««) ; 
(iii)  Z>(3-7  +  2-3a;2  -  i4-l  «*). 

§  2.  Rules  of  Differentiation. — Nos.  3,  4  above  are  very 
siinple  but  lead  to  results  worthy  of  attention.  The  more: 
general  is  No.  4,  and  its  result  may  evidently  be  expressed  as 
follows :  If  the  derivatives  of  two  functions  are  obtained  by 
Wallis's  Law  then  the  derivative  of  their  sum  is  the  sum  of 
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their  derivatives.  Let  us  suppose  this  property  to  be  true 
of  all  functions,  whether  they  come  under  the  operation  of 
WaUis's  Law  or  not.  Then,  symbolizing  the  functions  by 
/j(a5)  and/2(a;),  we  should  have 

-D{/i(a;)  +  Moo)}  =  DMx)  +  DMx)       .         HI 
But,  by  definition, 

Df,{x)  =    U  /i(^+fe)-A(^), 
h->o  n, 

DM.)  =    L*  f^^^  +  ^j,  -  ^-(") 

and  D{/i(a;)  +  f2{x)} 

^   L^  {/i(a;  +  h)+  Mx  +  h)]  -  {f^{x)  +  /2(a;)} 

Thus  if  statement  III  is  always  true  we  must  have 

Lt  {/i(a'  +  h)+  Mx  +  h)]  -  {gx)  +  Mx)) 

^   Lj  fi(<^  +  h)-  Ajx)  _^   j^^  f2{x  +  h)-  Mx)_ 

That  is,  the  limit,  as  fe  -s-  0,  of  the  sum  of  two  numbers,  both 
of  the  form  \f{x  +  h)  -  f{x)}lh,  must  always  be  equal  to  the 
sum  of  their  limits. 

It  is  quite  easy  to  see  that,  as  a  matter  of  fact,  this 
equivalence  always  does  hold  good.  Let  U  and  V  be  any  two 
sequences  of  numbers  containing  the  same  number  of  terms, 
and  let  W  be  a  third  sequence,  each  of  whose  terms  is  the 
sum  of  two  corresponding  terms  of  U  and  V.  Let  U  have  a 
limit  L„  and  V  a  limit  L„.  Then  we  can  show  that  W  will 
have  a  limit  L„  such  that 

L„  =  L„  +  L.. 
Let  Ij^  +  p  lie  any  one  of  the  terms  of  U  and  L  +  ^  the 
corresponding  term  of  V.  Then  (L„  +  L„)  +  (p  +  g)  is,  by 
hypothesis,  the  corresponding  term  of  W.  Now  by  saying 
that  L„  is  the  limit  of  U  we  mean  (i)  that  the  numbers 
symbolized  by  L„  +  j)  approach  L„  in  a  sequence  that  has  no 
end,  and  (ii)  that  L„  is  the  first  number  beyond  the  sequence. 
A  similar  statement  can  be  made  about  L,  and  the  numbers 
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symbolized  by  L„  +  3.  It  follows  that  the  numbers  symbo- 
lized by  (L„  +  L„)  +  {p  +  g)  also  form  a  sequence  approach- 
ing L„  -f-  L„  without  end  and  that  the  number  L„  +  L„  is  the 
first  number  beyond  it.  In  other  words,  L„  -1-  L„  is  the  hmit 
of  W,  or 

L  =  L„  +  L„. 
Since  this  proposition  holds  good  universally,  it  holds  when 
the  numbers  which  constitute  the  sequences  U  and  V  are  of  the 
form  {/j(a;  +  h)  -  fi{x)}/h  and  {f2{x  +  h)  -  .ft{x)}jh  respec- 
tively. We  conclude  that  in  all  oases  the  derivative  of  the 
sum  of  two  functions  is  the  sum  of  their  derivatives. 

Examples  :— 

6.  Write  down  the  derivatives  of  the  functions ; — 

(i)  3a;  +  log,a; ;  (ii)  ae'  +  bx^  +  ex  +  d;  (iii)  1  +  2x  -  log.o;^. 

7.  The  terms  of  two  sequences  U  and  V  have  one-to-one 
correspondence.  The  terms  of  a  third  sequence  W  are  the 
products  of  corresponding  terms  of  U  and  V.  U  has  a 
limit  L„  and  V  a  limit  L„.  Prove  that  W  has  a  limit  which 
is  the  product  of  L„  and  L,. 

8.  Use  No.  7  to  find  the  following  limits  : — 


(i)   Lt   tan  X  (  =  sin  X —  ]  ■  (ii)   Lt  e*  .  cos 

x^o  \  cosxy         'x->o 

(iii)  Lt   e" .  (sin  x/x)  ;  (iv)   Lt   -^^  .(1+  -Y' 

x->o  X^QOI+XV  x/ 


X  ->  O  X^  00^ 

9.  Confirm  the  results  of  No.  8  (ii),  (iii),  (iv),  by  substitut- 
ing for  each  factor  its  approxindation-expansion.  [See  p.  101, 
No.  70 ;  p.  309,  No.  19.] 

10.  Show  that  D{sm  x)  can  be  expressed  in  the  form 

-.^         ,  ...    sin(/i/2) 

Lit  cos    '"  J    -  >  -'- 


A  -5-0 


<-+!)• 


hjl 


Hence  show  by  No.  7  that  D(sin  x)  =  cos  x.     [See  p.  287, 
No.  3 ;  p.  288,  No.  5.] 

11.  Determine  the  form  of  the  functions:    (i)  Z)(cos  x) ; 
(ii)  X>(sin  ax) ;  (iii)  D(cos  ax) ;  (iv)  ^(sin^a;) ;  (v)  I'(co8''a;). 

12.  Show  that  i)(tan  x)  can  be  expressed  in  the  form 

J     sin  h  1 

^  -^  0     h     '  cos  X  .  cos  {x  +  h)- 

Hence  show  that  D(tan  x)  =  sec^a;. 
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13.  Determine  the  functions :  (i)  D(cot  x),  (ii)  D(tan  ax), 
(iii)  D(cot  ax). 

14.  Find  the  derivatives  of  the  functions :  (i)  sin  {x  +  a) ; 
(ii)  cos  {x  -  a);  (iii)  sin  (ax  +  6) ;  (iv)  tan  {ax  +  h). 

16.  The  ordinates  of  a  periodic  curve  are  given  by  the 
forntiula 

2/  =  2a  sin  px  +  a  cos  2pa;. 
Write  down  the  function  which  gives  the  gradient  at   any 
point  of  the  curve.    Hence  show  that  the  turning-points  occur 
where 

cos  px  =  Q        and  where        sin  px  =  +  ^. 
Calculate  the  heights  of  the  ordinates  at  these  points. 

16.  Fig.  98  (p.  283)  is  the  curve  of  No.  15,  the  vertical 
scale  being  such  that  a,  the  ordinate  at  the  origin,  is  1*25  cms., 
and  the  horizontal  scale  such  that  p  =  0'852.  Verify  the 
result  of  No.  15  by  finding  whether  the  measured  positions  of 
the  turning-points  of  the  curve,  and  the  ordinates  at  those 
points,  agree  with  the  calculations. 

17.  Write  down  the  ordinate-functions  of  the  curves  whose 
area-functions  are  :  (i)  a(l  -  cos  '2px)  ;  (ii)  a  sin  px.  Hence 
give  the  area-function  of  fig.  98.  [Note  that  the  ordinate- 
function  is,  for  this  purpose,  to  be  written 

y  =  la  sin  px  ~  a{l  -  cos  2px)  +  a.] 

18.  The  cross-sections  of  a  solid  figure  perpendicular  to 
the  a;-axis  are  all  circles  and  its  volume-function  is 

V  =  l^^  -  K*  -f-  |-a;2  -  x^  +x. 
Calculate  the  radius  of  cross-section  where  the  abscissa  is  x 
and  the  gradient  at   the  origin  in  the  plane  of   the  paper. 
Also  write  the  formula   to  which   the  surface   corresponds. 
Sketch  the  section  of  the  surface  by  the  plane  of  the  paper. 

B. 

§  3.  Differentiation  of  a  Function  of  a  Function. — A  table 
of  sines  gives  the  values  of  a  certain  function  of  x — namely, 
the  sine-function.  A  table  of  the  logarithms  of  the  sines 
gives  the  values  of  a  function  of  a  function  of  x ;  for  the 
numbers  in  this  table  are  a  function  of  the  corresponding 
numbers  in  the  sine-table  and  these  are  a  function  of  the 
values  of  x.  Other  examples  will  be  sin  [ax),  sin^a;,  a''"', 
log  («") ;  for  each  of  these  notations  describes  a  function  of  a 
number  which  is  not  x  but  is  a  function  of  x.      Thus  in  the 
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third  let  a  =  2  and  let  it  be  required  to  find  the  value  of 

a""  "^  when  x=  0-5236.      Then   we   must  first  find  from  a 

table  of  circular  measures  and  sines  that   sin  0'5236  =  -^ 

before  we  can  deduce  that  the  required  number  is  J'i  =  1'414:. 

That  is,  a""  "^  is  a  function  [exponential]  of  a  function  [sine] 

of  X. 

The  important  theorem  about  limits  established  in  No.  7 

enables  us  very  easily  to  find  the  derivative  of  the  function  of 

a  function  of  x.      Consider  log  (sin  x)  as  an  example,  and, 

for  convenience,  let  the  base  of  the  logarithms  be  e.     Imagine 

that  you  have  before  you  a  table  of  three  columns,  the  first 

containing  values  of  x,  the  second  the  sines  of  x,  the  third  the 

logarithms  of  those  sines  to  base  e.      Pick  any  two  numbers 

X  and  X  +  h'va  the  first  column,  and  note  the  corresponding 

numbers  in  the  other  columns.     Then  the  fraction 

log  sin  {x  ■\-  h)  -  log  sin  x  . 

sin  {x  +  h)  -  sm  X 

measures  the  average  rate  of  change  of  the  numbers  in  the 

third  column  per  unit  change  in  the  numbers  in  the  second 

column  between  the  values  sin  [x  +  h)  and  sin  x.     Similarly 

the  fraction 

sin  {x  +  h)  -  sin  x  p. 

h 

gives  the  average  rate  of  change  of  the  numbers  in  the  second 

column  per  unit  change  of  the  numbers  in  the  first  column 

between  the  values  x  and  x  +  h.     It   is  obvious  that  the 

product  of  the  fractions  A  and  B  gives  the  fraction 

log  sin  (x  +  h)  -  log  sin  x  „ 

h 

which  measures  the  average  rate  of  change  of  the  numbers  in 

the  third  column  per  unit  change  in  the  numbers  of  the  first 

between  the  values  x  and  x  +  h.     Now   the  derivative  of 

log  sin  X  is  the  limit  of  the  fraction  C  as  /i  approaches  zero ; 

by  No.  7  its  value  is,  therefore,  the  product  of  the  limits  of  the 

fractions  A  and  B.      The  limit  of  B  we  already  know  to  be 

cos  X ;  it  remains  to  determine  the   limit   of  A.     For  the 

moment  put  sin  a;  =  X  and  sin  (a;  +  ^)  =  X  +  H.      Then 

the  fraction  takes  the  form 

log  (X  +  H)  -  log  X 

H  .        .        .        u 
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of  which  we  know  (Ex.  OXI,  No.  24)  that  its  limit  as  H 
approaches  zero  is  1/X,  that  is,  1/sin  x.  But  from  the  equi- 
valences 

X  +  H  =  sin  (a;  +  /i)  X  =  sin  a; 

it  is  evident  that,  when  H  =  0,  fe  =  0 ;  that  is,  the  limit  of 
D  as  H  approaches  zero  is  the  limit  of  A  as  /i  approaches 
zero.  We  conclude  that  the  latter  limit  is  1/sin  x  (or  cosec  x) 
and  that  the  limit  of  G,  that  is,  the  derivative  of  log  sin  x,  is 
cosec  X .  cos  X  =  cot  x. 

Examples : — 

19.  Show  that  when  logarithms  are  taken  to  base  a  the 
derivative  of  log  sin  x  is  cot  x  .  log„e. 

20.  Turn  to  the  table  of  logarithmic  sines.  Choose  any 
two  consecutive  values  of  sin  x  and  determine  their  difference. 
Divide  this  difference  by  the  difference  in  the  values  of  x, 
remembering  that  x  must  be  estimated  in  radians,  not  in 
degrees.  Calculate  also  the  value  of  cot  x  .  log„  e.  Explain 
to  yourself  in  words  the  agreement  between  the  two  results. 
How  do  you  explain  the  partial  discrepancy  (if  there  is  any)  ? 

21.  Give  in  full  the  argument  for  determining  the  deriva- 
tives of  :  (i)  log  cos  X,  (ii)  log  tan  x,  the  logarithms  being  to 
base  e.,     Give  the  derivatives  when  the  base  is  10. 

22.  Determine  the  derivatives  of:  (i)  e'""*;  (ii)  e°°"'. 
[Write  down  the  fractions  corresponding  to  A,  B,  C,  D  above, 
and  repeat  the  argument  with  the  necessary  modifications.] 

23.  Show  that  a'  =  e^',  where  p  =  log^a.  Hence  (treating 
px  as  a  function  of  x)  show  that  D{a'')  =  a^ .  log^a. 

24.  Find  the  derivatives  of  a'^"  and  a'™"'. 

25.  Pind  the  derived  functions  of :  (i)  sin  ax,  (ii)  sin^a;, 
(iii)  log  (a;"),  treating  each  case  as  an  example  of  a  function  of  a 
function  of  x.  Compare  the  results  with  those  obtained  by 
other  methods. 

26.  Write  down  the  derivatives  of  the  functions : — 

(i)  loge  (4  +  3x)  ;  (ii)  loge  (l  -  3^)  5  (iii)  loge  (l  -  Zx')  ; 
(iv)  loge  (a  +  bx")  ;  (v)  loge  (i  +  2x  +  3x2). 

27.  U  is  a  function  of  X  which  is,  in  turn,  a  function  of  x. 
Prove  the  rule 

D.(D)  =  D^(U) .  D,(X) 
where  Dx(U)  means  "  the  derivative  of  the  function  U,  X 
being  regarded  as  the  independent  variable  ". 
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28.  Given  that  U  ^  sin  (sin  x)  and  that  X  =  sin  x,  what 
is  Dx(U)  ?  Answer  the  same  question  when  U  =  sin  (cos  x), 
X  =  cos  X  and  when  U  =  1/sin  x  and  X  =  sin  x. 

29.  Use  the  results  of  No.  28  to  write  down  the  derivatives 
of  the  following  functions,  x  being  the  independent  variable  : 
(i)  sin  (sin  x),  (ii)  sin  (cos  x),  (iii)  oosec  x. 

30.  Determine  the  derivatives  of  :  (i)  sin  (a^),  (ii)  tan  (log  x), 
(iii)  cos  (a  +  bx^),  (iv)  sin  {a  -  b/x^),  (v)  log  {{a  +  bx^)l{a  -  bx^)}. 


BXBEGISB  CXIII. 

DIFFERENTIATION  (11). 

A. 

§  1.  Differentiation  of  Products  and  Quotients. — Let  it 
be  required  to  find  the  derivative  of  the  function  log  x  .  sin  x. 
This  problem  is  different  from  those  of  Ex.  CXII,  §  3 ;  for 
log  a; .  sin  x  is  not  a  function  of  a  function  of  x  but  the 
product  of  two  functions,  namely,  log  x  and  sin  x.  The 
solution  depends,  therefore,  upon  a  different  argument.  By 
definition  the  derived  function  is  the  limit,  as  h  approaches 
zero,  of  the  fraction 

log  {x  +  h) .  sin  {x  +  h)  -  log  a;  .  sin  a;  . 

h 
Now  the  numerator  of  A  is  easily  seen  to  be  equivalent  to 

log  (a;  +  h)  {sin  {x  +  h)  -  sin  a;}  +  sina!{log(a;  +  h)  -  log  a;}, 

a  fact  which  enables  us  to  write  A  as  the  sum  of  the  two 
fractions 

,      ,         ,.    sin  (x  +  h)  -  sin  X  t, 

log  {x  +  h). ^ ^ -         .         B 

.         log  {x+  h)  -  log  X  p 

and  sm  x .  -^-^ v^ ^—  .         .         O 

h 

It  follows  that  the  limit  of  A  is  the  limit  of  B  +  C.  But,  by 
Ex.  CXII,  §  2,  the  limit  of  B  +  C  is  the  sum  of  the  limits  of 
B  and  C.  The  limit  of  C  is,  of  course,  sin  x .  (1/a;),  i.e. 
(sin  a;)/a;,  and,  by  Ex.  CXII,  No.  7,  the  limit  of  B  is 
log  X  .  cos  X.     We  conclude  that 

D(log  X  .  sin  x)  =  log  a; .  cos  x  +  (sin  x)/x. 
It  will  be  useful  to  describe  this  result  in  words  :  We  were 
to  find  the  derivative  of  the  product  of  the  two  functions  log  x 

346 
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and  sin  x.  We  have  found  that  it  is  the  product  of  log  x 
into  the  derivative  of  sin  x  plus  the  product  of  sin  x  into  the 
derivative  of  log  x.  That  is,  it  is  the  product  of  the  first 
function  into  the  derivative  of  the  second  plus  the 
product  of  the  second  into  the  derivative  of  the  first. 

Examples : — 

1.  Find  in  the  same  way  the  derivative  of  the  product 
log  x  .  cos  X,  giving  the  fractions  corresponding  to  A,  B,  and 
C,  and  the  argument  in  full.     Formulate  the  result  in  words. 

2.  Differentiate  (i.e.  determine  the  derivatives  of)  the 
functions : — 

(i)  sin  a; .  cos  a; ;  (ii)  cos  x .  tan  x ;  (iii)  (1  -  cos  x) .  {1  +  cos  x). 
Do  the  results  agree  with  those  previously  obtained  ? 

Note. — Instead  of  using  the  notation  Df{x)  to  signify  "  the 
derivative  of /(»)  "  it  isoften  more  convenient  to  employ  the 
notation /'(«). 

3.  A  function  is  the  product  of  any  two  functions  F{a;)  and 
f{x).     Show  that  its  derivative  is 

-e{x).f{x)+f{x).n^). 

Formulate  this  result  in  words. 

4.  Write  down  the  derivatives  of  the  functions  e'" .  sin  px 
and  e""  .  cos  px.  Hence  show  that  the  turning-points  of  the 
curve 

y  =  e"^ .  sin  px 
occur  where  tan  px  =  -  p/a,  and  those  of  the  curve 

y  =  e"" .  cos  px 
where  tan  px  =  +  a/p.     What   is  the  difference   of  phase 
between  these  points  ? 

5.  The  formula  of  the  curve  in  fig.  81  '(p.  193)  is  (the  unit 
being  1  cm.) 

y  =  2-5e-»-5'^cos  (ttx/S). 
Calculate  the  positions  of  the  first  four  turning-points  and 
verify  the  results  by  measurement. 

6.  Find  the  gradient-function  of  the  curves :  {i)  y  =  x  ain  x; 
(ii)  y  =  ax .  cos  px ;  (iii)  y  =  x .  log  x.  Show  that  (i)  has 
turning-points  where  tan  x  =  —  x  and  that  (iii)  has  no 
turning-points    at    all.       Describe    a    graphic    method    of 
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determining    approximately    the    values    of    x    for    which 
tan  X  =  -  X. 

I.  Assuming  that  D[x'^)  =  TOa;"  ~  ^  prove  that 

D(a;'«  + 1)  =  (wj  +  l)a;"'.     [Treat  «'"  +  ^  as  a; .  a;".] 
Since  it  is  easily  shown  that  the  law  holds  good  for  D{x^),  what 
does  this  result  prove  ? 

8.  Prove  that  if  D{qi^)  ==px^-^  and  D(a3')  =  qafl''^  then 
D(a;°  +  »)  =  [p  +  g)a;''  +  «"i.  Give  instances  which  illustrate 
this  result. 

9.  Show  that  the  derivative  of  the  quotient  ¥{x)/J{x)  is  the 
limit,  as  fe  -»  0,  of  the  fraction 

¥{x+  h).f{x)  --P{x),f{x  +  h)  ^ 

h.f{x).f{x  +  h) 

Show  that  A  may  be  regarded  as  the  difference  between  the 
two  products 

¥{x  +  h)  .fix)  -  ¥{x)  .fix)  1  B 

h  'fix).fix  +  h)    ■ 

Fix).fix  +  h)   -¥ix).fix)  1  n 

^■"^  h  -fix)  .fix  +  h)    • 

Hence  prove  that  the  derivative  is 

¥'ix)  .fix)  -  ^x)  .fix) 

Formulate  this  result  in  words. 

10.  Apply  the  rule  of  No.  9  to  find  the  derivatives  of: 
(i)  x''/x^ ;  (ii)  sin  a!/cos  x ;  (iii)  e^^/e^.  Do  the  results  agree 
with  those  obtained  otherwise  ? 

II.  Show  that  if  the  law  Z)(a;'")  =  mx"'-^'is  true  then 
X)(a;'"  -  1)  =  («i  -  IJa;""  "  ^.  We  know  that  £)(a;-  i)  =  -  x'^. 
What  conclusion  do  you  draw  ? 

12.  Determine  the  derivatives  of  the  functions :  (i)  (sin  a!)/a; ; 
(ii)  a;/sin  x ;  (iii)  (log  a!)/sin  x ;  (iv)  ax^/ib  +  ex). 

B. 

§  2.  WalUs's  Law. — That  most  important  generalization 
which  we  have  called  "  Wallis's  Law  "  has  been  before  us  on 
many  occasions.  In  Part  I,  Ex.  XLVII,  it  made  its  first 
appearance  as  a  rule  for  finding  the  area-function  of  a  curve 
when  the  ordinate-function  is  given  in  the  form  j/  =  a;"' "  ^, 
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the  rule  being  that  the  area-function  is  A  =  x'^jm.  In 
Ex.  XLVIII  we  had  it  in  the  converse  forms  of  (1)  a  rule 
for  writing  the  differential  formula  corresponding  to  a  primi- 
tive y  =  a;",  and  (2)  a  rule  for  determining  the  primitive  when 
the  differential  formula  is  of  the  form  S^z/Sa;  =  a;'"  ~  i.  In 
Ex.  LXIX  we  saw  that,  if  we  could  assume  the  universal  truth 
of  the  binomial  theorem,  Wallis's  Law  could  be  proved  for  all 
values  of  m.  Unfortunately,  we  were  not  able  to  make  the 
universal  truth  of  the  binomial  theorem  more  than  very  prob- 
able. Coming  to  Part  II,  we  turned  our  attention  to  the  law 
again  in  Ex.  LXXXIII  and  found  a  general  proof  which  does 
not  depend  upon  the  binomial  theorem.  Briefly  it  is  based 
upon  the  proof  that  the  differential  formula  derived  from 

y  =  log  X     is     m^x  =  Ijx. 
This  assurned,  the  universal  truth  of  Wallis's  Law  follows. 

Now  all  these  "  proofs "  are  open  to  the  criticism  that, 
strictly  speaking,  they  prove,  not  exact  results,  but  only 
approximations  (see  p.  332).  We  have,  however  (Ex.  CXI, 
No.  24),  applied  our  new  method  of  limits  to  ?/  =  log  x  and 
have  shown  that  its  derivative  is  exactly  Ijx.  We  might, 
therefore,  go  over  again  the  ground  of  Ex.  LXXXVIII, 
Nos.  16, 17,  and  put  the  proof  of  Wallis's  Law  beyond  dispute. 
An  exacting  critic  might  still,  however,  find  fault  with  our 
reasoning.  He  would  say  that  an  argument,  based  like  that 
of  Ex.  LXXXIII  upon  the  properties  of  fig.  65,  is  not  per- 
fectly satisfactory  because  it  involves  certain  assumptions 
which  cannot  be  made  good.  Thus  it  is  assumed  that  the 
exponential  curve  has  a  tangent,  and  one  tangent  only,  at 
every  point,  ^  the  sole  ground  for  the  assumption  being  the 
evidence  of  the  eye.  Now  we  shall  see  later  that  this  kind 
of  evidence  may  be  entirely  misleading.  Thus,  though  we 
may  have  no  practical  doubt  of  the  truth  of  Ex.  CXI,  No.  24, 
yet,  since  the  proof  depends  upon  the  assumed  properties  of 
fig.  65,  it  would  be  well  to  find  an  independent  proof  of  the 
universality  of  Wallis's  Law.  Then  the  very  fact  that  Ex. 
CXI,  No.  24,  leads  also  by  the  argument  of  Ex.  LXXXIII, 
Nos.  16,  17,  to  Wallis's  Law,  would  be  strong,  perhaps  com- 
plete,   evidence   of   the   truth,  not   of   the   law  but   of   our 

'  This  is  equivalent  to  the  assumption  that  (a*  +  *  -  a'')jh  has  a 
limit  for  all  values  of  x.  To  be  complete  the  argument  ought  to 
prove  the  existence  of  the  limit. 
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conclusion  about  I>(log  x).  The  student  has  probably  already 
noticed  that  Nos.  7,  11  of  this  exercise  carry  us  some  way 
towards  a  proof  of  Wallis's  Law  independent  both  of  the 
binomial  theorem  and  of  the  properties  of  the  logarithmic 
function.  They  prove  it  to  be  true  for  all  integral  values  of  m, 
positive  or  negative.  By  a  further  application  of  the  same 
method  it  can  be  shown  to  hold  also  for  all  fractional  values 
of  m.  In  fig.  107  let  OA  be  the  curve  y  =  a;",  where  m  is 
any  positive   integer.        Let    PM    be   any   ordinate   whose 


Fid.  107. 


abscissa  is  x,  let  the  area  0PM  be  A,  the  area  of  the  rect- 
angle MN  be  E,  and  the  area  OPN  be  A.  Then  by  No.  7 
we  have 


A  = 


£pTO  +  1 


E  =  OM.PM,    A  =  E  -  A 


-  X 


'/{m  +  1) 


m  +  1 


Now  rotate  and  invert  the  figure  so  that  OX  and  OY  become 
interchanged.     Then  OA  will  be  the  curve  whose  formula  is 


or 


X  =  jr 

y  =  x^"" 


heavy  type  being  used  to  distinguish  the  new  from  the  old 
meanings  of  the  letters.  If  we  ask  what  is  the  value  of  the 
area  OPN  expressed  in  terms  of  the  new  independent  variable, 
we  have 
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m  +  1 


m  +  1 

TO  +   1   * 

Thus  we  have  proved  that  if  the  area-function  of  a  curve  is 

A  =  a;'i'"+iy(l/m  +  1) 
the  ordinate-function  will  be 

y  =  a;!/" 
for  all  positive  integral  values  of  m.     It  follows  that  if  the 
area-function  is  A  =  a;'i '"  + 1'  the  ordinate-function  is 

y  =  (1/m  +  l)*!/™ 
that  is,  that         D(a;<i '"+11)  =  (1/m  +  l)a;ir. 
But  to  this  result  we  can  apply  No.  11,  m  being  replaced  in 
the  argument  by  1/m  +  1.     Thus  we  deduce  that 

Z)(a;i/»)  =  -x^U-'-v, 
'       m 

for  any  positive  integral  value  of  m. 

Now  since  Wallis's  Law  holds  good  for  the  derivative  of 
a;i '",  it  follows  by  No.  8  that  it  also  holds  for  the  derivative 
of  (aji'""  X  a;!'"),  that  is,  for  the  derivative  of  x^l"'-  Similarly 
it  holds  for  D{a?h)  and  so  on  to  .D(a3^'''")  where  ^  is  as  large 
an  integer  as  we  please.  In  other  words,  it  may  be  applied 
in  differentiating  any  one  of  an  endless  series  of  powers  of  x 
whose  indices  begin  with  the  value  1/m  and  increase  by  equal 
steps  of  1/m.  Again  if  n  is  a  positive  integer  the  law  is 
known  by  No.  11  to  hold  good  for  D^x  ~  ").  Hence  by  repeated 
application  of  No.  8  it  holds  good  of  the  derivatives  of 
a.-n  +  1/m  a;-n  +  2/m  _  _  _  g. - n -^ p im    _  _  _  The last  admissiWo 

member  of  this  series  is  a;  ~  i/™,  for  the  law  does  not  apply  to 
of.  On  the  other  hand,  since  n  may  be  as  large  as  we  please 
the  law  may  be  taken  as  true  for  powers  of  x  whose  indices 
descend  from  -  1/m  by  steps  of  -  1/m  in  an  endless  series. 
Thus  it  has  been  proved  to  be  true  for  any  fractional  ex- 
ponent, positive  or  negative,  whose  denominator  is  m.  But 
since  m  may  have  any  integral  value  it  follows  that  it  is  true 
for  any  fractional  exponent  whatever. 
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Examples : — 

13.  Draw  a  convenient  length  of  the  positive  branch  of  the 
graph  of  2/  =  «"*,  each  member  of  the  class  assigning  to  m 
one  of  the  following  values :  +  l-i,  -  1-7,  +  0-8,  -  0-6,  or 
any  other  preferred  value.  Take  any  point  corresponding  to 
P  (fig.  107)  and'  draw  the  rectangle  MN.  Calculate  the 
ratio  of  the  area  0PM  to  the  area  MN.  Verify  by  counting 
the  squares  in  the  area  0PM. 

14.  Calculate  the  gradient  of  the  curve  at  the  point  P. 
Draw  a  line  through  P  with  the  calculated  slope  and  verify 
that  it  seems  to  be  a  tangent. 

15.  The  area-function  of  a  curve  is 

A  =  5-2a;2-5 .  sin  3x. 
Determine  (i)  the  ordinate- function,  (ii)  the  gradient-function. 

16.  Determine  the  derivatives  of  the  functions : 

(i)  (log  x)i;  (ii)  (1  +  x^)i;  (iii)  {a  +  bx^)l;  (iv)  log  xjxh 

C. 

§  3.  Successive  Differentiation. — In  No.  15  the  student 
was  called  upon  first  to  find  y  as  the  derivative  of  A,  and 
then  to  find  the  gradient-function  as  the  derivative  of  y.  The 
relation  between  the  gradient-function  and  the  area-function 
from  which  the  investigation  started  isi  best  expressed  by 
calling  the  former  function  the  second  derivative  of  the 
latter.  We  can  indicate  it  in  symbols  by  the  convenient 
notation 

gradient-function  =  D{y) 
=  D\k). 
It  is  obvious  that  we  may  repeat  the  process  of  derivation 
indefinitely,  each  function  being  related  to  its  predecessor  by 
definition  II  on  p.  339.     The  process  is  called  successive 
differentiation. 

Examples : — 

17.  Determine  the  following  derivatives :  (i)  D\x^) ;  (ii) 
i)2(iog  x) ;  (iii)  Il"(e") ;  (iv)  D^{(^^) ;  (v)  I>"(a;'") ;  (vi)  D"(a;").  In 
(iii)  to  (vi)  n  is,  of  course,  a  non-directed  integer. 

18.  Prove  that  D(sin  x)  =  sin  (x  +  ^j.    Hence  write  down 

the   simplest    formula   for    D"(sin   x).      Do    the   same   for 
Z)"(co3  x). 
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19.  A  function  y  is  the  product  of  two  functions  of  x, 
namely  u  and  v.  The  first  derivatives  of  u  and  v  may  be 
denoted  by  the  symbols  u,  v',  and  the  second  derivatives  by 
u",  v".     Show  that 

D^{y)  =  uv"  +  2u'v'  +  u"v. 
Use  the  result  to  write  down  the  second  derivatives  of  the 
functions  :  (i) ;  e""  .  sin  px ;  (ii)  x^ .  a" ;  (iii)  log  x/x. 

20.  As  a  summary  of  the  most  important  results  of  this 
and  the  preceding  exercises  make  a  table  in  which,  opposite 
each  of  the  following  functions,  its  first  derivative  is  written. 
The  table  must  be  carefully  preserved  and  should  be  so  set 
out  that  additions  may  conveniently  be  made  at  a  later 
time. 


ax"* 

cos  X               e' 

log«a; 

log,  (sin  a;) 

{a  +  bxY 

(a  +  te")" 

sin  X 

cos  px             e"" 
cos  {a  +  bx)    a" 
tan  X               a"" 

log„a; 

\ogapx 

log,  {a  +  bx) 

log,  (cos  x) 
log,  (tan  x) 
log,  (cot  x) 

sin^a; 
sin  {a  +  bx) 

cot  X                el" 
tan  px             a''"  " 

log,  (a  +  6a;") 
log,  {a  +  bx  + 

cx"^) 

PT.  n.  23 


EXEECISB  CXIV. 
INTEGRATION. 

§  1.  Integration  the  Inverse  of  Differentiation. — The  pro- 
cess of  finding  the  function  of  which  a  given  function  is  the 
derivative  is  called  integration.  If  f{x)  is  the  derivative  of 
¥(x)  then  P(a;)  is  called  an  integral  of  f{x).  Since  the 
ordinate-function  of  a  curve  is  the  derivative  of  the  area- 
function,  and  the  gradient-function  the  derivative  of  the 
ordinate-function,  it  is  clear  that  the  determination  of  an 
ordinate-function  from  a  gradient-function  and  of  an  area- 
function  from  an  ordinate-function  are  both  examples  of 
integration.  Thus  the  process  is  one  with  which  we  have 
long  been  familiar,  though  we  have  hitherto  distinguished  it 
by  no  technical  name.  It  is  evident,  moreover,  that  the 
relation  between  a  function  and  its  integral  is  the  inverse  of 
the  relation  between  a  function  and  its  derivative.  For  this 
reason  we  shall  use  an  inverted  D  (CI)  as  the  symbol  of  inte- 
gration. For  example,  just  as  the  notation  D{x^)  means  the 
function  derived  from  x^,  so  G{x^)  will  now  mean  a  function 
from  which  x^  is  derived. 

Note  that  we  must  say  a  function,  not  the  function.  It  is 
true  that  D{x^/3)  =  x^,  so  that  we  are  tempted  to  say  that 
Q{x^)  =  x^l3.  But  it  must  be  remembered  that  D{a  +  x^l3) 
=  x^  also,  where  a  is  an  arbitrary  constant,  that  is  any  fixed 
number  we  please.  Thus  the  answer  to  the  question  put  by 
the  symbolism  (T(a!^)  must  be  taken  to  be  not  x^/3  but  a  +  x^j3, 
where  a  may  have  any  constant  value.  Since  the  value  of 
a  is  ambiguous  a  +  x^/S  is  called  an  indefinite  integral. 
The  function  x^/3  is  merely  the  form  which  the  integral 
assumes  when  a  has  the  particular  value  zero. 

Lastly,  it  is  obvious  that  we  may  have  successive  integ- 
ration  answering  to   successive   differentiation.     The   nih 

854 
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integral  of  a  function  u  will  be  represented  by  the  notation 
a""(M). 

In  a  few  cases  it  is  possible  to  deduce  directly  the  integral 
of  a  given  function.  There  is,  however,  no  general  rule  for 
doing  so  comparable  with  the  general  rule  for  finding  a 
derivative.  Thus  in  general  integration  requires  a  knowledge 
of  the  results  of  differentiation.  For  example,  if  you  are 
asked  to  write  down  the  function  CZ'(l/a;)  you  are  not  at  all 
likely  to  succeed  unless  you  remember  that  Ijx  —  i?(log  ax) — 
or,  in  default  of  memory,  consult  a  list  of  results  such  as  the 
one  made  in  Ex.  CXIII,  No.  20.  Then  you  will  know  that 
(T(l/a3)  =  log  ax  where  a  is  any  arbitrarily  chosen  constant.^ 

Examples : — 

A. 

1.  Write  down  the  simplest  functions  which  answer  to 
the  following  descriptions  (i.e.  take  the  arbitrary  constants 
to  be  zero) :  (i)  CT(a;') ;  (ii)  (T(a;3-6) ;  (iii)  (2(a;-  ^-t)  ;  (iy)  a'^(x^) ; 
(v)  a^[x"') ;  (vi)  ff''(a;'") ;  (vii)  (T(e") ;  (viii)  a""(e") ;  (ix)  O^e""). 

2.  Sketch  the  graph  of  the  integral  of  the  function  2x  when 
the  arbitrary  constant  is  zero.  Indicate  the  relation  to  it  of 
the  graphs  obtained  by  assigning  other  values  to  the  constant. 

3.  Since  the  gradient-function  of  a  curve  is  the  derivative 
of  the  ordinate-function  it  may  be  represented  by  the  notation 
D{y)  or,  more  compactly,  by  y'.  Thus  (I{y')  =  y.  Find  the 
formulae  of  the  curves  which  have  the  following  properties : 
(i)  y'  =  Ix-^;  (ii)  y'  =  1  +  2x;  (iii)  y'  =  1/x ;  (iv)  y'  =  sin  a; ; 
(v)  y'  =  a  +  be". 

i.  Write  down  the  indefinite  integrals   of   the   following 

functions :  (i)  2ax .  e"' ;  (ii)  a; .  e°^ ;  (iii)  x  .  e''^  ;  (iv)  x  .  cos  {x^) ; 
(v)  ax  .  sin  (fix''). 

5.  Write  down  the  following  functions,  assuming  the  arbi- 
trary constants  to  be  zero :  (i)  (J(sin  px)  ;  (ii)  (T(cos  px) ; 
(iii)  ff2(sin  x) ;  (iv)  (I'\aos  x) ;  (v)  G"'"(sin  x) ;  (vi)  (T»(cos  px). 

^  Note  that  the  indefinite  integral  might  also  be  expressed  in  the 
form  b  +  log  x.  If  &  =  log  a  this  expression  becomes  log  ax  as  in 
the  text.  If  6  =  0,  as  =  1,  so  that  the  particular  integral  is  found, 
not  by  putting  a  =  0,  but  by  putting  a  =  1.  In  other  words,  the 
arbitrary  constant  must  always  be  supposed  to  be  added  ;  its 
transformation  into  a  factor  in  this  case  depends  upon  a  peculiarity 
of  the  particular  function. 

23* 
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6.  Write  down  :  (i)  (T(seo^a;) ;  (ii)  (T(tan  x) ;  (iii)  (T^(see^a;) ; 
(iv)  (T(sin2a;) ;  (v)  (I{oo3eo^x) ;  (vi)  G^{oosed'x). 

7.  Determine  the  indefinite  integrals  of : — 
(i)  1/(1  +  X) ;  (ii)  1/(3  -  X) ; 
(iii)  1/(1  +  2x) ;                        (iv)  2x/{5  +  x^) ; 

(v)  (1  +  2a;)/(l  +  x  +  x^);       (vi)  (3  +  4:x)J{7  +  3x  +  2x^) ; 
(vii)  nbx"  ~  ^/{a  +  bx") ;  (viii)  sec  a;/(sin  x  +  cos  x). 

Formulate  in  words  the  condition  which  determines  whether 
a  function  can  be  integrated  by  the  method  of  this  example. 

8.  Show  that  the  function  2/(1  -  x^)  can  be  represented  as 
the  sum  of  the  two  partial  fractions  1/(1  +  x)  and  1/(1  -  x). 
Hence  show  that  its  integral  is  log  {a  (1  +  x)j{l  -  x)\  where  a 
is  an  arbitrary  constant. 

9.  Find,  by  analysing  them  into  partial  fractions,  the  in- 
tegrals of  the  functions : — 

(i)  2a!/(l  -  x^) ;  (ii)  ll{x^  +  3fl3  +  2) ; 

(iii)  (2a;  -  3)/(a;2  -  3a;  +  2) ;  (iv)  7(2  -  x)/{2x^  +  x  -  6) ; 

(v)  (2a;+l)/(a;-  3)^; 

(vi)  i{x^  -  2x+  3)l{4:x^  -  12a!  4-  9). 

10.  Write  down  the  functions :  (i)  ff  r~^M\  ■  („)  a{a') ; 
(iii)  a%a'). 

B. 

§  2.  Integration  of  a  Product.  —  We  have  seen  (Ex. 
CXIII,  §  1)  that  if  a  function  y  is  the  product  of  two  functions 
of  X  symbolized  shortly  by  u  and  v,  then 

y'  =  wo'  +  u'v. 
Suppose  that  we  wish  to  integrate  a  function  which  can  be 
represented  as  uv',  i.e.  as  the  product  of  one  function  u  and 
the  derivative  v'  of  another  function  v.    Then  the  above  relation 
will  often  make  the  problem  easy  to  solve.     For  we  can  write 

uv'  =  y'  -  u'v 
whence  G[uv')  =  y  -  (I{u'v) 

=  uv  -  G{u'v). 
Now  it  may  happen  that  the  function  u'v  is  one  whose  in- 
tegral is  already  known.     In  that  case  the  integral  of  uv'  can 
at  once  be  determined.     This  method  is  usually  called  in- 
tegration by  parts. 

In  working  Nos.  11-20  assume  the  arbitrary  constants  to 
be  zero  in  every  case. 
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Examples : — 

11.  Show  that  the  function  x .  cos  x  can  be  represented  in 
the  form  uv'  where  u  =  x  and  v  =  sin  x.     Hence  show  that 

Q{x  .  cos  x)  =  x  .  sin  x  -  (I(sin  x) 
and  determine  the  integral. 

12.  Determine  (i)  (I{x  .  sin  x) ;  (ii)  0[{x  .  cos  px) ; 
(iii)  G{ax  .  sin  px). 

13.  Show  that  the  function  x .  log  x  can  be  expressed  in 
the  form  uv',  where  u  =  log  x  and  v  =  ^x^.  Hence  deter- 
mine G{x .  log  x). 

14.  Integrate  a; .  e""  by  the  assumption  u  =  x,  v  =  e". 

15.  Find  the  function  (I{x  .e"'). 

16.  Integrate  log  x  by  the  assumption  u  =  log  a;,  «  =  a;. 

17.  Integrate  x"  .  log  a;. 

18.  Determine  (I{x'^ .  cos  x)  and  (T(a;2 .  sin  x). 

19.  Show  that  CI(e* .  cos  x)  =  e*.  sin  x  -  0^(6"  .  sin  x)  and 
that  (T(e'' .  sin  x)  =  -  e* .  cos  a;  +  (Z(e'' .  cos  a;).  Hence 
determine  0(6" .  sin  x)  and  (T(e'' .  cos  x). 

20.  Determine  the  function  Q[(x^ .  e").  [Put  m  =  a;^  and 
make  use  of  No.  14.] 

C. 

§  3.  The  Integral  as  the  Limit  of  a  Sum. — It  was  said  in 
§  1  that  in  certain  cases  the  integral  of  a  function  can  be 
determined  directly.  Cases  in  which  this  is  possible  are 
interesting  chiefly  because  they  exhibit  the  nature  of  an 
integral  in  a  new  light.  The  case  already  described  in  the 
introduction  to  the  section  (p.  322)  will  serve  as  an  illustra- 
tion of  this  fresh  point  of  view.  Let  the  rectangle  on  QF 
(fig.  104,  p.  329)  be  the  last  of  a  series  of  9ra  -I-  1  rectangles 
of  equal  width  h  and  of  heights  proportional  to  the  numbers 
0^,  1^,  2^,  3^,  .  .  .  m^.  Imagine  these  to  lie  upon  m  +  1 
other  rectangles,  all  identical  with  the  one  on  QF.  Then  it 
was  shown  in  Part  I,  Ex.  XL VII,  No.  28,  that  the  ratio  of 
the  area  covered  by  the  upper  to  that  of  the  lower  rectangles  is 

1       J^ 
3  ''■  6m' 
If  the  distance  of  Q  from  the  origin  is  X  the  height  of  the 
last  rectangle  is  aX^,  a  being  some  constant.     The  total  area 
of  the  underlying  rectangles  is,  then,  aX^(X  +  h),  and  the 
area   of  the  increasing  rectangles  (1/3  +  l/6m)aX^(X  -f  h). 
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Let  there  now  be  added  to  the  figure  the  curve  AB  having 
the  property  that  the  area  included  under  it  between  two  such 
ordinates  as  CD  and  PQ  is  equal  to  that  of  the  rectangle  on 
the  same  base  DQ.  Prom  this  condition  it  follows  that  the 
curve  will  have  at  least  one  point  in  common  with  the  top 
side  of  each  rectangle.  Por  if  the  curve  were  entirely  above 
the  top  of  a  rectangle  the  area  included  under  that  segment 
would  be  greater  than  the  area  of  the  rectangle,  if  entirely 
below,  less.  Thus  it  must  either  entirely  coincide  with  the 
top  of  the  rectangle  or  else  must  cross  it.  It  follows  that  if 
X  be  the  abscissa  of  any  such  point  as  D  or  Q  there  is  an 
ordinate  (such  as  pq  or  p'q')  of  height  ax^  whose  abscissa  is 
{x  +  h'),  where  h'  is  less  than  the  width  of  the  rectangles. 
The  feet  of  these  ordinates  will  constitute  a  certain  mode  of 
division  of  the  aj-axis. 

Now  let  m  increase  endlessly.  Then  (1)  the  varying 
positions  of  the  points  q,  q',  etc.,  will  constitute  an  endless 
series  of  modes  of  division  of  OP,  and  the  first  mode  of 
division  beyond  the  series  (i.e.  the  limit  as  h'  approaches 
zero)  will  be  the  one  in  which  every  point  of  the  axis  is  the 
foot  of  an  ordinate  having  the  property  of  pq  or  p'q^.  Again, 
since,  as  m  increases,  the  limit  of  h'  is  zero,  the  abscissa 
of  the  ordinate  whose  height  is  ax^  will  be  exactly  x.  At 
the  same  time  (2)  the  area  under  the  curve  up  to  EF 
will,  as  m  increases,  assume  an  endless  series  of  values,  and 
the  first  value  beyond  the  series  is  aX^/3  ;  for  the  limit  of 
(1/3  +  l/6m)  is  1/3  and  the  limit  of  h  is  zero.  We  conclude 
that  when  all  the  ordinates  along  OP  follow  the  law  y  =  ax^ 
the  area  under  the  curve  up  to  EP  will  be  aK^/3.  But  since 
P  may  be  taken  initially  at  any  point  along  the  a;-axis  this 
property  is  universal.  That  is,  ii  y  =  ax^  is  the  ordinate- 
function  A  =  ^ax^  is  the  area-function. 

Now  if  8a;  be  taken  to  symbolize  the  width  of  the  rectangles, 
the  area  of  any  particular  member  of  the  series  is  ax^ .  Sec,  a; 
being  the  distance  from  the  origin  to  the  nearer  side.  Thus 
the  results  of  the  preceding  argument  are  summed  up  in  the 
two  symbolic  statements  . 

x-Sx  /I  1    \ 

taxK8x=(^^  +  ^yx{x-  hxy     .         I 

X  -  8x  2. 

and  J-it    %  ax^ .  8a;  =  K  o>x^   ....        II 


Sx-^  o 


0 


3 
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Three  things  should  be  noted  here.  (1)  The  symbol  x  on 
the  left-hand  of  the  equivalence  stands,  where  printed  of  the 
ordinary  size,  for  the  distance  from  the  origin  to  the  nearer 
side  of  any  of  the  rectangles  ;  on  the  right-hand  it  means  the 
abscissa  of  the  last  ordinate  of  the  figure.  (2)  The  small 
numbers  above  and  below  the  sign  of  summation  show  that 
the  first  value  to  be  substituted  for  x  is  zero,  and  the  last 
X  -  Sx,  a;  having  the  same  meaning  as  on  the  right.  (3)  Ex- 
pression I  refers  to  an  actual  sum  of  rectangular  areas  ;  II 
refers  to  no  actual  sum  but  makes  a  statement  about  the  limit 
of  such  sums  as  hx  approaches  zero.  This  last  point  is 
important.  It  used  to  be,  and  is  still  often,  said  that  aa;^/3 
is  the  sum  of  an  "  infinite  "  number  of  terms  of  the  type 
ax^ .  8a;.  Our  investigation  has  shown  that  this  statement  is 
incorrect. 

The  kind  of  argument  expressed  by  I  and  II  has  played 
an  immensely  important  part  in  the  history  of  mathematics. 
Its  beginnings  can  be  traced  back  to  Archimedes  and  other 
Greek  geometers  but  its  systematic  use  in  modern  times  is 
due,  as  we  have  seen,  to  our  countryman  John  Wallis.  In 
the  hands  of  the  great  German  Leibniz  (c.  1670)  its  usefulness 
received  still  greater  extension.  Leibniz  lived  before  the 
doctrine  of  limits  had  been  worked  out,  so  he  regarded  the 
left-hand  side  of  II  as  representing  the  sum  of  an  "  infinite  " 
number  of  terms.  A  relic  of  this  view  is  the  symbol  "  \  " 
which  is  still  used  in  stating  arguments  like  II.  It  was 
originally  the  elongated  initial  letter  of  the  Latin  word  summa. 
We  may  follow  the  universal  custom  of  mathematicians  in 
using  the  symbol,  but  we  shall  regard  it  as  simply  a  convenient 
substitute  for  the  double  symbol  "  Lt  S  ".  Thus  II  may  be 
rewritten  compactly  Sx-^o 

{"ax^ .  8x  =  axy3     ...         Ill 

The  student  will  notice  that  x  has  been  substituted  for  x  -  Sx 
as  the  "  upper  limit  "  of  the  summation.  This  is  legitimate 
because  the  limit  of  a;  -  Sx,  as  8x  ->  0,  is  x. 

Finally  it  will  be  seen  that  statement  III  is  equivalent  to 
the  statement  that  ax^/3  is  an  integral  of  the  function  ax^ ; 
for  it  says  that  ax^/.S  is  the  area-function  for  which  ax!'  is  the 
ordinate-function.       Also  it  is  clear  that  the  meanings  of  the 
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two  notations   I  ax^ ,  Sa;  and  (T(aa;^)    differ  only  in  the  cir- 

cumstance  that  the  latter  implies  an  arbitrary  constant. 
This  difference  is  easily  removed.  As  we  saw  in  studying 
differential  formulae,  we  can  obtain  the  area-function  from  the 
indefinite  integral  ax^j^  +  6  by  applying  the  condition  that 
the  area  is  zero  when  a;  =  0  ;  this  condition  gives  6  =  0. 
The  same  result  may  be  obtained  by  taking  the  indefinite 
integral  ax^jZ  +  b,  substituting  for  the  variable,  first  its  final 
value  X,  and  then  its  initial  value  zero,  and  subtracting. 
The  constant  h  will  thus  be  eliminated.  A  suitable  way  of  pre- 
scribing this  operation  will  be  to  insert  the  "limits,"  x  and 

0,   above   and    below    the   symbol   CT.      In    this    way   the 

*  /•« 

notations  (T  (aa;^)  and  I  ax^ .  Srr,  though  expressions  of  differ- 

0  Jo 

ent  arguments,  come  to  mean  exactly  the  same  function.  Con- 
versely we  may  agree  that  when  no  limits  accompany  the 
sign  "  J  "  it  shall  be  regarded  as  referring  to  the  indefinite 
integral.     Thus 

\ax^ .  hx  =  ax^lZ  +  b 
where  b  is  an  arbitrary  constant. 

Whichever  symbolism  be  employed  the  integral  with 
stated  limits  is  called  a  definite  integral.  The  rule  for  the 
evaluation  of  a  definite  integral  is  always  the  same.  Take 
the  indefinite  integral ;  substitute  for  x,  first  the  upper  limit 
and  then  the  lower,  and  subtract  the  latter  result  from  the 
former;  the  difference  is  the  value  of  the  definite  integral. 
Thus  if  the  upper  and  lower  limits  of  x  are  respectively  +  5 
and  -  2  we  have 


i:« 


6  +6 


ax"^ .  8x  —  G  (ax^)  = 


ax^S  +  b 


n+6 


=  125a/3  -  (  -  8a)/3 
=  133a/3. 


Examples : — 

21.  Assuming  that 

03  +  13  +  23  +  33  -f  .  .  ■  -f  m8  _  1       JL_ 
(m  +  1)  .  m^  i      im 

prove  that 

I  ax^ .  Sx  =  ax^/i. 
Express  by  other  symbolism  the  equivalent  statement. 
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22.  It  has  already  been  proved  that  the  ordinate-tunction 
corresponding  to  A  =  oaf  +  VCp  +  1)  is  ^  =  asf,  p  being  any 
whole  number.     Use  this  result  to  prove  that 

0»  +  1"  +  2"  +  3"  +  .  .  .  +  m"  _       1 
m  ->  «,  (w  +  1) .  m"  ~  ^  +  1 

This  result  will  be  needed  later.     We  will  cite  it  as  Wallis's 
Theorem. 

23.  The  following  theorem  will  be  needed  in  No.  24 :  A 
rectangle  of  height  cos  ph  can  be  regarded  as  the  difference 
between  two  rectangles  whose  heights  are  respectively 
sin  (p  +  i)h/{2  sin  ^h)  a.nd  sin  {p  -  i)h/{2  sin  ^h).     Prove  it. 

24.  Take  along  the  aj-axis  any  length  x,  measured  from 
the  origin,  and  divide  it  into  m  +  1  segments  of  equal  width 
h.  Upon  the  successive  segments  erect  rectangles  whose 
heights  are,  in  succession,  cos  0,  cos  h,  cos  2h,  cos  3h,  .  .  . 
cos  ph,  .  .  .  cos  mh.  Use  No.  23  to  show  that  the  total 
area  of  the  rectangles  is 

sin  ^h  -  sin  ( -  ^h) 


A  = 


2  sin  ^h 


+  sin  |/t  -  sin  -^h 

+  sin  ^h  -  sin  f/i 

+ 

+ 

+  sin  (m  +  ^)h  -  sin  (m  -  ^)h 

[sin  (m  +  ■^)h  +  sin  -^h]. 


sin  ^h 
25.  Hence  prove  by  the  method  of  §  3  that 


I  cos  X  .  8x  =  sin  x. 


26.  Prove  similarly  that 


I  sin  !B  .  Sx 

Jo 


27.  Investigate  in  the  same  way  the  integrals 

I  cos  px  .  Sx  and     sin  px  .  Sx. 

JO  Jo 

28.  Ordinates  to  the  following  curves  are  drawn  where 
a;  =  +  1  and  where  a;  =  -  1.  Determine  in  each  case  the 
area   under  the   curve    between    the    ordinates.     Use    the 
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symbols  (T  and  J  alternately  in  setting  down  the  problems. 
(i)  2/  =  4  cos  (W6);  {n)  y  =  {10^; 

(iii)  y  =  1-8/(5  +  3a;) ;  (iv)  y  =  5  sec^  '^ 


29.  Evaluate  the  following  definite  integrals : — 

(■2jr  u/2 

a; .  sin  a; .  8a; ;  (ii)  (T      (cot  x) ; 

tt/O 


(iii)  ['. 

Jo 


^.  cos  a; .  8a; ;  (iv)  ff{(2a;  -  l)/(a;2  -  x  +  3)\. 

0  0 

30.  The  area  under  a  given  curve  from  a  fixed  ordinate 
X  =  a  up  to  a  variable  ordinate  whose  abscissa  is  x  is 

F(a;)  -  F(a). 
The  ordinate-f unction  of  the  same  curve  is  y  =  f(x).     Prove 
both  that 

f{x)  =   Li  {F{x  +h)  -  F{x)}/h 

and  that       Lt  %"    f{x) .  h  =  P(a;)  -  P(a). 

h  — >o     a 

Note  that  it  follows  that  the  functions  0\f{x)}  and  ^(a;) .  8a; 
are  always  the  same. 

[The  fixed  ordinate  a  was  introduced  into  the  proof  to  meet 
the  cases,  of  which  y  —  a/x  is  the  simplest  instance,  where 
the  curve  does  not  cut  the  ^-axis.  In  such  oases  there  is  no 
area-function  in  the  sense  we  have  given  to  that  term.] 

D. 

31.  Show  that  if  m  and  n  are  any  different  integers  the 
value  of  each  of  the  following  definite  integrals  is  zero : — 


(i) 
(iii) 


sin  mx  .  sin  »w; .  8a; ;        (ii) 


0 


cos  mx  .  cos  wa;  .  8a; ; 


'2ir 

COS  mx  .  sin  wa; .  Sx. 

0 


sin  mx  .  cos  nx  .  Sx  ;      (iv) 

0 

Find  also  the  value  of  each  definite  integral  when  m  and  n 
are  the  same  integer.     What  geometrical  interpretations  can 
be  given  of  all  these  results  ?     [See  Ex.  CVI.] 
32.  Show  that  (T(a;.  e""^)  =  -  x.e-'=  +  a{e''') 
=  -  X .  e'"  -  e~''  +  a 
where  a  is  an  arbitrary  constant.     Hence  evaluate  the  de- 
finite integral 

a  {x.  e") 

0 

and  give  the  numerical  value  when  p  —  1. 
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33.  Suppose  that  p  =  co  ;  then  when  this  value  is  substituted 
for  X  the  term  x.e~  '{i.e.  xle")  takes  the  meaningless  form  oo  /ao  . 
To  find  whether  it  is  possible  to  assign  a  definite  value  to 
this  fraction,  substitute  for  e"  the  expansion  found  in 
Ex.  LXXXIV,  No.  70  (p.  101),i  divide  numerator  and  de- 
nominator by  X  and  so  prove  that  as  x  increases  the  value  of 
X  .  e'"  approaches  zero.     Apply  this  conclusion  to  evaluate 


00  fjO 

Q  {x  .e    '')  or      a; .  e  ~  * . 
0  Jo 


hx. 
0  Jo 

34.  Prove  that 


■.Sa;=  -  X" .  e-'  +  n 


a;"-i.  e" .  hx 


where  n  is  any  positive  integer.     Use  the  argument  of  No. 
33  to  show  that 

Yx^.e-".  8x  =  n  \x"-  ^  .e"".  Sx 
Jo  Jo 

=  n{n  -  1) .  I °°a;" -^  .  e"  .  Sx 
Jo 

=  n{n  -  1)  (to  -  2)  .  ra;"-'.  e"*^.  8x 

=  n\  eventually. 

[The  definite  integrals  of  this  example  are  simple  instances 
of  a  famous  form  of  functions  called  the  "  Gamma  functions  ". 

00 

If  we  symbolize  Q"  («".«"*)  by  T{n  +  1),  then  the  funda- 

0 

mental  property  of  the  Gamma  functions  is  expressed  by  the 
relation  T{n  +  1)  =  nV{n).      We  have  shown  here  that  when 
TO  is  a  positive  integer  T{n  +  1)  =  to  !] 
35.  Prove  that 


a;2 .  e - ^\  Sa;  =   -  ^  x  .  e''  +  I-  \e 


'  .Sx. 


Hence  show  that  if  A  is  the  area  under  the  curve  y  =   &' 
from  a;  =  0  to  a;  =  CO  then 


J." 


x"^  .&'"  .Sx  —  \  k. 


^  It  can  be  proved  that  the  expansion  gives  a  definite  value  for  all 
definite  values  of  x.      [Ex.  CXVII,  No.  15.] 
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DIFFERENTIAL  EQUATIONS. 

§  1.  Differential  Equations. — The  student  has,  perhaps, 
already  reflected  upon  the  connexion  between  the  ideas  of 
the  last  three  exercises  and  the  "  differential  formulae  "  of 
the  earlier  part  of  the  work.  It  is  likely,  indeed,  that  he 
has  reached  without  difficulty  a  correct  view  of  their  relations. 
In  one  of  its  two  typical  forms  the  differential  formula  of  the 
"  first  order  "  is  a  statement  about  the  ratio  of  the  increment 
of  the  dependent  variable  to  an  increment  of  the  independent 
variable  when  the  latter  is  so  small  that  its  higher  powers  are 
negligible  in  comparison  with  the  first  power.  Thus  the 
general  rule  for  obtaining  from  a  given  "  primitive  "  y  =  f(x) 
the  differential  formula  of  the  first  order  is  expressed  by  the 
symbolism 

hj  _  f{x  +h)  -  f{x) 

8x  h 

with  the  qualification — implied  by  the  presence  of  the  "  8  " — 
that  the  value  of  h  is  "  small  ".  It  follows  that  the  deriva- 
tive D  (y)  is  simply  the  limit  of  Sy/8x  as  the  increment  h  or  8x 
approaches  zero.  As  we  have  said  before,  the  difference  here 
indicated  has  little  practical  importance.  If  f{x)  is  taken  to 
be  X"  or  sin  x  or  log  x,  both  the  derivative  and  the  ratio  Sy/Sx 
are  nx"  ~  ^  or  cos  x  or  1/x,  and  similarly  for  all  other  functions. 
On  the  other  hand,  it  has  great  theoretical  significance.  For 
example,  ii  y  =  sin  x,  the  statement  8y/&x  =  cos  x  claims 
only  to  be  approximately  true  ;  the  actual  value  of  the  ratio 
which  it  symbolizes  is  cos  x  plus  or  minus  any  one  of  an 
endless  series  of  numbers  which  are  none  the  less  real  because 
they  are,  by  hypothesis,  negligible.     The  formula 

D{am  x)  =  cos  x 
states  an  exact  equality ;  cos  x  is  none  of  the  ratios  between 

364 
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the  increments  of  the  variables,  but  the  precise  number  which 
we  have  defined  as  their  hmit.  In  the  same  way,  the  second 
derivative  of  cos  x  is  no  one  of  the  endless  sequence  of  ratios 
of  the  second  differences  of  y  to  the  increment  of  x,  but  the 
limit  of  that  sequence  as  the  increment  of  x  approaches  zero. 
A  similar  remark  applies  to  the  connexion  between  the  nth. 
derivative  and  the  differential  formula  of  the  wth  order  where 
n  is  any  non-directed  integer;  Z)"(sin  a;)  and  S"yjBx"  may 
both  be  equated  to  sin  {x  +  WTr/2),  but  the  latter  equation 
makes  a  statement  about  the  approximate  values  of  a  certain 
set  of  ratios  while  the  former  states  the  precise  value  of  the 
limit  of  those  ratios. 

It  follows  that  the  numerous  approximate  calculations 
which  we  have,  from  time  to  time,  made  by  means  of 
differential  formulse  can  be  turned  into  exact  calculations 
simply  by  substituting  the  symbols  D{y),  D^{y),  D^{y),  etc. 
(or  the  symbols  y',  y",  y'",  etc.),  for  8y/8x,  S^y/Sx\  Py/Bx', 
etc.,  wherever  they  occur.  In  this  way  the  differential 
formula  is  converted  into  what  may  be  called,  for  distinction's 
sake,  a  differential  equation.  In  accordance  with  our 
customary  use  of  the  word  "  equation "  the  term  should,  as 
a  rule,  be  reserved  for  expressions  in  which  the  right-hand 
side  of  the  equality  is  zero,  but  it  may,  when  convenient,  be 
applied  to  any  equality  involving  derivatives.  The  solution 
of  a  differential  equation  consists  in  finding,  in  its  most  general 
form,  the  primitive  from  which  the  equation  may  be  derived. 
For  example,  if  the  given  differential  equation  is  xy'  -  a  =  0, 
a  being  a  constant,  the  solution  would  take  the  form 

xy'  -  <x  =  0 

y'  =  a/x     . 

y  =  C[{a/x)         ...         A 
=  log.bx'"         .         .         .         B 

where  b  is  an  arbitrary  constant.  The  student  should  note 
that  though  our  object  is  always  to  obtain  a  result  like  B,  yet 
if,  through  ignorance  of  the  integral  of  a/x,  we  could  get  no 
farther  than  A  we  should  still  be  considered  to  have  "  solved  " 
the  equation.  In  other  words,  to  solve  a  differential  equation 
does  not  necessarily  mean  to  obtain  a  formula  from  which 
values  of  y  can  be  calculated  by  direct  substitution,  but  to 
produce  an  equivalence  for  y  which  includes  no  derivatives. 
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A. 

Examples : — 

1.  Write  down  the  differential  equations  corresponding  to 
the  differential  formulEe :  (i)  S^z/Sa;  =  2  -  3x;  (ii)  S^y/Sx^  =  -  4 ; 
(iii)  8y/8x  =  a  +  b  ain  x;  (iv)  B^y/Sx^  =  a  +  b  sin  x. 

2.  Solve  each  of  the  differential  equations  of  No.  1. 

3.  Write  down  the  equivalents  of  y'  and  y"  when 

y  =  dx  -  2x^. 
Use  the  results  to  obtain  a  differential  equation  containing 
y,  y',  y",  and  x  but  not  containing  either  of  the  constants  3  and 
2.     Show  that  the  relation  y  =  ax  +  bx^  leads  to  the  same 
differential  equation. 

4.  In  each  of  the  following  cases  use  the  same  method  to 
obtain  a  differential  equation  from  which  the  constants  a  and  b 
have  been  eliminated : — 

(i)  y  =  ax^ ;  (ii)  y  =  ax  +  bx^ ; 

(iii)  y  =  ax^  +  bx' ;  (iv)  y  =  a  sin^a; ; 

(v)  y  =  a  cos  [px  +  ^)  ;■      (vi)  y  =  a  sin  px  +  b  cos  px. 

§  2.  The  Meaning  of  a  Differential  Equation. — It  is  im- 
portant to  understand  the  results  of  Nos.  3,  4.  Taking 
No.  4  (i)  we  see  that  the  primitive  y  =  ax'^  leads,  for  all  values 
of  a,  to  the  differential  equation  x .  y'  -  2y  =  0.  This 
equation  represents,  therefore,  a  property  which  holds  good 
of  all  functions  of  the  form  y  =  ax^  and  of  every  member  of 
the  family  of  parabolas  of  which  y  =  ax^  is  the  general 
formula. 

This  remark  will  shortly  be  seen  to  have  special  interest  in 
connexion  with  the  study  of  motion.  Here  the  independent 
variable  is  the  time  t,  while  the  dependent  variable  is  some 
measurement  which  fixes  the  position  of  the  moving  thing  at 
the  moment  t.  If  the  inovement  in  question  is  that  of  a  point 
travelling  along  a  straight  line  the  dependent  variable  is  gener- 
ally taken  as  x,  the  distance  from  a  fixed  origin  upon  the  line. 
If  the  movement  is  along  a  curve  the  distance  measured  along 
the  curve  from  a  fixed  point  thereon  may  be  taken  as  the  de- 
pendent variable  and  denoted  by  s.  On  the  other  hand,  we 
may  in  this  case  fix  the  position  of  the  point  by  stating  its 
two  co-ordinates,  x  and  y.  Finally,  the  movement  may  be 
pure  rotation  about  an  axis — as  in  the  case  of  a  revolving 
wheel  or  a  point  travelling  round  a  circle.  In  such  cases 
the  most  convenient  dependent  variable  is  the  angle  made 
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with  a  fixed  straight  line  by  a  line  through  the  centre  of  rota- 
tion joining  that  centre  to  the  moving  point  or  a  point  on  the 
moving  body. 

In  calculating  derivatives  in  the  case  of  a  function  which 
describes  a  movement  the  standard  formula  I  of  p.  338  must  be 
modified  in  one  particular  :  both  the  original  and  the  derived 
functions  are  functions  of  t,  and  h  must  be  considered  an 
interval  of  time  which  approaches  zero.  Thus  if  the  position 
of  a  moving  point  is  given  at  time  t  by  the  formula 

X  =  P(i) 
and  f[t)  is  the  first  derived  function,  we  have 

To  indicate  that  the  time  is  the  independent  variable  used  in 
calculating  the  derivative  we  may  write 

fit)  =  D.{x) 
or  we  may  use  the  more  concise  notation  invented  by  Sir 
Isaac  Newton  and  put 

fit)  =  X. 
Similarly  the  second  derivatives  may  be  denoted  by  either  of 
the  symbols  D^{x)  or  x.     It  should  be  understood  that  the 
dot-notation  always  implies  that  t  is  the  independent  vari- 
able and  must  not  be  used  in  any  other  case. 

Examples:  - 

5.  Show  that  the  symbol  x  may  be  interpreted  "  the 
velocity,  parallel  to  the  a;-axis,  of  the  moving  point  at  the 
moment  t,"  and  explain  carefully  what  this  statement  means. 
Give  a  similar  interpretation  and  explanation  in  the  case  of 
the  symbol  it. 

6.  Give  similar  interpretations  and  explanations  of '  the 
symbols  s,  s. 

7.  Explain  the  statements  that  6  and  6  measure  respec- 
tively angular  velocity  and  angular  acceleration. 

8.  A  point  is  moving  along  a  straight  line  in  a  manner 
described  by  the  position-formula 

x=2t  -  5f. 
Write   down   the   differential   equations  which   give   (i)   its 
velocity,  (ii)  its  acceleration  at  any  moment.     At  what  time 
and  at  what  point  will  the  moving  point  reverse  the  direction 
of  its  motion  ?    What  will  then  be  its  acceleration  ? 
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9.  A  point's  movements  are  described  by  the  law 
X  =  a  cos  pt ;  give,  in  terms  of  x  and  the  constants  p  and  a, 
the  laws  describing  its  velocity  and  acceleration  at  any 
moment.     What  is  the  type  of  the  motion? 

10.  Write  the  corresponding  differential  laws  for  the  motion 
X  =  b  sin  pt.  How  do  they  resemble  or  differ  from  those  of 
No.  9  ?  Is  it  possible  to  write  similar  laws  for  the  velocity 
and  acceleration  of  the  motion 

X  =  a  cos  pt  +  b  sin  pt  ? 

11.  The  motion  of  a  point  in  a  straight  line  is  described  by 
the  differential  equation 

X  +  p^x  =  0. 
What  can  be  deduced  about  its  positions  at  different  moments  ? 

12.  The  motion  of  a  wheel  about  a  fixed  axle  is  subject  to 
the  differential  law 

d  +  p^e  =  0. 
What  can  you  say  about  its  position  at  different  moments  ? 

13.  A  point  is  moving  along  a  plane  curve.  During  a 
short  time  t  it  increases  its  distance  from  the  co-ordinate  axes 
by  the  small  amounts  &x  and  Sy.  Show  that  the  distance 
which  it  travels  along  the  curve  is  given  by  the  differential 
formula 

8s  =  J{Sx^  +  Sy^). 
Convert  this  into  a  formula  for  calculating  SsjSt,  the  average 
speed  of  the  point  along  the  curve  during  the  time  t.     Hence 
prove  that  the  speed  at  the  moment  t  is  given  by  the  differen- 
tial equation 

s  =  V{*'  +  f)- 

14.  A  point  is  moving  with  the  compound  harmonic  motion 
described  by  the  pair  of  formulae 

X  =  a  sin  pt 

y  =  b  cos  2pt. 
Show  that  its  speed  at  any  moment  is  given  by  the  differential 
equation 

s  =p  ao&pt  J{a^  +  166^  sin^^Jt)- 

15.  A  point  moves  in  a  plane  in  accordance  with  the 
formulffi 

X  =  pt  -  sin  pt 

2/  =  1  -  aos  pt. 
Give  the  differential  equation  for  calculating  its  speed  at  any 
moment.     What  is  the  shape  of  its  path  ?     [See  p.  233.] 
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16.  A  point  is  moving  round  in  a  circle  of  radius  r  with 
uniform  speed  v.  Its  position  is  measured  by  the  angle  6 
which  the  line  joining  it  to  the  centre  O  makes  with  the 
a;-axis.     Show  that  e  =  vjr. 

17.  Show  also  that  its  distance  from  the  y-a,xis  t  seconds 
after  it  crosses  the  a;-axis  is  given  by 

A  vf 

X  =  r[l  -  cos  — 

18.  Show  by  obtaining  the  first  and  second  derivatives  of 
X  that,  at  the  moment  when  it  crosses  the  a;-axis,  the  point 
has  no  velocity  towards  O  but  that  it  has  an  acceleration 
towards  0  of  v^jr.  [Note  that,  since  any  diameter  might  have 
been  selected  as  the  axis  of  x  this  investigation  proves  a  re- 
markable property  of  uniform  motion  in  a  circle — namely, 
that  it  implies  a  constant  acceleration  of  v^jr  towards  the 
centre.  The  discovery  of  this  property  and  of  its  applica- 
tions in  astronomy  was  one  of  the  greatest  achievements  of 
Sir  Isaac  Newton  {Principia,  1687).] 

19.  The  moon  completes  its  revolution  about  the  earth  in 
about  27'3  days ;  its  distance  from  the  earth's  centre  is  about 
sixty  times  the  earth's  radius,  and  that  radius  is  about  3960 
miles.  Calculate  to  three  places  of  decimals  the  acceleration 
of  the  moon  towards  the  centre  of  the  earth,  taking  the  foot 
and  the  second  as  the  units  of  distance  and  time. 

20.  When  a  body  at  the  surface  of  the  earth  is  allowed  to 
fall  its  acceleration  is  about  32,  the  units  being  the  foot  and 
second.  Calling  this  acceleration  g  and  that  of  the  moon  m, 
show  that  m/g  =  (1/60)^  approximately.  In  other  words, 
show  that  the  accelerations  towards  the  earth's  centre  of  the 
moon  and  of  a  body  at  the  earth's  surface  are  inversely 
proportional  to  their  distances  from  that  centre.  [This  is  the 
famous  calculation  upon  which  Newton  based  his  theory  of 
gravitation.] 

B. 

§  3.  The  Solution  of  Differential  Equations. — The  com- 
plete solution  of  a  differential  equation  must,  since  it  involves 
integration,  depend  upon  a  previous  knowledge  of  the  results 
of  differentiating  the  various  typical  functions.  It  is,  how- 
ever, often  possible  to  facilitate  the  application  of  such 
knowledge  by  following  certain  rules  of  procedure.  The  art 
PT.  II.  24 
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of  solving  differential  equations  consists  largely  in  a  mastery 
of  the  devices  which  are  effective  in  the  various  typical  cases. 
Some  of  the  simplest  are  illustrated  in  the  following  examples. 
They  are  limited  here  to  those  which  apply  to  linear  differ- 
ential equations — that  is,  to  equations  in  which  neither  the 
dependent  variable  nor  any  of  its  derivatives  is  present  in  any 
degree  except  the  first.  It  should  be  noted  that  the  indepen- 
dent variable  is  not  restricted  to  the  first  degree.  If  the 
highest  derivative  present  in  an  equation  is  the  nth  it  is  said 
to  be  of  the  wth  order.  It  will  be  seen  that  the  examples 
contain  specimens  of  each  of  the  first  four  orders. 

Examples : — 

21.  Show  that  the  differential  equation 

y"  +  p'y  =  0 

(where  p  is  any  constant  number)  is  satisfied  by  either 
of  the  assumptions  (i)  y  =  a  cos  pt,  (ii)  y  =  b  sin  pt, 
(iii)  y  =  a  cos  pt  +  b  sin  pt,  where  a  and  b  are  arbitrary 
constants. 

22.  Show  that  the  same  solution  also  holds  good  for  the 
equation 

y'"  +  pY  =  0. 

23.  Determine  whether  any  one  of  the  foregoing  solutions 
applies  in  the  case  of  the  following  equations  : — 

(i)  y'  +  py  =  o  ;        (ii)  y  +  py'  =  o  ; 
(m)  y"  -  pV  =  o  ;     (iv)  y"  =  +  py'  =  +  p^y  =  o. 

Explain  the  reasons  for  failure  in  each  case. 

Nos.  21-23  bring  out  two  points  of  importance :  (i)  Either 
of  the  functions  a  cos  px  and  b  sin  px  is  a  solution  of  the 
differential  equation 

when  the  orders  (m)  and  (w)  of  the  derivatives  are  both  odd 
or  both  even,  but  not  if  one  is  odd  and  the  other  even,  nor  if 
the  plus  is  replaced  by  minus,  (ii)  When  a  cos  px  and 
b  sin  px  are  solutions  their  sum  is  also  a  solution. 

The  second  point  is  easily  seen  to«be  a  special  instance  of  a 
rule  of  general  application  in  the  case  of  linear  differential 
equations.     Let 

Fy"  +Qy'  +  By  ^0 
be  such  an  equation,  P,  Q,  B  being  either  constants  or  ex- 
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pressions  involving  x  (but  not  y).     Let  it  be  known  that  the 
functions  u  and  v  are  both  solutions ;  that  is,  let 

Pm"  +  Qm'  +  E  =  0 
and  P-y"  +  Qu'  +  E  =  0. 

Then,  by  addition,  we  have 

P(m"  +  v")  +  Q(m'  +  «')  +  E  =  0- 
But,  by  the  theorem  of  p.  340,  if  w  is  a  third  function  such 
that  w  =  w  +  i;,  we  may  write 

Pw"  +  Qw'  +  E  =  0. 
That  is,  w  is  also  a  solution.  The  proof  could  evidently  be 
extended  to  embrace  linear  equations  of  any  order  and  any 
number  of  special  solutions.  We  conclude  that  when  we 
have  found  all  the  possible  special  solutions  of  such  an 
equation  we  must  also  give  their  sum  as  a  solution.  Indeed 
it  is  unnecessary  to  give  any  other  solution  than  the  sum ; 
for  it  is  obvious  that  this  is  the  complete  solution  which  re- 
duces to  one  or  other  of  the  special  solutions  when  one  or 
more  of  the  arbitrary  constants  is  zero. 

Examples : — 

24.  Give  the  complete  solution  of  each  of  the  following 
equations : — 

(i)  y"  +  37  =  o  ;  (")  y'"  +  97'  =  o  ; 

(ill)  y'v  +  Sy"  +  47  =  o  ;  (iv)  6y'v  +  lyy"  +  lay  =  o. 

[Substitute  a  cos  px  for  y  in  each  case,  and  so  obtain  an 

auxiliary  equation  from  which  the  value  or  values  of  p  may 

be  determined.     Eemember  that  if  a.  cos  px  is  a  solution  so 

is  also  h  sin  px.] 

25.  Show  that  the  substitution  y  =  ae'"  will  satisfy  the 
equation 

y'  -  py  =  Q 

for  all  values  of  p,  a  being  an  arbitrary  constant.     Use  this 
result  to  obtain  solutions  of  the  equations 

(i)  y'  -  2y  =  o  ;  (ii)  y'  +  37  =  o. 

26.  Show  that  y  =  ae"   and  y  =  be^   are  both  solutions  of 
the  linear  equation 

y"-  2y'-  32/  =  0 

where  a  and  /3  are  the  roots  of  the  auxiliary  equation 

p^  -  2p  -  3  =  0 
and   a,    b  are   arbitrary  constants.     What  is  the  complete 

24* 
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solution  ?     [Assume  y  =  e"'  and  substitute  for  y  in  the  equa- 
tion.] 

27.  Find  the  complete  solutions  of  the  following  equations: — 

(i)  y"  +  Sy'  -  6y  =  o  ;  (il)  6y''  +  137'  +  6y  =  o  ; 
(ill)  47"  -  97  =  o  ;  fiv)  7'"  -  27"  -  7'  +  27  =  o  ; 

(v)  7'"  -  47'  =  o  ;  (vi)  47iv  -  57"  +  7  =  0. 

28.  Show  that  the  equation 

y"  +  iy  =  2  sin  3x 
is  solved  by  the  assumption  y  =  a  sin  3x,  where  a  is  not 
arbitrary  but  has  a  definite  value.     Would  an  assumption  of 
the  form  y  =  b  cos  3x  also  lead  to  a  solution  ? 

29.  Verify  that  the  equation 

y"+  4^  =  2  sin  3x 
is  also  satisfied  by  the  function  which  is  the  sum  of  the 
solution  found  in  No.  28  and  the  complete  solution  of  the 
equation 

y"+  iy  =  0. 

C. 

§  4.  Particular  Integrals. — Nos.  28,  29  bring  out  another 
very  important  property  of  linear  differential  equations.  The 
difference  between  the  equation  of  No.  28  and  its  predecessors 
is  that  it  contains,  in  addition  to  the  usual  terms  involving  y 
and  its  derivatives,  another  term,  2  sin  3a;,  which  does  ngt 
involve  any  of  these.  We  have  seen  that  there  is  a  solution 
based  upon  the  form  of  this  additional  term,  namely, 

y  =  -  0'4;  sin  3x. 
But  we  have  also  seen  in  No.  29  that  this  is  not  the  complete 
solution.  If  we  consider  the  equation  y"  4-  4^  =  0,  which 
is  derived  from  that  of  No.  28  by  omission  of  the  term  which 
does  not  involve  y  or  one  of  its  derivatives,  we  find  that  its 
complete  solution  is  y  =  a  cos  2x  +  b  sin  2x,  and  we  then 
discover  that  the  assumption 

y  =  a  oos2x  +  b  sin  2x  -  0'4  sin  3a; 
which  is  the  sum  of  the  solutions  of  y"  +  iy  =  0  and  of 
y"  +  iy  =  2  sin  3a!,  is  also  a  solution  of  the  latter.  The 
explanation  of  this  striking  result  is  very  simple.  The  re- 
sult of  carrying  out  upon  a  cos  2x  +  b  sin  2a;  the  operation 
-represented  by  the  symbolism  y"  +  4y  is  to  produce  zero, 
.that  of  carrying  out  the  same  operation  upon  -  0'4  sin  3x 


EXERCISE  CXV  373 

is  to  produce  2  sin  3a;.  It  follows  that  when  the  operation 
is  performed  upon  the  sum 

a  cos  2x  +  b  sin  2x  -  0-4  sin  3x 
the  result  must  be  the  sum  of  zero  and  2  sin  3a;,  that  is 
2  sin  3x. 

It  is  obvious  that  a  similar  argument  can  be  applied  in  all 
cases  of  this  kind.  Let  us  give  the  name  particular  in- 
tegral to  the  solution  based  upon  the  form  of  the  term  which 
does  not  involve  y  or  its  derivatives,  and  the  name  comple- 
mentary function  to  the  complete  solution  of  the  equation 
obtained  from  the  former  by  omitting  this  term.  Then  we 
have  the  rule  that  the  complete  solution  of  the  original 
equation  is  the  sum  of  the  particular  integral  and  the  com- 
plementary function. 

It  is  evident  that  we  must  supplement  the  previous  rules 
for  solving  linear  differential  equations  by  further  rules  to 
guide  us  in  seeking  the  particular  integral.  Such  rules  are 
suggested  by  Nos.  30-83.  For  the  sake  of  brevity  the  equation 
is  assumed  to  be  of  the  second  order,  but  it  will  be  seen  that 
the  results  would  hold  good  for  linear  equations  of  any 
order. 

Examples : — 

30.  An  equation  is  of  the  form 

y"  +  py'  +  92/  =  '■*"' 

where  p,  q,  r,  s  are  given  numbers.  Show  that  it  can  always 
be  solved  by  the  assumption  y  =  ae'"  where  a  is  a  constant 
to  be  determined. 

31.  Show  that  the  equation 

y"  +  py'  +  qy  =  rx 

cannot  be  satisfied  by  the  assumption  y  =  ax  unless  p  =  0, 
but  that  it  can  always  be  satisfied  by  the  assumption 
y  =  ax  +  b. 

32.  Show  similarly  that  the  proper  assumption  for  deter- 
mining the  particular  integral  of 

y"  +  py'  +  22/  =  '''^^ 

is  neither  y  =  ax^  nor  y  =  ax^  +  bx,  but  y  —  ax"^  +  bx  -\-  c, 

33.  Show  that,  in  general,  the  assumption 

y  =  a  cos  sx  -\-  b  sin  sx 
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is   the   proper  one  to   make   in  determining   the  particular 
integral  of  either  of  the  equations 

y"  +  py'  +  32/  =  *■  <5os  sx 

and 

y"  +  !Py'  +  qy  =  f  sin  sx. 

34.  Show  by  consideration  of  Nos.  30-33  that  the  proper 
assumption  for  determining  the  particular  integral  of 

y"  +  py'  +  qy  ^  ru 

where  m  is  a  function  of  x  only  is 

y  =  au  +  bu'  +  cu"  +    .  .  . 
a,  b,  c,  .  .  .  being  constants  whose  values   may  be  deter- 
mined by  the  results  of  the  substitution. 

35.  Find  the  particular  integral  in  the  case  of  each  of  the 
following  equations : — 

Ci)  y"  +  37  =  x^ ;  (")  y"  +  sy  =  z  cos  jx ; 

(iii)  y"  -  2y'  -  3y  =  3x' ;  (iv)  y"  -  2y'  -  3y  =  6x  -  20  sin  x. 

36.  The  complementary  functions  of  the  equations  in  No. 
35  have  already  been  found  in  Nos.  24-26.  Use  them  to 
give  the  complete  solutions. 

D. 

37.  As  a  preparation  for  Nos.  38,  39  prove  the  following 
theorem.  Let  U  be  a  function  of  x  of  which  u  is  the  first 
derivative.     Then 

D{y .  e")  =  e"  .  {y'  +  uy). 

38.  Show  that  if  the  equation 

y'  +  2a;^  =  0 
is  multiplied  by  e''  it  takes  the  form 

D{y  .  e^)  =  0. 
Hence  show  that  the  solution  \a  y  =   ae'"  where  a  is  an 
arbitrary  constant. 

Find  by  the  same  method  the  complete  primitive  of  the 
equation 

y'  +  2xy  =  X. 

39.  Obtain  complete  solutions  of  the  following  equa- 
tions : — 

(i)  y'  -  sin  X  .  y  =  o  ;  (ii)  xy'  -I-  y  =  4x"  ; 

(lu;  y'  -1-  — Ti  —  ^  -  X-  ;  (iv)  y   -  y  tan  x  =  2  sin  x. 

40.  Determine  the  most  general  forms  of  motion  which 
are  described  by  the  following  differential  equations ; — ' 
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(i)  2x  +  3x  -  2x  =  lie-"  ;  (ii)  t'x  +  afx  -  i  =  o  ; 
(iii)  X  +  p^x  =  A  cos  mt ;        (iv)  x  +  p^x  =  A  cos  pt. 

Note. — Nos.  40  (iii),  (iv)  are  of  importance  in  the  theory 
of  vibrations.  We  have  seen  that  when  a  point  (e.g.  the 
end  of  a  spring  or  the  centre  of  the  bob  of  a  pendulum) 
is  left  to  itself  to  vibrate  with  simple  harmonic  motion 
a;  =  a  sin  {pt  +  </>)  its  acceleration  is  given  by  the  differential 
equation 

X  +  p'^x  =  0,  or  «  =  -  p^x. 
In  (iii)  we  may  suppose  that  in  addition  to  this  "  natural " 
acceleration  the  point  has  imposed  upon  it  the  acceleration 
A  cos  mt.  The  solution  of  (iii)  shows  that  in  this  case  the 
actual  motion  will  be  the  sum  of  two  harmonic  motions 
whose  periods  are  respectively  27r/p  and  l-n-jm.  If  a  trace 
were  taken  of  the  movements  of  the  point  it  would  be  a  more 
or  less  complicated  periodic  curve  like  those  discussed  in 
Ex.  GIV.  Movements  of  this  kind  are  called  forced  vibra- 
tions. In  (iv)  we  have  the  special  case  in  which  the  period 
of  the  imposed  or  "  forced  "  acceleration  is  the  same  as  that 
of  the  natural  or  "  free  "  acceleration,  and  we  see  that  the 
amplitude  of  the  motion  now  becomes  endlessly  large.  These 
results  explain  phenomena  which  the  student  has,  no  doubt, 
often  seen  exemplified.  Suspend  a  fairly  heavy  weight  and 
note  roughly  the  time  of  its  "  free  "  vibrations.  As  it  swings 
with  a  small  amplitude  give  it,  on  either  side  alternately, 
slight  blows  with  the  finger  or  a  rod,  delivering  the  strokes 
in  regular  rhythm.  The  vibration  will  at  once  assume  a 
complicated,  though  still  periodic  character  which  will  re- 
mind the  observer  of  fig.  98  (p.  283)  or  some  other  similar 
graph.  Now  let  the  blows  be  given  in  a  rhythm  which 
has  the  same  period  as  the  free  vibrations  of  the  weight. 
Then,  in  accordance  with  No.  40  (iv),  the  amplitude  will 
rapidly  increase — even  if  the  blows  are  very  slight — and 
the  weight  will  soon  be  swinging  wildly.  The  student 
probably  knows  that  when  soldiers  cross  a  bridge  they  are 
ordered  to  "break  step".  This  is  done  for  fear  the  regular 
rhythm  of  their  tread  should  coincide  in  period  with  one  of 
the  components  of  the  natural  vibration  of  the  bridge  (see 
Ex.  CVI).  In  that  case  the  amplitude  of  the  "  forced  " 
vibration  might  become  dangerously  large.  For  the  same 
reason  it  is  not  safe  to  carry  a  liquid  in  an  open  tank  in  a 
railway  truck. 


EXBECISB  CXVI. 
SOME  THEOEETICAL  CONSIDBEATIONS. 

§  1.  Bolle's  Theorem. — Let  APB  in  fig.  108  be  the  graph 
of  a  single-valued,  continuous  function  of  x.  Let  the  graph 
cut  the  a;-axis  at  A  and  again  at  B.  Then  it  seems  intuitively 
obvious  that  between  A  and  B  there  must  be  at  least  one 
point  P  where  the  tangent  is  parallel  to  the  a;- axis ;  for  if  the 
curve  ascends  it  must  somewhere  begin  to  descend  again  and 


Fig.  108. 

vice  versa.  In  other  words,  it  seems  that  there  must  be  at 
least  one  point  P  so  situated  that  the  secant  joining  it  to  any 
other  point  P'  has,  as  P'  approaches  P,  a  limiting  position 
PT  parallel  to  the  a;-axis.  It  is  easy  to  see  why  the  curve 
must  be  the  graph  of  a  continuous  function  ;  if  there  were  a 
gap  in  it  that  gap  might  occupy,  so  to  speak,  the  place  where 
the  horizontal  tangent  ought  to  come.  Pig.  109  explains  to 
the  eye  why  the  function  must  also  be  single-valued ;  if  it 
were  multiple-valued  the  horizontal  tangents  might  both  lie  at 
points,  like  P,  Q,  which  are  outside  the  range  AB, 
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Now  suppose  the  graph  of  fig.  108  shifted  in  any  way, 
horizontally  and  vertically,  and  rotated  to  any  degree  about 
the  origin,  provided  that  it  still  remains  the  graph  of  a 
single- valued  function.     For  example  let  it  take  up  the  posi- 
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Pig.  109. 


Pig.  110. 

tion  shown  in  fig.  110.  Then  it  is  clear  that  the  tangent  at 
P,  though  no  longer  necessarily  horizontal,  is  still  parallel  to 
AB.  That  is,  if  we  choose  any  two  points  A,  B  on  the 
curve  there  is  on  the  curve  between  them  at  least  one  point 
P  where  the  tangent  is  parallel  to  the  line  AB. 
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These  conclusions  can  easily  be  put  into  an  algebraic  form. 
In  either  case  let  the  function  be  ^  =  F(a;)  and  let  f{x)  be  its 
derivative.  In  the  first  case  let  the  values  of  a;  at  A  and  B 
be  a  and  h.  Then  F(a)  ^  0  =  F(&),  and  we  have  seen  that 
for  some  value  of  x  between  a  and  b,  corresponding  to  the 
point  M,  f{x)  =  0.  Put  b  -  a  =  h  and  let  the  fraction 
AM/AB  =  $.  Then  our  conclusion  is  that,  if  ¥{<£)  =  0  and 
^(^)  =  0.  /(a  +  6h)  =  0,  where  6  is  a  fraction  between  0 
and  1. 

In  the  second  case  the  ordinates  at  A  and  B  are  respect- 
ively P(a)  and  F(6),  so  that  the  inclination  of  AB  to  the  ai-axis 
is  the  angle  whose  tangent  is 

F(6)  -  ¥(a) 
b  -  a 
The  conclusion,  in  this  case,  is,  therefore,  that 

b  -  a 
where  h  =  b  -  a  and  ^  is  a  fraction  between  0  and  1.  The 
first  of  these  conclusions  is  called  Rolle's  Theorem.  The 
second  is  usually  called  the  Theorem  of  Mean  Value  since 
it  makes  a  statement  about  the  average  or  mean  change  in 
value  of  the  function  per  unit  change  in  the  independent 
variable. 


Examples : — 

1.  In  the  case  of  the  function  j/  =  14  -  12a;  -  2x^  find 
a  and  b,  the  values  of  x  for  which  y  =  0,  and  calculate  the 
value  of  0  for  which  f(a  +  6h)  =  0,  f{x)  being  the  derivative 
oiy. 

2.  Find  the  gradient  of  the  line  joining  the  points  on  the 
curve  of  No.  1  whose  abscissee  are  respectively  +  4  and  -  3. 
Calling  these  abscissae  b  and  a  find  the  value  of  6  such  that 
f{a  +  Oh)  is  equal  to  the  calculated  gradient.  Exhibit  the 
results  of  Nos.  1,  2  in  a  figure. 

3.  Find  the  mean  rate  of  change  in  the  value  of  the  function 
y  =  log  cos  -^x  between  a;  =  +  1  and  a;  =  +  3.  Putting  a 
and  b  for  these  values  of  x  and  h  for  their  difference,  find  6 
such  that  /(a  +  6h)  is  equal  to  the  mean  rate  of  change,  f{x) 
being  the  derivative  of  y^ 
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4.  Verify  the  result  in  No.  3  by  drawing  the  graph  of  the 
function  log  cos  ^x  from  «=  +ltoa;=  +3. 

§  2.  Further  Analysis. — We  have  seen  two  conditions 
which  a  function  must  satisfy  if  the  theorems  of  §  1  are  to 
apply  to  it.  Consideration  will  show  that  there  are  two  others 
not  so  obvious.  The  first  is  that  the  derivative  of  y  must 
have  a  value  for  every  value  of  x  between  a  and  b.  The 
second  is  that  if,  for  two  values  of  x  between  a  and  b,  say 
a'  and  6',  the  derivative  has  two  different  numerical  values  m 
and  n,  then  it  must  exhibit,  as  x  rises  from  a'  to  b',  every  pos- 
sible numerical  value  between  m  and  n ;  and  this  must  be  so 
however  near  b'  is  to  a'.  These  conditions  together  may  be 
summarized  in  the  statement  that  the  derivative  must  be  con- 
tinuous between  x  =  d  and  x  =  b.  The  necessity  of  these 
conditions  is  best  seen  by  interpreting  them  geometrically. 
The  first  means  that  there  must  be  a  tangent  at  every  point 
of  the  curve.  This  condition  is  clearly  necessary,  for  if  there 
is  even  a  single  point  where  there  is  no  tangent  the  theorems 
would  not  hold  without  exception ;  the  tangentless  point 
might  be  called  upon  to  occupy  the  position  of  P  in  fig.  108 
or  fig.  110,  and  in  that  case  the  theorem  in  question  would 
break  down.  With  regard  to  this  argument  the  student  will 
probably  feel  inclined  only  to  question  whether  a  point  on  a 
continuous  curve  can  ever  be  without  its  tangent  so  long  as  it 
is  within  the  range  of  the  continuity.  To  this  interesting 
point  we  will  return.  The  geometrical  meaning  of  the  second 
condition  may  be  put  thus :  Let  the  tangent  to  the  curve  at 
A'  move  along  the  curve,  always  touching  it,  until  it  reaches 
the  position  of  the  tangent  at  B' ;  then  it  must,  in  its  capacity 
of  tangent,  lie  at  least  once  in  every  possible  direction  be- 
tween the  directions  of  the  tangents  at  A'  and  B'.  Moreover 
this  must  be  so,  however  short  the  interval  A'B'  may  be. 
Fig.  Ill  illustrates  the  necessity  of  this  second  condition. 
A'Tj  is  the  tangent  at  A'  and  B'Tg  the  tangent  at  B',  the  two 
points  being  one  on  each  side  of  the  cusp  P  and  as  near  to  it 
as  you  please.  Then  we  know  that  as  the  point  of  contact 
passes  through  P  the  tangent  will  swing  from  a  position  nearly 
coincident  with  A'Tj  to  one  nearly  coincident  with  B'Tz 
through,  an  infinite  nurnber  of  positions  in  which  it  is  not  a 
tangent  at  all.  The  consequence  is  that,  in  the  case  shown 
in  the  figure,  there  ig  no  horizontal  tangent  between  A  and  B, 
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Thus  before  we  can  apply  the  theorem  of  mean  value 
(which  we  may  regard  as  including  Eolle's  theorem  as  a 
special  case)  four  conditions  must  be  satisfied  :  the  function 
must,  between  x  =  d  and  x  =  b,  be  (i)  single- valued  and 
(ii)  continuous,  (iii)  it  must  have  a  derivative  for  every  value  of 
X  in  the  interval,  and  (iv)  the  values  of  the  derivative  must  be 
continuous.  Assuming  these  conditions  the  theorem  itself 
can  be  proved  by  purely  algebraic  considerations,  the  diagram 
(fig.  110)  being  used  simply  for  illustration.  We  first  note 
that  itf{x)  is  positive  (or  negative)  for  a  given  value  of  x  then 
¥{x  +  h)  ~  F(a!) 


is  also  positive  (or  negative)  for  at  least  a  certain  finite  range 
above  that  value  of  x.  If  this  were  not  so  the  values  of  the 
fraction 

F{x  +  h)  -  ¥{x) 


would  not,  as  h  decreases  in  the  neighbourhood  of  zero,  form 
a  continuous  series  approaching  but  not  reaching /(a;).  Some 
of  them  would  be  on  the  other  side  of /(a;),  and/(a;)  would  not 
be  their  limit.  Thus  if /(«)  is  positive  for  a  certain  value  of 
X  the  values  of  F(a;)  rise  for  a  certain  range  of  x  above  that 
value ;  if  it  is  negative  they  fall.  Again,  if  we  consider  the 
values  of /(«)  for  different  values  of  x  and  take  h  sufficiently 
small,  it  is  evident  that  the  magnitude  of  the  differential 

Sy  =  ¥{x  +  h)  -  F{x) 
rises  and  falls  with  the  corresponding  values  of  /{x) — that  is, 
that  where  f{x)  is  numerically  larger  or  smaller  there  Sy  is 
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also  numerically  larger  or  smaller.  This  follows  from  the 
fact  that  as  h  approaches  zero  the  fraction 
F(a  +  h)  -  P(fe) 
h 
approximates  endlessly  to  f{x).  It  is,  in  fact,  the  thing 
which  we  have  in  mind  when  we  say  that  f{x)  measures  the 
rate  of  increase  of  F(a;).  Now  among  the  values  of /(a;)  from 
X  =  a  to  X  =  b  one  must  be  the  lowest  and  one  the  highest. 
If  f{x)  had  its  highest  value  for  all  values  of  x  then  the 
change  of  F(a3)  from  P(a)  to  P(6)  would  be  greater  than  is 
actually  the  case ;  if  f{x)  had  throughout  the  range  in  ques- 
tion its  lowest  value  then  the  change  would  be  less  than 
it  actually  is.  There  must  be,  therefore,  a  mean  rate  of 
change  between  the  highest  and  lowest  values  otf{x)  which, 
if  it  were  constant  throughout  the  range,  would  imply  ex- 
actly the  same  rise  (or  fall)  in  value  as  the  function  F(a;) 
actually  shows.  Finally,  if  we  select  two  values  of  x  for 
which  f{x)  has  respectively  its  highest  and  lowest  values 
there  must  (since  the  derivative  changes  continuously)  be  a 
value  of  X  between  them  for  which  f{x)  actually  possesses 
the  mean  value.  That  is,  there  is  a  fraction  between  0  and 
1  for  which 

/(« * »«.  -  «)i  -  3^^' 

Examples : — 

5.  Give  the  geometrical  interpretation  of  this  argument, 
referring  to  fig.  110. 

6.  Modify  the  algebraic  argument  so  that  it  may  establish 
EoUe's  theorem  directly  and  not  merely  as  a  case  of  the 
theorem  of  mean  value. 

B. 

§  3.  Tangentless  Curves. — We  may  now  return  to  the 
question  raised  incidentally  in  the  last  article.  Can  there  be 
a  continuous  curve  without  tangents?  Or  in  other  words. 
Can  there  be  a  continuous  function  which  does  not  possess  a 
derivative  ?  "  Common  sense,"  basing  its  verdict  upon  the 
evidence  of  the  eye,  would  certainly  answer,  No.  It  seems 
obvious  that  a  continuous  function  is  essentially  capable  of 
representation  by  a  curve  and  that  a  curve  has  always  a 
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tangent  at  every  point.  (This  supposition  is,  of  course,  not 
invalidated  by  ttie  fact  that  at  a  cusp  like  P  in  fig.  Ill  there 
may  be  more  than  one  tangent ;  the  curve  is  not  without  a 
tangent  at  such  a  point.)  Down  to  the  year  1872  the 
opinion  of  mathematicians  was,  on  the  whole,  on  the  same 
side  as  common  sense.  But  in  that  year  one  of  the  greatest 
of  modern  mathematicians,  Karl  Weierstrass,  announced  his 
discovery  of  a  continuous,  single-valued  function  of  x  which 
cannot  be  graphed  and  has  nowhere  a  definite  derivative. 
This  celebrated  "  test  case  "  is  the  function 

y  =  cos  (■rrx)  +  b  cos  (atrx)  +  fi^cos  (o^ttx)  +  6'oos  (a'ira;) 
+  6*cos  {a*7rx)  +  .  .  .  . 
The  series  is  continued  without  end,  6  is  a  positive  fraction 
between  0  and  1,  a  is  an  odd  whole  number,  and  the  values 
of  the  two  constants  are  further  limited  by  the  condition 
that 

ab>l  +  ^,  i.e.  ah > 5-712  .  .  . 
Since  a  cosine  can  never  be  greater  than  unity  the  value  of  y 
cannot  exceed  the  sum  of  the  series 

l  +  b  +  b^+b'=...=  1/(1  -  6). 
Also  it  is  evident  that  y  has  a  value,  and  only  one,  for  every 
possible  value  of  x.  But  notwithstanding  these  harmless 
and  indeed  humdrum  features  Weierstrass  shows  (by  an 
argument  too  long  for  reproduction)  that  for  any  value  of  x 
the  fractions 

^{x  +  h)-  F{x)   ^^^    F{x)  -  ¥{x  -  h) 
h  h 

are  opposite  in  sign,  and,  as  h  approaches  zero,  exceed  in 
numerical  value  the  product  p{ab)"',  where ^  is  a  non-directed 
number  which  can  never  sink  to  zero  and  m  is  the  number 
of  terms  of  the  series  taken  into  account.  Since,  by  hypo- 
thesis, TO  is  to  be  endlessly  large  and  ab  greater  than  5  it 
is  clear  that  neither  of  the  fractions  can  have  a  definite  limit. 
That  is,  the  function  has  no  definite  derivative  for  any  value 
of  X,  whether  we  approach  that  value  from  above  or  below. 
The  inevitable  corollary  is  that  the  function  cannot  be  repre- 
sented geometrically,  for  there  is  at  no  point  a  determinate 
direction  in  which  the  graph  is  to  be  drawn. 

Figs.  112,  113  illustrate  the  kind  of  experiences  the  student 
will  have  if  he  seeks  to  draw  the  graph  of  Weierstrass's 
function.      In  making  these  figures  the  values  a  =  11  and 
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b  =  0'6  were  taken  and  the  values  of  the  successive  terms 
of  the  series  were  calculated  until  they  became  too  small  to 
be  represented.  In  fig,  112  the  points  P,  Q,  R,  S,  T  show  the 
values  of  f  at  intervals  of  0*05  in  the  value  of  x.  The  points 
are  joined  up  by  straight  lines  after  the  plan  followed  in 
constructing  barometric  and  thermometric  charts.     That  is, 


Pig.  112. 


the  lines  show  the  rise  or  fall  of  the  function  from  one  of 
these  points  to  the  next  but  do  not  pretend  to  prophesy 
intermediate  values  of  the  function.  Between  R  and  S  the 
values  are  exhibited  for  intervals  of  0-005  in  x,  and  movements 
of  y  are  brought  to  light  of  which  the  distribution  of  the 
original  series  of  points  gave  no  indication.  In  fig.  113  the 
portion  AB  of  fig.  112  is  shown  laterally  magnified.  Within 
this  portion  the  points  p',  q',  r',  s',  t'  show  the  values  of  y  for 
intervals  of  0-0005,  while  between  R  and  f  the  points 
p",  g",  r",  s"  show  values  at  intervals  of  0-0001.  It  will  be 
seen  that  the  narrowing  of  the  intervals  of  x  only  brings  out 
further  irregularities.     The  process  of  magnification  might  bei 
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repeated  endlessly  but  the  result  would  always  be  the  same. 
That  is,  we  should  never  reach  a  degree  of  fineness  of  the  x- 
intervals  which  would  exhaust  the  irregularities  in  the  changes 
of  y  and  make  it  possible  to  draw  a  smooth  curve  which  could 
be  taken  as  the  real  graph  of  the  function. 

In  the   following  examples   Nos.   7-18  show   how   other 
tangentless  curves  can  be  constructed.     These  curves,  which 
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Fig.  114. 

have  other  very  striking  properties,  are  due  to  two  living 
mathematicians,  the  Italian  Professor  Peano  and  the  American 
Professor  B.  H.  Moore.  Nos.  21-25  illustrate  curves  which 
have  at  each  point  an  endless  number  of  tangents.  They 
were  described  by  the  Polish  mathematician,  Ladislas 
Gosiewski. 

Examples : — 

7.  In  fig.  114  OT  is  a  line  of  unit  length,  OT'  the  square 
described  upon  it.  For  convenience  OT  is  repeated  below 
the  square  and  is  there  shown  graduated  in  thirds,  ninths 
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twenty-sevenths,  .  .  . ;  OT'  is  divided  into  twenty-seven  rect- 
angles. The  line  OT  is  supposed  to  be  taken  and,  by  uniform 
stretching,  laid  along  the  diagonal  OT'.  Then,  the  ends 
remaining  fixed  at  0  and  T',  it  is  by  further  uniform  stretching, 
combined  with  bending,  made  to  take  up  the  shape  OABT', 
the  letters  indicating  the  positions  of  certain  of  the  original 
points  of  OT.  How  much  has  each  element  of  the  original 
line  been  stretched?  What  are  the  gradients  of  the  links 
OA,  AB,  etc.  ? 

8.  Fig.  115  shows  the  rectangle  OA  of  fig.  114  further 
divided.     Bach  of  the  nine  rectangles  of 

which  it  is  composed  is  itself  divided  by 
vertical  and  horizontal  lines  into  nine  rect- 
angles of  equal  size.  The  segments  Oa, 
ab,  bA  of  the  line  OA  are  again  stretched 
uniformly  into  the  shapes  shown  in  fig. 
115,  the  principle  followed  being  that  the 
nodes,  i.e.  the  points  a,  b,  A,  which  mark 
the  ends  of  diagonals  of  the  rectangles  in 
fig.  114  must  be  undisturbed,  while  the  new 
links  produced  by  uniform  stretching  and 
bending  become  diagonals  of  the  newly 
created  rectangles.  Complete  fig.  115  on 
a  fairly  large  scale. 

9.  In  going  from  the  original  line  OT 
to  fig.  115  how  much  is  each  element 
stretched  ?  What  are  the  gradients  of  the 
finks  ? 

10.  Bach  of  the  rectangles  in  Oa,  ab,  etc., 
of  fig.  115  is  now  to  be  subdivided  into 
nine  in  the  same  way  as  OA  of  fig.  114 
was  subdivided  in  No.  8,  and  the  diagonals  of  fig.  115  are 
once  more  to  be  uniformly  stretched  and  bent  so  as  to  become 
diagonals  of  the  new  rectangles.  Show  the  effect  of  this 
operation  by  drawing  on  the  same  scale  as  before  at  least 
one-third  of  the  new  figure. 

11.  How  much  has  each  element  of  OT  now  been 
stretched?     What  are  the  gradients  of  the  links  ? 

12.'  When  the  operations  exemplified  by  the  transition 
from  fig.  114  to  fig.  115  have  taken  place  n  times  in  all  what 
will  be  the  numher  of  rectangles  in  the  original  square  ? 
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How  much  will  each  element  of  OT  have  been  stretched? 
What  gradients  will  the  links  possess  ? 

13.  What  is  the  limit  of  the  links  as  n  increases  endlessly  ? 
What,  then,  will  the  stretched  line  have  as  its  limit? 

The  answer  to  No.  13  is,  of  course,  that  the  limits  of  the 
little  diagonals  are  all  points  and  consequently  that  the  limit 
of  the  line  as  it  is  continually  stretched  and  bent  is  a  con- 
tinuous curve  whose  elements  are  points  like  the  elements 
of  all  other  continuous  curves.  Moreover,  it  is  obvious  that 
this  curve  cannot  have  anywhere  a  tangent.  Now  although 
we  have  given  no  algebraic  formula  for  the  curve  yet  it  is 
evidently  the  expression  of  a  definite  function ;  for  the  posi- 
tion of  each  point  in  it  is  derived  by  a  constant  law  from  the 
position  of  a  corresponding  point  in  OT.  Let  a  point  P  move 
with  uniform  speed  along  OT  so  as  to  traverse  its  whole 
length  in  one  minute.  At  the  same  time  let  a  second  uni- 
formly moving  point,  P',  traverse  the  whole  length  of  the 
curve  from  0  to  T'  in  one  minute.  Call  the  distance  of  F 
from  OT  at  any  moment  y.  Then  the  co-ordinates  of  P' 
within  the  square  are,  at  any  moment  t  after  the  movement 
begins,  t  and  y.     We  have,  then,  that 

y  =  f{i) 
where  the  function  meant  by  the  symbol  f  has  not  been  ex- 
pressed in  a  formula  but  is  nevertheless  indicated  quite  pre- 
cisely by  the  rules  for  obtaining  the  curve. 

Examples : — 

14.  Go  back  to  the  stage  before  that  represented  by  fig. 
114,  namely,  when  OT  lay  stretched  along  the  diagonal  OT'. 
Divide  the  whole  square  up  into  rectangles  as  in  fig.  114  but 
proceed  to  stretch  and  bend  the  diagonal  upon  a  new  principle 

represented  in  fig.  116.  That  is,  keep  the 
four  points  0,  A,  B,  T'  fixed  on  the  diagonal, 
but  stretch  and  bend  the  segments  OA,  AB, 
BT'  in  the  manner  indicated.  Construct 
the  whole  figure  upon  this  principle. 

15.  How  may  the  hne  Oa6A  in  fig.  116 
be  derived  from  OA  in  fig.  114  ?  Is  any 
stretching  required  7 

16.  Subdivide  the  square  OA  in  fig.  116 
PiQ.  116.             JjjJq  jjJjjq  squares.     Keep  fixed  the  points 

where  the  lines  Oa,  ab,  etc.,  cross  the  sides  of  the  squares, 
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but  bend  each  of  the  segments  within  the  squares  into  three 
links  after  the  manner  represented  on  a  larger  scale  in  fig. 
115.  Sketch  the  appearance  of  the  completed  figure  and 
calculate  the  gradients  of  the  links. 

17.  Answer,  with  reference  to  the  sequence  of  figures  thus 
to  be  obtained,  the  questions  of  No.  13. 

18.  Eepeat  with  reference  to  this  curve  the  argument 
given  before  No.  14.  Call  the  distance  of  P'  from  OT  x  and 
refer  to  the  function  by  the  symbol  <^. 

19.  Draw  another  square  with  OT  as  its  side  and  divide  it 
into  nine  squares.  Imagine  a  point  P'  to  move  uniformly 
from  O  to  T'  in  one  minute  in  such  a  way  that  its  abscissa  is 
the  distance  of  the  point  P'  from  OT  in  the  completed  fig. 
116  and  its  ordinate  the  distance  of  P'  from  OT  in  fig.  114. 
Draw  its  path. 

20.  Draw  another  square  and  trace  in  it  the  path  of  P' 
when  its  co-ordinates  are  derived  in  the  same  way  from  the 
figures  drawn  in  Nos.  8  and  16. 

If  this  process  were  repeated  endlessly  we  should  have  a 
curve  whose  coordinates  would  be  given  by 

X  =  (t>{t)  and  y  =  ij/{t). 
It  is  easy  to  see  that  there  would  be  no  point  of  the  square 
through  which  the  curve  would  not  run.  For  this  reason  it 
is  called  a  space-filling  curve.  Since  every  point  of  the 
space-filling  curve  corresponds  to  a  single  value  of  t,  the 
curve  seta  up  one-to-one  correspondence  between  the  points 
on  OT  and  the  points  of  the  square  and  thus  proves  that 
the  two  continua — linear  and  areal — have  the  same  num- 
ber.    (See  p.  166.) 

The  remaining  examples  deal  with  curves  which  differ 
from  the  "crinkly  curves  "  studied  above  through  possessing 
an  infinite  number  of  tangents  at  each  point. 

G. 

Examples : — 

21.  Draw  a  semicircle  of  radius  unity.  What  is  the  length 
of  its  circumference  ? 

22.  Describe  two  semicircles  within  that  of  No.  21,  one 
on  each  half  of  its  diameter.  What  is  the  total  length  of 
the  two  semicircles  ?  Upon  the  diameters  of  these  semi- 
circles describe  two  more  in  the  same  way  and  repeat  the 

25* 
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process  endlessly.  What  would  be  the  total  length  of  the 
curve  thus  formed  ?  Would  it  be  possible  to  distinguish  it 
by  the  eye  from  the  original  straight  line  ? 

23.  When  there  are  n  semicircles,  end  to  end,  upon  the 
line  take  any  point  P  on  any  one  of  the  semicircles  or  where 
two  semicircles  meet  and  draw  from  it  tangents  to  as  many 
semicircles  as  possible.  As  n  increases  what  can  be  said 
about  the  number  of  tangents  and  their  disposition  ?  What 
state  of  affairs  marks  the  limit  ? 

24.  Take  a  line  of  "  condensed  semicircles  "  sufficiently 
long,  and  imagine  it  also  bent  into  a  semicircle.  What  will 
be  the  real  length  of  the  curve  ?  Will  it  seem  to  have  a 
tangent  when  seen  by  the  eye  ?  WUl  it  really  have  a 
tangent  ? 

25.  Show  that  when  there  are  n  semicircles  end  to  end  as 
in  No.  23  they  correspond  to  an  implicit  function  which  is 
expressed  by  equating  to  zero  the  product  of  n  factors  of  the 
form 

y  -   J{Vn^  -  {^  -  finf) 
where  p  has  in  succession  the  values  1,  3,  5,  .  .  .  {2n  -  1). 
[Take  the  end  of  the  base  as  origin.] 

Call  this  product  11.  Then  we  see  that  the  limit  of  the 
curves  produced  as  n  increases  endlessly  is  the  geometrical 
expression  of  the  implicit  function 

L«  n  =  0  .         .         .         .  G 

It  is  clear  from  geometrical  considerations  that  in  this 
formula  every  value  of  x  makes  y  =  0  just  as  in  the  case  of 
the  formula  y  =  0  which  is  the  algebraic  description  of  the 
a;-axis.  Also  it  is  evident  that  the  function  can  have  no 
definite  derivative  for  any  value  of  x,  for  it  has  an  infinite 
number  of  tangents  at  every  point.  Thus  we  have  in 
Gosiewski's  function  (G)  another  one  which,  though  con- 
tinuous and  single-valued,  has  nowhere  a  determinate  de- 
rivative. 


EXEECISE  CXVII. 
A  GENERAL  POEMULA  FOE  EXPANSIONS. 

§  1.  The  Uses  of  Expansions. — Examples  have  familiar- 
ized the  student  with  the  idea  of  an  approximation-formula 
which  consists  in  an  "expansion"  of  a  function  in  integral 
powers  of  the  independent  variable.  Geometric  series  and 
the  binomial  theorem  were  our  first  instances  of  such  expan- 
sions and  were  studied  in  Part  I.  In  the  present  book  the 
most  notable  instances  have  been  the  expansions  for  log  (1  +  x) 
and  e"  (pp.  99-101),  for  sin  x  and  cos  x  (p.  309),  and  for 
arc  tan  x  (p.  311).  The  special  value  of  expansions  was 
pointed  out  long  ago  by  Sir  Isaac  Newton  who  took  as  his 
t3rpical  example  of  their  usefulness  the  case  of  decimal 
fractions — then  not  such  familiar  things  as  they  are  now. 
These,  as  he  said,  have  two  great  advantages  over  ordinary 
or  "  valgar "  fractions :  (1)  a  number  can  be  expressed  as  a 
decimal  to  a  greater  or  less  degree  of  exactness  according  to 
the  requirements  of  different  problems ;  (2)  decimal  fractions 
submit  much  more  readily  than  vulgar  fractions  to  the  pro- 
cesses of  addition,  multiplication,  etc.^  Algebraic  expansions 
simply  aim  at  seciy:ing  these  two  advantages  over  a  wider 
field. 

It  will  be  seen  that  the  usefulness  of  an  expansion  depends 
upon  the  fulfilment  of  two  conditions.  The  first  of  these  is 
the  obvious  one  that  the  expansion  must  be  of  such  a  nature 
that  a  moderate  number  of  terms  sufBces  to  give  the  closeness 
of  approximation  required  for  practical  purposes.  The  second 
is  that  it  should  be  possible  to  estimate  the  maximum  amount 
of  error  involved  in  the  omission  of  the  terms  which  follow 
those  which  are  taken  into  account.     It  is  evident  that  unless 

'He  might  have  referred  to  the  much  more  ancient  use  of 
"  sexagesimal  fractions "  of  Ptolemy  and  other  later  Greek 
mathematicians  (see  the  Note  on  p.  97). 
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some  such  estimate  can  be  obtained  we  have  no  guarantee 
that  the  neglected  terms — however  small  they  may  be  in- 
dividually— may  not  possess  a  total  which  renders  the  expan- 
sion entirely  useless  as  an  approximation-formula.  For  this 
reason  the  determination  of  the  "  remainder  after  n  terms  " 
was  an  important  incident  in  each  of  the  investigations  to 
which  reference  has  been  made. 

§  2.  Is  there  a  general  Formula  for  Expansions  ? — In 
this  exercise  we  are  to  examine  the  important  question 
whether  it  is  possible  to  find  a  general  formula  of  which  the 


Fis.  117. 

expansions  we  have  studied  (including  the  estimates  of  the 
"  remainder  ")  may  be  regarded  as  merely  so  many  special 
instances.  If  a  formula  of  this  kind  exists  it  will  obviously 
be  a  labour-saving  device  of  the  highest  value,  for  it  will 
enable  us  to  determine  at  once  the  expansion  of  a  given 
function  without  having  to  depend  upon  chance  discoveries 
(such  as  Newton's  discovery  of  the  binomial  formula)  or  the 
insight  of  a  man  of  genius.  It  will  be  found  that  the  theorem 
of  mean  value  discussed  in  the  last  exercise  will  lead  us  with 
comparatively  little  trouble  to  this  desirable  goal. 

§  3.  The  first  terms  of  the  Expansion. — Let  the  function 
in  question  be  symbolized  by  F(a  +  x)  where  a  is  a  constant. 
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Let  it  be  of  such  a  character  that  as  the  independent  variable 
changes  from  zero  to  x  the  corresponding  changes  in  the  value 
of  the  function  are  representable  by  the  area  under  some 
curve  (fig.  117)  between  a  fixed  ordinate  AO  and  a  movable 
ordinate  BX  distant  x  from  the  former.  Divide  the  area 
into  p  strips  by  ordinates  at  equal  distances  h  =  xip.  Let 
the  function  which  gives  the  height  of  the  ordinate  at  any 


point  between  0  and  X  be  f{d  +  x) ;  that  is,  let  f{a  +  x)  be 
the  first  derivative  of  F(a  +  x).     Then  we  have 
P(a  +  x)  -  P(o)  =  area  AOXB 
=  Li  lf{a)+f{a+h)+fia+2h)  +  .  .  .  +f{a+p-lh)}  xh. 

The  upper  portions  of  the  first  three  strips  are  shown  en- 
larged in  fig.  118  in  which  the  line  AH  is  horizontal.  It  is 
then  evident  that 

f{d  +  h)  =  f(a)  +  h  tan  a^,  f{a  +  2h)  =  f(a)  +  2h  .  tan  a^, 
/(d  +  Sh)  =  f{a)  +  3h  .  tan  aj, 
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ttj,  as,  aj  being  the  angles   made  with   AH  by   the   three 
secants  APj,  AP2,  APg. 

It  will  be  seen  that  two  assumptions  have  already  been 
made  about  the  nature  of  the  function  'E{a  +  x),  namely,  that 
it  is  continuous  and  that  it  has  a  derivative /(a  +  x)  for  every 
value  of  X  within  the  range  in  question.  Let  us  add  to  this  a 
third  assumption — that  f'{a  +  x),  the  derivative  of  fia  +  x), 
also  exists  and  is  continuous  throughout  the  same  range. 
Then,  by  Ex.  CXVI,  §  1,  there  is  a  point  Q^,  between  the 
ordinates /(a.)  and  /(a  +  h),  where  the  tangent  is  parallel  to 
the  secant  APj  and  measures  the  mean  gradient  of  the  curve 
through  the  segment.  Calling  the  distance  of  Qj  from  AO 
O^h,  where  6^  is  a  number  not  less  than  0  nor  greater  than 
1,  we  have  tan  aj  =  /'(a  +  6Ji),  so  that 

or  /(a  +  h)  =  /(a)  +  h  .f'{a  +  0,h). 

Similarly  there  is,  between  the  ordinates /(a)  and  f{a  +  2/i) 
a  point  Q2  distant  2h  x  6^  from  AO  (62  being  also  an  unknown 
signless  number  whose  least  and  greatest  possible  values  are 
zero  and  unity)  where  the  tangent  is  parallel  to  the  secant 
AP2.  The  ordinate  at  Q3  is  f(a  +  ^O^h)  and  we  have 
tan  ttg  =  f'{a  +  'iO^h).    Hence 

/(a  +  2h)  =  /(a)  +  2h  tan  aa 

=  /(a)  +  2hf'{a  +  le^h). 
Similarly  /(a  +  3/i)  = /(a)  +  3hf'{a  +  8^3/1),  and,  in  general, 

/(a  +  rh)  =  /(a)  +  rhf'{a  +  r0Ji). 
We  conclude,  then,  that 

f{a)  X  h 

+  /(a)  +  ¥'(«  +  0,h) 
+f{a)  +  2hf'(a  +  2e^h) 

+         ■    J ■_■     ■     .  _j ^    . 

+/(a)  +p-  lhf'{a  +  p-  ie^_,h) 

Now  of  the  numbers  f'{a  +  OJi),  f'{a  +  2$ih),  etc.,  one 
must  be  the  highest  and  one  the  lowest.  The  sum 
of  the  terms  in  the  second  column  of  the  bracket  would 
clearly  be  raised  if  we  substituted  the  highest  of  these 
numbers  for  all  the  rest  and  lowered  if  we  substituted  the 
lowest.  There  must,  therefore,  be  a  number  between  the 
highest  and  lowest  such  that,  if  we  substituted  it  in  each 


ie{a+h)-¥{a)=  ht 


EXERCISE  CXVII  393 

term  of  the  column  the  sum  would  be  unchanged.  Upon  the 
assumption  that  the  gradients  change  continually  along  the 
curve  this  number  must  be  the  actual  gradient  at  some  point 
between  A  and  B.  The  distance  of  this  point  from  AO  can 
be  represented  as  Ox  where  0  >•  ^  >-  +  1.  The  expression  for 
the  area  AOXB  now  becomes 

P(a  +  x)  -  E(a)   =   lit  {pf{a)  +  (0  +  1  +  2  +  .  .  . 

+  p  -  l)hf\a  +  6x)}h 
=  Lis  {ph  .f{a)  +  (0+1+2+...+  f^ri)hKf'{a  +  ex)}. 

But  ph  =  X  and. 
L«  (0  +  1  +  2  +  .  .  .  +  y^n:)h^  =   Lt  {ip{p  -  Vjh^} 

=  U  {ip^¥  -  iph'^} 


i*^  -  *.-) 


=   Li 

(for  since  x  =ph  a,s  h -^0,  p  ->  co).     We  conclude,  there- 
fore, that 

F(a  +  x)  -  P(a)  =  X  .f{a)  +  |'  ./'(a  +  te) 
or  F{a  +  x)  =  F{a)  +  x.f{a)  +  '^  .f'{a  +  Ox). 

§  4.  Numerical  Illustrations. — The  preceding  argument 
has  not  carried  the  expansion  very  far,  but  it  wUl  be  well  to 
make  sure  that  its  effect  is  thoroughly  understood.  Suppose 
that  in  a  given  case  F(a  +  x)  stands  for  (a  +  «)'.  Then 
F(a) — i.e.  the  value  of  the  function  when  x  is  zero — is 
a' ;  /(a  +  x)  is  3(a  +  xf,  so  that  f{a)  =  3a^ ;  f'{a+  x)  = 
2.3{a  +  x).     Thus  we  have 

{a  +  xy  =  a'  +  3a^x  +  3x^ .  (a  +  6x) 
=  a^  +  3a^x  +  3ax^  +  3to' 
where  0  ^  6  >.  +  1.  In  this  simple  case  we  happen  to  know 
that  the  last  term  is  x',  so  that  6  =  ^.  But  if  we  were 
ignorant  of  the  complete  expansion,  we  should  still  know 
that  the  last  term  is  either  zero  {$  =  0)  or  3x^{6  =  1)  or 
some  number  between  zero  and  3a;'. 
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Examples : —  A. 

1.  Find  by  the  formula  of  §  3  the  first  two  terms  of  the 
expansion  and  the  remainder  in  the  case  of  the  function 
{a  +  xf.  What  does  the  expression  become  when  a  =  1  ? 
Calculate  the  greatest  possible  numerical  value  of  the 
error  involved  in  taking  the  three  terms  of  the  expression 
as  equivalent  to  the  function  (1  +  xf  (i)  when  x  =  0*5, 
(ii)  when  x  =  0  01. 

2.  Give  the  first  two  terms  of  the  expansion  of  each  of  the 
following  functions  together  with  a  formula  for  calculating 
the  greatest  possible  value  of  the  remainder :  (i)  (2  +  xf^ ; 
(ii)  (1  -  xjaY  ;  (iii)  (3  -  2a;^)^.  Calculate  the  greatest  pos- 
sible numerical  value  of  the  remainder  in  (i)  when  x  =  -  Z, 
in  (ii)  when  a;  =  +  5,  a  =  +  10,  in  (iii)  when  x  =  -  1. 
Verify  the  correctness  of  the  calculation  in  one  of  these 
three  cases. 

3.  Give  formulae  for  calculating  the  greatest  possible 
magnitude  of  the  error  involved  in  using  the  following  ap- 
proximate equivalences  :  (i)  Ja^  +  x  =  a  +  a;/2a ; 

(ii)  l/a^  +  X  =  a  +  x/3a^. 
Calculate  the  greatest  possible  error  per  cent  (iii)  when  the 
square  root  of  105  is  determined  by  the  former  approximation ; 
and  (iv)  when  the  cube  root  of  1020  is  determined  by  the 
latter. 

4.  Prove  that  log,(l  +  x)  lies  between 

X  -  xy2  and  x  -  a;V2(l  +  xf. 
Apply  this  conclusion   to  log,  1"01.     [The   correct  value  is 
00099503  .  .  .] 

§  5.  The  Expansion  Continued. — The  formula  of  §  2, 
namely 

P(a  +  x)  =  F{a)  +  xf{a)  +  '^f'{a  +  6x) 

applies  to  all  functions  .which  comply  with  the  required 
conditions — that  is,  to  all  functions  which  are  themselves 
continuous  and  whose  first  and  second  derivatives  are  con- 
tinuous within  the  range  of  values  of  x  under  consideration. 
Provided  that  f{a  +  x)  complies  with  these  conditions  we 
may  apply  the  formula  to  this  function  as  well  as  to  any 
other.     Thus  we  have 
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/(«)=/(«) 


h\ 


f{a  +  h)  =f{a)  +  hf  (a)  +  ^f"{a  +  6,h) 
f{a  +  2h)  =  f{a)  +  2h/'{a)  +  ^^f"{a  +  2e^h) 
f{a  +  Zh)  =f{a)  +  3hf{a)  +  ^/"(a  +  36^^) 


f{a  +p  -  l.h)  =f{a)  +p  -  l.hf'{a)  + 


;r-l^.^'r.^,  (P-l-^y 


.f"{a+p-l.e^_,h) 


$1,  02  ■■•  ■  6p_  I  being  signless  numbers  of  which  we  can 
say  only  that  each  is  <t  0  and  >■  1. 

Multiply  each  line  across  by  h,  add  the  resulting  pro- 
ducts column  by  column,  and  find  the  limit  of  each  side  of 
the  equality  as  ^  -^0.  Making  use  of  the  results  of  §  2  so 
far  as  they  apply,  we  have 


¥{a  +  x)-  F(a)  =  xf{a)  +  ~f{a)  +  U 


1^      /|,3 

32    13 

+  ~-f"{a+Ze,h) 


+  ^  f-^'f"(a+J^ie,..,h) 

As  before  we  may  argue  (i)  that  of  the  numbers 

f"{a  +  eji),  /"{a  +  26 Ji),  etc., 
one  must  be  the  highest  and  one  the  lowest ;  (ii)  that  if 
the  highest  were  substituted  for  all  the  others  the  sum  of 
the  column  would  be  raised  ;  (iii)  that  if  the  lowest  were  so 
substituted  the  sum  would  be  lowered ;  (iv)  that  there  must, 
therefore,  be  a  number  which  when  substituted  for  each  of 
the  numbers /"(a  +  Oih),f"{a  +  2^2^),  etc.,  would  leave  the 
sum  of  the  column  unchanged.  Moreover,  since  the  function 
/"(a  +  x)  varies  continuously  between  the  points  A  and  B 
there  must  be  some  point  in  this  segment  of  the  curve  where 
its  value  is  actually  the  number  whose  substitution  would 
leave  the  sum  of  the  column  unchanged.      The  distance  of 
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that  point  from  AO  can  be  expressed,  as  before,  as  6x,  where 
0  ;>  6  >•  +  1.  Thus  the  last  term  in  the  new  formula 
becomes 

Li  {02  +  12  +  22  +  .  .  .  +  (p  -  1)2}  X  -g-  ./"(a  +  ex) 
l^Lt  0'  +  1'  +  22  +  .  .  .  +  (p  -  1)2  ^  hKp(p  -  1)2 
k^o  p{p  -  1)2  2 

x/"(a  +  dx) 
_  j^^   02  +  12  +  22  +  ■  .  ■  +  (p  -  1)2      x^  -  2a;Vp  +  a;Vj?2 
p{p  -  1)2  "^  2 

x/"(a  +  6x) 

by  WalUs's  Theorem.     We  conclude,  therefore,  that 

F(ffl  +  x)  =  F(a)  +  a/(a)  +  p'{a)+  ^^f"{a  +  0a;) 

— a  formula  which  carries  the  expansion 'one  stage  further. 

But,  provided  that  the  former  conditions  as  to  continuity, 
etc.,  hold  good  with  regard  to  f"\a  +  x),  we  can  apply  the 
new  formula  to  the  function /(a  +  x).     Thus  we  have 

f{a  +h)=  f{a)  +  hf'{a)  +  |-/"(a)  +  ^'"{a.  +  6^h) 
/{a  +  2h)  =  f{a)  +  2hf'{a)  +  ^/"(a) 


+  -f^V"'(«  +  ^02h) 


f{a+p-  l.h)  =  /(a)  +  ^  -  1 .  hf'ia)  +  ^^—^f"{a) 


(p  -  iyh\,„ 


Multiplying  each  line  across  by  h,  adding  the  columns  and 
applying  the  previous  results  we  obtain 
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F(a+  x)  -  F{a)  = 


2.3-' 

OS      l,S 


+      2.3      f"'{ci  +  p-ie,_,h) 

By  arguments  similar  to  the  former  and  by  a  further  applica- 
tion of  Wallis's  Theorem  we  finally  conclude  that 


VKV 


-f"'{a+e,h) 


Examples : — 

5.  Carry  the  expansion  of  F(a  +  x)  one  stage  further  giving 
the  argument  in  full. 

6.  Show  that  if  it  may  be  assumed  that 

¥{a+x)  =  F{a)  +  xf{a)  +  |y'(«)  +  ■  ■  ■  +  j—^f-^+O'^) 
then  it  follows  that 


(r  -  1)  ! 


r'ia) 


F(a  +  a;)  =  F{a)  +  xf{a)  +  Jj/'H  +  . . .  + 
+  ~f'Ko'+6x). 

No.  6  shows  that  if  the  formula  is  known  to  hold  good  for 
any  single  number  of  terms  it  will  hold  good  for  any  number 
of  terms  greater  than  this.  But  we  have  proved  that  it  holds 
good  for  two  terms  and  the  remainder  after  two  terms.  We 
conclude,  therefore,  that  it  holds  good  universally. 

In  quoting  and  in  remembering  the  formula  it  is  convenient 
to  substitute  f{a  +  x)  for  P((X  +  x).     We  then  have 

/(a  +  x)  =f{a)  +  xf'ia)  +  ^/"{a)  +  ...+  ^-^^/-i(a) 
+  ^/(a  +  te). 
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As  far  as  the  expansion  is  concerned  the  formula  was  dis- 
covered by  an  English  mathematician,  Brook  Taylor  (c.  1710). 
It  is  generally  called  Taylor's  Theorem.  The  great 
French  mathematician  Lagrange  discovered  our  formula  for 
the  remainder  (c.  1800)  but  arrived  at  it  by  an  argument 
different  from  ours. 


Examples : — 

7.  Show  by  Taylor's  Theorem  that 

{l+xr=l  +  nx+  ^^(^^^)«2  +  .  .  . 

n{n-  1)  .  .  .  {n~  r  +  2) 

+  ^(^-1)-  •;/^-"  +  ^V .  (1  +  te)"-. 

8.  Show  that  if  re  is  a  positive  integer  the  expansion  of 
No.  7  comes  to  an  end  with  the  {n  +  l)th  term,  but  that  in  all 
other  cases  the  expansion  is  endless. 

Note  that  No.  7  gives  a  complete  proof  of  the 
Binomial  Theorem  for  all  values  of  n. 

9.  Pind  by  Taylor's  Theorem  the  first  r  terms  of  the  ex- 
pansion of  1/(1  -1-  xy  where  p  is  a  positive  integer.  Add  the 
formula  for  the  remainder. 

10.  I  have  to  calculate  a  table  giving  the  amount  of  £1000 
at  3  per  cent  per  annum,  compound  interest,  for  periods  not 
exceeding  twenty  years'.  I  use  for  this  purpose  the  first  six 
terms  of  the  binomial  expansion  of  (1-03)"-  Show  that  the 
results  will  in  no  case  differ  from  the  true  amounts  by  more 
than  about  l|d. 

11.  I  wish  to  know  to  the  nearest  shilling  the  cost  of  an 
annuity  of  £100  a  year,  paid  half-yearly,  for  periods  not  ex- 
ceeding fifteen  years,  interest  being  reckoned  at  4  per  cent 
per  annum.  Will  it  be  sufBcient  to  use  the  first  four  terms 
of  the  expansion  of  (1"02)~^  where  p  is  the  number  of  half- 
yearly  payments  ? 

12.  Find  by  Taylor's  Theorem  the  expansion  of  log  (1  +  x) 
together  with  a  formula  for  the  remainder  after  r  terms. 

13.  Five  terms  of  the  expansion  of  No.  12  are  used  to  cal- 
culate to  base  e  a  table  of  logarithms  of  numbers '  between  1 
and  1-5.     To  how  many  decimal  places  will  the  logarithms 
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be  correct  ?     [Eevise  p.  100,  Nos.  62-7,  for  better  approxima- 
tion-formulee.] 


§  6.  Maclaurin's  Theorem. — If  we  put  a  =  0  in  Taylor's 
Theorem  we  have 

fix)  =/(0)  +  xf'iO)  +  |-,/"(0)  +  .  .  .  +  ^_^/-i(0) 

+  ^f{ex). 

This  special  case  of  the  formula  is  usually  called  Mac- 
laurin's Theorem.  It  is  to  be  used  in  expanding  functions 
such  as  sin  x,  a",  etc.  The  symbol  /(O)  means,  of  course, 
the  value  of  f{x)  when  x  =  0.  Similarly  to  determine  f'{0), 
/"(O),  ...  it  is  necessary  to  find  the  first,  second,  .  .  . 
derivatives  of  f{x)  and  substitute  a;  =  0.  Before  obtaining 
the  terms  of  an  expansion  the  student  will  find  it  well  either 
(i)  to  find  a  general  formula  for  the  rth  derivative  oif{x)  from 
which  the  successive  derivatives  can  be  readUy  obtained  by 
substitution,  or  else  (ii)  to  compile  a  table  of  the  successive 
derivatives ;  and  (iii)  to  consider  what  preliminary  informa- 
tion about  the  expansion  can  be  deduced  from  the  properties 
of  the  function. 

Examples : — 

14.  Show  that  if  f{-x)  =  f{x)  its  expansion  contains  only 
even  powers  of  x  and  that  if  /(-«)•  =  -  f{x)  it  contains  only 
odd  powers.  [A  function  of  the  former  kind  is  for  this 
reason  called  an  even  function  and  one  of  the  latter  kind  an 
odd  function.     What  examples  do  you  know  of  each  kind  ?] 

15.  Find  the  expansion  of  e"  together  with  a  formula  for 
calculating  the  remainder  after  r  terms.  Hence  derive  the 
expansion  for  e  with  the  corresponding  remainder  formula. 
Compare  the  result  with  that  of  p.  101,  No.  70. 

16.  How  many  terms  of  the  expansion  must  be  taken  in 
order  to  be  sure  of  calculating  e  correctly  to  four  places  of 
decimals  ? 

17.  Find  the  expansion  of  a"  together  with  the  remainder 
formula.  [This  expansion  is  often  called  the  Exponential 
Theorem.] 

18.  Show  that  the  expansion  of  sin  x  consists  entirely  of 
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odd  powers  of  x  and  that  the  remainder  after  the  term  in- 
volving a;^'""!  is 

19.  Show  that  the  expansion  of  cos  x  consists  entirely 
of  even  powers  of  x.  Find  the  expansion  together  with  a 
formula  for  calculating  the  remainder  after  the  term  involving 

g.ir  -  2. 

20.  Use  the  remainder-formula  of  No.  18  to  prove  that 
.  (unless  0  =  0)  the  sum  of  an  even  number  of  terms  of  the 

expansion  is  always  less  than  sin  x  and  the  sum  of  an  odd 
number  of  terms  always  greater.    [Compare  Ex.  CX,  No.  19.] 

21.  Prove  the  corresponding  result  in  the  case  of  the  ex- 
pansion of  cos  X. 

22.  In  Ex.  XOIX,  p.  221,  it  was  found  that  sin  a;  =  a;  -  x^l& 
approximately.  Use  the  remainder  formula  to  calculate  the 
greatest  possible  error  involved  in  calculating  the  sine  of 
57°  17'  45".  Find  from  the  table  of  sines  the  actual  magnitude 
of  the  error  in  this  case. 

23.  A  table  of  cosines  from  0°  to  45°  is  calculated  by  the 
formula 

cos  e  =  1  -  2-  +  2j. 

What  is  the  greatest  possible  numerical  error  in  the  table  ? 

24.  If  we  are  already  assured  that  a  function  /(a  +  x)  can 
be  expanded  in  integral  powers  of  x  it  is  possible  to  determine 
the  coefficients  by  a  much  simpler  process  than  the  one 
given  in  §§  1-4.     Let  us  assume  that 

/(a  -h  a;)  =  Co  +  c-^x  +  (hx^  +  c^x'  +  c^x^  +  c^x^  +   .  .  • 
where  Cq,  Cj,  C2  .  .  .  are   the  successive   coefficients.     Prove 
first  that  Cq  =  /(a).     [Put  x  =  0.] 

25.  Show  by  differentiating  the  expansion  in  No.  24  that 

/'(a  +  a;)  =  Ci  +  2c2aJ  +  SCga;^  +  i^c^x^  4-  .  .  . 
Hence  show  that  Cj  =  f'{a). 

26.  Continue  the  argument  so  as  to  determine  the  values 
of  Cj,  Cj,  C4.     Hence  show  that 

f{a  +  x)  ^f{a)  +  f'{a) .  x  +  ^^  .  a^  +^  •  ^' 
4! 
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Note. — This  is  the  method  by  which  Brook  Taylor  originally 
obtained  his  expansion.  Why  is  it  inferior  to  the  one  given 
in§§  1-4? 

C. 

§  7.  An  alternative  Method  of  Expansion. — The  special 
value  of  Taylor's  Theorem  is,  as  we  have  seen,  that  it  not 
only  tells  us  the  form  of  an  expansion  when  an  expansion 
is  possible  but  at  the  same  time  decides  the  all-important 
questions  whether  (i)  it  is  possible  and  (ii)  worth  finding.  If 
the  remainder 

K  =  f,r-\a  +  ex) 

does  not  exceed  a  definite  number  which,  for  a  reasonable  num- 
ber of  terms,  is  sufl&ciently  small,  then  the  expansion  is  not 
only  possible  but  worth  while  undertaking ;  for  it  can  be 
used  as  an  approximation-formula.  But  if  E  is  such  that 
for  any  particular  value  of  r  it  is  great  without  end  then  the 
expansion  is  obviously  useless  and  indeed  meaningless  as  an 
approximation-formula.  Also,  if  E  does  not  rapidly  decrease 
as  r  increases,  the  expansion,  though  it  may  be  possible, 
will  evidently  be  of  little  use  as  an  approximation-formula. 
Now  although  Taylor's  Theorem  can  always  be  used  to  find 
whether  an  expansion  is  possible  and,  when  it  is  possible, 
to  determine  it,  its  application  becomes  very  tedious  if  the 
higher  derivatives  of  the  function  are  complicated.  In  such 
a  case  it  is  better  to  seek  another  method  of  expansion.  The 
following  examples  illustrate  the  methods  which  frequently 
are  useful.  It  must  be  noted  carefully  that  they  do  not 
themselves  supply  a  value  for  the  remainder  or  even  decide 
whether  the  remainder  is  definite  or  endless  in  value.  This 
question  must  in  each  case  be  settled  by  a  separate  investi- 
gation. 

Examples : — 

27.  Show  that  the  expansion  of  sin  x,  assuming  that  it  is 
possible,  will  consist  of  odd  powers  of  x  only.     Assume 

sin  X  =  c^x  +  c^x^  +  CjS!^  -t-  c.,x''  +  .  .  . 
What    does    this   equivalence   become    when   differentiated 
(i)  once,  (ii)  twice  ?    Show  by  comparing  the  original  equival- 
ence and  the  second  derivative  that 

Cj  ^  Cj/3  !,  C5  =  Ci/5 !,  C7  =  c,/7  !,  etc. 
FT.  i;,  26 
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Use  the  first  derivative  of  the  expansion  in  No.  27  to  show 
that  Cj  =  1.     Hence  write  down  the  expansion  for  sin  x. 

28.  Determine  the  expansion  of  cos  x  by  the  same 
method. 

29.  Show  that  the  expansion  of  arc  tan  a;,  assuming  it  to 
be  possible,  contains  only  odd  powers  of  x.  What  is  the 
first  derivative  of  arc  tan  a;?  Expand  it  by  the  binomial 
theorem.     Assume 

arc  tan  x  =  c-^x  +  c^x'  +  c^x^  +  .  .  . 
and  obtain  the  first  derivative  of  this  equivalence.      Deduce 
the  values  of  the  coefficients. 

30.  Use  the  method  of  No.  29  to  expand  arc  sin  a;  and 
arc  cos  a;.  What  results  are  obtained  by  substituting 
X  =  +  ^  in  the  two  expansions  ? 

31.  Investigate  the  legitimacy  of  the  expansions  of  Nos. 
27-30  regarded  as  approximation-formulae. 

32.  Eevise  Gregory's,  Buler's,  and  Machin's  series  for  the 
evaluation  of  tt  [Ex.  CX,  C]. 


EXBECISB  CXVIII. 

SUPPLEMENTARY   EXAMPLES. 

A.    DiFFBBBNTIATION. 

§  1.  The  Notation  of  Leibniz. — Let  y  =  f{x)  represent  any 
function.  Then  we  have  already  studied  the  connexion  be- 
tween the  numbers  symbolized  by  ^yjhx  and  the  functions 
symbolized  by  the  notations /'(«),  y'  or  D{y).  We  have  seen 
that  hyjhx  stands  indifferently  for  any  value  of  the  fraction 
{f{x  +  h)  -  f{x)}/h  provided  that  h  is  taken  so  small  that  the 
neglect  of  all  powers  above  the  first  does  not  involve  more 
than  an  assigned  percentage  of  difference  in  the  results.  We 
have  also  seen  that  the  derivative/ '(a;),  y'  or  D{y)  is  no  one  of 
these  values  but  is  the  limit  of  the  sequence  of  them  produced  by 
assigning  to  h  an  endless  sequence  of  positive  values  descending 
towards  zero.  In  former  days  the  distinction  between  these 
two  ideas  was  not  properly  understood  ;  it  was  thought  that 
the  derivative  was  itself  one  of  the  values  of  the  fraction. 
For  this  reason  Leibniz  (who  shares  with  Newton  the  honour 
of  inventing  the  differential  calculus)  represented  the  first 
derivative  by  the  symbol  dy/dx,  the  second  derivative  by 
d^y/dx^,  etc.  This  notation  has  played  so  important  a  part 
in  mathematical  history  that  it  is  still  the  one  chiefly  used ; 
moreover,  it  is  in  some  cases  more  convenient  than  those 
which  we  have  hitherto  employed.  For  these  reasons  the 
student  should  not  go  unacquainted  with  it.  Its  use  is  not 
likely  to  mislead  him  if  he  remembers  always  that  dy/dx  is 
not  to  be  thought  of  as  a  fraction  but  as  the  limit  of  the 
fraction  Sy/Sx  as  Sx{  =  h)  approaches  zero.  The  convenience 
of  the  Leibnizian  notation  will  be  seen  in  several  of  the 
following  examples.  The  student  should  also  use  it  in  the 
other  examples  irj  order  to  become  accustomed  to  it. 

m  26  ♦ 
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Examples : — 

1.  Given  that  y  —  arc  tan  x  show  that 

^  =     ht^ 


h 


fc^o  tan  {y  +  h)  -  tan  y 


=  COS''^ 

1 


1  +  x^ 

Express  this  result  by  using  other  symbols  for  the  derivative. 

2.  Find  by  the  same  method  the  function  symbolized  by 
dy/dx  (i)  when  y  =  arc  cos  x,  (ii)  y  =  arc  sin  x. 

3.  Find  dy/dx  (i)  when y  =  aa,ro  tan px,  (ii)  y  =  a arc  sin px, 
(iii)  y  =  a  arc  cos  px. 

i.  Prove  that 

i            .          i.      I.               .       {a  +  b)x 
arc  tan  ao;  +  arc  tan  ox  =  arc  tan  ^ ^. 

Hence  write  down  dy/dx  when  2/  =  arc  tan  (a  +  b)x/{l  -  aio;'*). 

5.  Differentiate  the  functions  : — 

(i^  arc  sin  {axV(i  -  b^x^i)  +  bxV(i  -  a^x")}; 
(ii)  arc  cos  {6x^  -  J{i  -  i^x^  +  36X*)}. 

6.  Write  down  the  exponential  definitions  of  the  functions 
cosh  X  and  sinh  x.  Hence  determine  (i)  their  first  derivatives, 
(ii)  their  nth.  derivatives. 

7.  Find  the  first  derivative  of  tanh  x,  (i)  byi  defining  it  as 
sinh  a;/cosh  x,  (ii)  by  defining  it  as  {e"  -  e~')l(e'  +  e'"). 

8.  Given  that  y  =  x"  show  (i)  that  -D(log  y)  —  D{y)ly,  and 
(ii)  that  -D(log  y)  =  1  +  log  x.  Hence  find'  D{y).  This 
method  is  called  logarithmic  differentiation. 

9.  Determine  dy/dx  by  logarithmic  differentiation  when 
(i)  y  =  x'^",    (ii)    y  =  a;""'*''"'.      Also    determine    the   first 

derivatives  of  (iii)  sin  of,  (iv)  arc  sin  x" . 

10.  Determine  the  first  derivatives  of  the  functions : — 

(i)  sec  px  ;  (ii)  arc  sec  px  ;  (iii)  arg  cosh  (x/a) ; 

(iv)  arg  sinh  px  ;  (v)  e  -  W")* ;  (vi)  arg  gd  x  ;  (vii)  gd  x  ; 

(viii)  2  arc  cos  s/{x  -  b)/(a  -  b)  ; 

(ix)  2  arg  cosh  J(x  -  b)/(a  -  b)  ; 

,  ,  1  a  cos  X  +  b 

W     I,  » r;\  arc  cos r ; 

^  '  ^J{2?  -  b*)  a  +  b  cos  X  ' 

(xi)  log  {x  +  x/(x»  +  a«)}  ;  (xii)  log  {x  +  v/(x=i  -  a^^)}. 
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B.  Integration. 

§  2.  Integration  of  a  Function  of  a  Function. — We  have, 
seen  that,  in  general,  an  integration  can  be  performed  only  by 
reference  to  the  result  of  a  previous  differentiation.  Never- 
theless, when  the  mathematician  is  confronted  with  a  function 
which  is  not  included  in  his  list  of  results  of  differentiation  he 
is  not  necessarily  reduced  to  impotence.  It  is  often  possible 
by  manipulating  the  given  function  to  reduce  it  to  one  of  the 
"  standard  forms  "  upon  the  list  of  derivatives.  For  example, 
the  derivatives  studied  in  Nos.  1-10  are  mostly  so  important 
that  they  might  well  be  committed  to  memory  as  standard 
forms.  Yet  it  is  not  necessary  to  do  so,  for  they  can  all,  by 
the  use  of  certain  devices,  be  reduced  to  the  more  funda- 
mental integrals  of  Ex.  OXIV,  namely,  the  integrals  of 
a;",  e*,  1/x,  sin  x,  cos  x,  sec^«,  cosec^a;. 

The  most  general  method  by  which  this  kind  of  reduction 
can  be  effected  is  simply  the  inverse  of  the  process  of  differ- 
entiating a  function  of  a  function  of  x.  Suppose,  for  example,- 
that  you  had  forgotten  the  integral  of  cot  x  and  had  no  list 
of  derivatives  at  hand.  Then  the  integral  could  be  determined 
as  follows.  Let  the  integral  be  y  and  let  y  he  a,  function  of 
some  function  of  x  symbolized  as  u.  Then  since 
y  =  f{u)  we  have 

y'  =  f'{u)  .u'       .         .         .         .         A 
or  D^iy)  =  D„lf{u)] .  D,{u) 

dy  _  df{x)  du 
dx  du  '  dx 
by  the  rule  for  the  differentiation  of  a  function  of  a  function. 
In  order,  therefore,  to  integrate  cot  x  we  should  try  to  express 
it  as  the  product  of  two  functions  connected  with  one  another 
in  accordance  with  formula  A.  Now  cot  x  =  cos  a;/sin  x, 
and  since  cos  x  is  the  derivative  of  sin  x  it  is  natural  to 
assume  sin  a;  =  w,  so  that  u'  =  cos  x.     Thus  we  should  have 

,  1  , 
y  =  ~.u 
^        u 

=  D„(log  u) .  D^u) 
whence  y  =  log  u  +  a 

=  log  sin  X  +  a. 
(The  suffixes  in  Du,'D^  indicate  that  u  and  x  are  respectively 
the  variables.) 
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Examples : — 

11.  Integrate  by  this  method : — 

(i)  tan  X  ;  (ii)  cot  px  ;  (iii)  ax/(x2  +  b^),  [put  u  =  x^  +  b=]  ; 

(iv)  x/(x^  +  a^)  ;  (v)  x/(a2  -  x^)4  ;  (vi)  x^/(a'  +  x')}. 

12.  To  integrate  D^{y)  =  l/(a;^  +  a^)  put  a;  =  a  tan  u  and 
show  that 

Hence  find  the  integral.     Does  the  result  agree  with  No. 
3(i)? 

13.  Prove,  by  splitting  the  function  into  its  partial  frac- 
tions, that  the  integral  of  l/(a;^  -  a^)  is 

1   ,      X  +  a 

Find  also  the  integral  of  l/(a^  -  x^). 

14.  To  integrate  the  function 

■^"^^^^    ^   4:X^    -    4:X+    5 

show  that  the  denominator  can  be  expressed  as  (2a;  -  1)^  +  2^. 
Put  M  =  2a;  -  1  and  express  D^{y)  as  the  derivative  of  a  func- 
tion of  M,  regarding  u  as  the  variable. 

15.  Integrate  by  the  same  substitution  the  function 

^M  =  4a;2  _  4a;  _  3- 

Confirm  the  result  by  splitting  the  function  into  partial 
fractions  and  integrating. 

16.  Integrate  the  following  functions  : — 

(i)  i/(x«  +  2x  +  lo) ;  (ii)  i/(x2  -  2x  -  8)  ; 
(iii)  i/(i  -  2x  +  2x2)  .  (iy)  (-OS  xl{a?  +  sin^x). 

17.  The  fact  that  the   derivative  of  log   tan  (^  +  ^1  or 

arg  gd  X  is  sec  x  is  so  important  that  it  should  be  recorded 
as  a  standard  result.  It  may,  however,  be  obtained  as 
an  integration  by  the  following  method. 
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Let  DJ^^y)  =  see  x,  then 

my)  =     ^ 


COS  X 

1 


cos^'^a;  -  sin^^a; 
1  -  tan^-Ja; 


M  being  put  for  tan  ^x.     Continue  the  argument. 
18.  Integrate  the  functions 

1  .3  1 

+  -rrrr, -sr  and  - 


Jia'  -  a;2)  """        J{a:'  -  x^) 
the  first  by  the  substitution  a;  =  a  sin  u,  the  second  by  put- 
ting X  =  a  cos  u. 

19.  To  integrate  1/  J  {a?'  +  a;^)  put  x  =  a  tan  m  and  show 
that 

DJy)  =  i(a2  +  x^)i .    „"'     „ 
''^^'^       a^  ''     a;2  +  a^ 

=  sec  M  .  DJ^u). 
Hence  determine  the  integral. 

20.  To  integrate  D^{y)  =  log  x  put  a;  =  e"  and  show  that 

D,{y)  =  u..6''.D\u). 
Hence  determine  the  integral. 


C.  Differential  Equations. 
21.  Show  that  the  general  solution  of  the  equation 

(obtained  by  assuming  y  =  e'^)  can  be  expressed  in  the  form 
y  =  a  cosh  ^a;  +  6  sinh  -^x,  where  a  and  b  are  arbitrary 
constants.  Show  that  by  using  the  exponential  values  of  the 
sine  and  cosine  the  same  assumption  may  be  employed  to 
solve  the  equation 

4g.,  =  0. 
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22.  Find  by  the  assumption  ?/  =  e^  the  full  solution  of 

23.  Obtain   complete   solutions  of   the   differential  equa- 
tions : — 

(i)  d^2  +  97  =  2  cosh  X  ;  (ii)  ^  -  97  =  5  sinh  2x  ; 

("'^    '*dJ~di~5^"^  '^"^^  ^^  ' 

d^x 
(iv)  -jp  +  n't  =  a  +  b  cos  nt. 

24.  In  the  case  of  the  differential  equation 

y''  +  2cy'  +  c^y  =  0 
show  that  the  auxiliary  equation  has  equal  roots.     Note  that 
in  this  case  the  ordinary  assumption  y  —  e"  would  lead  to 
the  solution 

y  =  ae-'^  +  be~" 
=  (a  +  b)e-'^ 
Now  whatever  the  numbers  a  and  b  are  taken  to  be  the  sum 
a  +  &  is  simply  a  single  number.  Thus  we  seem  to  have  an 
exception  to  the  rule  that  the  solution  of  a  differential  equa- 
tion of  the  second  order  must  contain  two  arbitrary  constants, 
for  the  two  appear  to  reduce  to  one.  We  are  prompted,  there- 
fore, to  inquire  whether  an  equation  of  this  kind  has  another 
solution  not  given  by  the  ordinary  rule.  Show  that  the  as- 
sumption y  =  bx  .  e~°*  also  leads  to  a  solution,  b  being  an 
arbitrary  constant.     Hence  the  complete  solution  must  be 

y  =  ae'""  +  bx .  e~°" 
where  a  and  b  are  the  two  arbitrary  constants  which  theory 
led  us  to  expect. 

25.  Solve  completely  the  equations  : — 

(i)  d'y/dx'  -  4dy/dx  -1-47  =  0; 

(ii)  dV/dx'  -1-  3dy/dx  -t-  |y  =  o  ; 
(ill)  4y"  -  47  -t-  y  =  2x  +  e-''"  ; 
(iv)  7'"  +  7"  -  7'  -  y  =  0  ; 

,  ,   d^y       d^y       dy  , 

(^)  d^  -  d^  -  d^  +  y  =  °- 

§  3.  Separation  of  the    Variables. — Consider  the  equation 

,  dy       sin  x 

y  =  sm  a;/oos  w  or  V^  = . 

"  '       "       dx       cos  y 
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Since  y'  or  dyldix  is  the  limit  of  Stz/Sa;  as  8a;  approaches  zero 
we  have  the  approximate  equality 

§2/  _  sin  X 

Sx       cos  y 
which  becomes  ever  more  exact  as  8a;  and,  therefore  Sy,  are 
taken  smaller.     From  this  approximation  we  deduce  another, 
namely 

cos  y .  8y  —  sin  X .  8x  .  .  .  B 
Now  suppose  X  to  begin  with  the  value  zero  and  to  advance 
by  very  small  steps  Sx.  Then  the  value  of  y  will  also  change 
by  corresponding  steps.  Thus  when  x  has  reached  a  certain 
final  value  and  y  its  corresponding  value  we  shall  have  been 
able  to  assert  the  equality  B  about  n  pairs  of  products  of  the 
types  cos  y  .  Sy  and  sin  x  .  Sx  respectively.  We  can,  therefore, 
also  assert  it  about  the  sums  of  the  two  series  of  products. 
Moreover,  by  hypothesis,  the  limit  of  the  approximate  equality 
will  be  an  exact  equality.     Hence  we  have 

Lit  S  cos  y  .Sy  =  Jjt^  sin  X  .Sx 

that  is  5  cos  y  .  Sy  =  Isin  x .  Sx. 

Hence  a  +  sin  y  =  b  -  cos  x 

or  sin  y  +  cos  x  =  c 

where  c  is  some  arbitrary  constant.     The  result   could,  of 

course,  be  expressed  alternatively  in  the  form 

y  =  arc  sin  (cos  a;  +  c). 
This  method  of  solution  is  called  separating  the  variables. 

Examples : — 

26.  Use  the  method  of  separation  of  the  variables  to 
solve 

(i)  dy/dx  =  x/y  ;  (ii)  dy/dx  =  y/x ;  (iii)  x  .  y  +  2y  =  o  ; 
(iv)  y'  =  ex  +  y  ;  (v)  dy/dx  =  (i  +  y')l{i  +  x^) ; 

(vi)  dy/dx  =  2yx  ;  (vii)  dy/dx  =  y(2x  -  3)/x'' ; 

(viii)  dy/dx  =  yx/(x  -  3) ;  (ix)  dy/dx  =  yx/(x^  -  2x  -  63) ; 
(x)  dy/dx  =  y(x  +  4)/(x2  -  2x  +  26). 

Draw  a  graph  of  any  one  of  the  integrals  of  (vi)-(x). 

27.  Sometimes  a  differential  equation  is  given  in  the  form 
illustrated  by  the  following  specimens.  It  is  evident  that 
these  expressions  signify,  strictly  speaking,  only  an  approxi- 
mate equality  becoming  more  exact  as  the  differentials  be- 
come smaller.     The  mode  of  solution  is  as  before : — 


410  ALGEBRA 

(i)  (i  +  y) .  Sx  +  ;^(i  +  x) .  8y  =  0  ; 

(ii)  (x»  -  4) .  8y  -  y .  8x  =  o  ; 

(iii)  y  .  6x  +  tan  x  .  8y  =  o  ; 

(iv)  J{a?  -  x^!) .  8y  -  (b''  +  y'')  .  8x  =  o. 

§  i.  Integration  by  a  Series. — In  their  investigations  into 
the  phenomena  of  nature  the  physicist  and  the  astronomer 
are  constantly  concerned  with  two  aims.  On  the  one  hand, 
they  seek  to  determine  by  exact  observation  the  character  and 
course  of  the  phenomena  and  to  describe  them  in  precise 
mathematical  terms.  On  the  other  hand,  they  try  to  find  out 
the  general  laws  of  which  the  observed  phenomena  may  be 
regarded  as  particular  expressions.  Take  as  a  simple  example 
the  movements  of  a  body  allowed  to  move  freely  through  the 
air.  Such  a  body  may  be  simply  dropped  from  a  height  or 
thrown  straight  down  or  thrown  straight  up ;  in  these  cases 
its  path  will  be  a  vertical  straight  line.  Or  it  may  be  pro- 
jected with  any  velocity  at  any  angle  of  inclination  to  the 
horizontal ;  in  these  cases  its  path  will  be  a  parabola.  Now 
the  algebraic  descriptions  of  the  different  possible  modes  of 
movement  of  the  body  are  infinitely  various,  but  it  was  first 
shown  by  Galileo  (c.  1640)  that  they  are  all  contained  im- 
plicitly in  a  single  mathematical  law.  If  we  represent  by  the 
symbol  s  the  vertical  distance  of  the  body  from  any  fixed 
horizontal  plane,  then  this  law  is  expressed  by  the  differential 
equation 

s  =  32-2 
the  units  being  the  foot  and  the  second,  or 

s  =  981 
if  the  units  are  the  centimetre  and  the  second.     Similarly, 
the  endless  variety  of  expressions  of  the  shapes  presented  by 
a  medium  along  which  a  simple  harmonic  wave  is  travelling 
can  all  be  derived  from  the  differential  equation 

y"  +  n^y  =  0 
where   n  depends   upon   the   wave-length  of  the  harmonic 
shape. 

In  these  cases,  and  in  many  others,  the  physicist  may  be 
supposed  to  have  started  by  finding  the  formulae  that  actually 
describe  the  phenomena  and  then  to  have  determined  the  dif- 
ferential equation  from  which  these  formulae  might  have  been 
deduced.  In  many  other  cases,  however,  and  those  by  no 
means  of  the  least  importance,  it  is  not  found  possible  to 
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start  with  a  mathematical  description  of  the  actual  pheno- 
mena simply  because  the  phenomena  do  not  illustrate  any 
known  algebraic  or  trigonometrical  function.  In  such  a  case 
the  thing  cannot  be  described  because  there  is  no  known 
mathematical  phraseology  in  which  the  description  may  be 
given.  Nevertheless,  it  may  still  be  possible  for  the  physicist 
to  determine  by  theoretical  considerations  the  law  which 
governs  the  phenomena  in  question  and  to  express  it  in  a 
differential  equation.  Suppose,  for  instance,  that  there  is  a 
long  rope  hanging  freely  from  a  lofty  point  of  suspension — 
such  as  the  inside  of  the  dome  of  St.  Paul's  Cathedral.  Let 
some  one  grasp  the  bottom  of  the  rope  and  by  shaking  it 
cause  a  "  wave  "  to  ascend.  Then  the  forms  which  the  rope 
may  take  in  such  circumstances  are  not  capable  of  description 
in  terms  of  any  of  the  functions  which  we  have  hitherto 
studied.  Nevertheless,  it  can  be  proved  that  they  are  all 
subject  to  the  law  expressed  by  the  differential  equation 

X  .y"  +  y'  +  p^y  =  0  .  .  .  C 
where  x  is  the  distance  of  any  point  from  the  bottom  of  the 
rope,  y  its  horizontal  displacement  and  p  a  constant  which 
depends  upon  the  circumstances. 

Since  the  actual  movements  of  the  rope  cannot  be  described 
by  any  known  functions  it  is  obvious  that  the  equation  C  has 
no  solution  in  the  ordinary  sense ;  for  its  solution  would  be 
the  function  or  complex  of  functions  which  describe  the 
movement  of  the  rope.  Nevertheless,  since  the  movements 
are  not  erratic  but  are  controlled  in  accordance  with  the 
perfectly  definite  law  expressed  by  0  we  may  regard  them  as 
exemplifying  an  hitherto  unknown  function,  a  function  whose 
properties  can  be  determined  from  its  differential  equation 
just  as  the  properties  of  the  sine-function  could  be  determined 
from  the  equation 

y"  +  v?y  =  0 
if  we  had  no  other  source  of  knowledge  of  them.  The  par- 
ticular function  which  we  have  taken  to  illustrate  these 
remarks  is  called  the  Bessel  function,  after  the  celebrated 
astronomer  who  first  made  use  of  it  in  studying  planetary 
orbits  (c.  1824). 

We  have  said  that  the  properties  of  the  Bessel  function 
could  be  discovered  by  consideration  of  the  behaviour  of  its 
differential  equation.     We  can,  however,  make  the  function  a 
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more  palpable  thing  than  it  could  become  by  this  process  of 
exploration.  It  is,  to  wit,  possible  to  obtain  its  expansion  in 
integral  powers  of  x.  Thus  our  position  towards  it  is  just 
what  our  position  towards  the  sine-funotion  would  have  been 
if  we  had  first  discovered  it  through  the  differential  equation 
for  harmonic  motion  [y"  +  n^y  =  0)  and  were  unaware  of  its 
definition  in  connexion  with  the  right-angled  triangle,  but 
had  proved  that  it  may  be  expressed  by  the  expansion 
x^  x^  x'' 
^  =  ^-3!+5l-f!  +  --- 
The  following  examples  will  illustrate  this  interesting  way  in 
which  new  functions  sometimes  enter  into  the  realm  of 
mathematics.  To  make  the  method  more  intelligible  we 
will  start  by  showing  how  two  of  the  familiar  functions 
might  have  become  known  as  expansions  by  means  of  their 
differential  equation  if  we  had  ■  had  no  other  source  of  ac- 
quaintance with  them. 

Examples : — 

28.  A  function  is  subject  to  the  differential  equation 

y"  +  y  =  0. 

Assuming  the  expansion 

y  =  Cq  +  c^x  +  c^  -1-  CgS;'  -J-  c^x'^  -1-  .  .  . 
show  that 

y"  =  2c2  +  2 .  Scga;  -i-  3  .  4040;'^  +  4 .  bc^x^  -f  5  .  Gcga!*  -(-... 
Hence  show  that  the  coefficients  break  up  into  two  inde- 
pendent classes : — 

(i)  Co,     Ca  =   -  C0/2  !,     C4  =  -t-  C0/4  !,     Co  =   -  Co/6 !,     etc. ; 
(ii)  Ci,     C3  =  -  C1/3  !,     Cs  =  +  Ci/S  !,     c,  =  -  Ci/7 !,    etc. 

The  coefficients  of  the  first  class  depend  for  their  values 
on  the  value  of  Cq,  those  of  the  second  class  on  that  of  Cj.  It 
is  clear  that  Cq  and  Cj  are  the  two  arbitrary  constants  to 
be  expected  in  the  solution  of  a  differential  equation  of  the 
second  order.  Since  they  are  arbitrary  we  may  suppose,  on 
one  occasion,  c^  =  0,  and  on  another  occasion  Cq  =  0.  In 
the  first  case  the  expansion  will  reduce  to  the  terms 

Co(a;  -  a;V3 !  -f  0:75 !  -  ccV? !  +  .  .  .) 
in  the  second  to  the  terms 

Ci(l  -  a;V2 !  +  a;V4 !  -  a;V6 !  -t-  .  .  ,) 
It  is  evident  that  we  may  consider  the  two  series  within  the 
brackets  to  be  two  different  functions  of  x  which  we  may 
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symbolize  (say)  as  S(a;)  and  G{x).  Eeplaoing  c„  and  c^  by 
the  more  usual  a  and  b  we  may  now  say  that  the  equation 
y"  +  y  =  0  is  satisfied  either  by  aS{x)  or  by  bG{x)  or  by 
their  sum ;  S(a;)  and  G{x)  being  functions  defined  by  the  fore- 
going expansions  and  a,  b  arbitrary  constants. 

Before  the  series  can  be  accepted  as  the  expansions  of 
functions  they  must  be  shown  to  represent,  for  a  given  range 
in  the  values  of  x,  numbers  which  do  not  exceed  a  specifiable 
amount.  Show  that  in  both  series,  so  long  as  a;  >■  1,  each 
term  is  numerically  less  than  its  predecessor.  Hence  prove 
that  S{x)  is  numerically  less  than  x  and  G{x)  numerically 
less  than  unity  for  values  of  x  numerically  not  greater  than 
unity. 

29.  Assuming  that  the  solution  of  the  differential  equation 
X .  y"  +  y'  +  p^y  =  0 
is  a  function  capable  of  expansion  in  integral  powers  of  x,  show 
that  the  successive  coefficients  are  connected  by  the  relations 


"l 

+ 

p\ 

=. 

0 

4:C2 

+ 

p\ 

= 

0 

9C3 

+ 

fOi 

= 

0 

etc.,  etc. 

Hence  show  that  one  solution  of  the  equation  is  the  function 
y^c^^X-fx  +  ya;2/22  -fx^fl^ .  S^+^^Va^ .  3''' .  4^  -  .  .  .). 
[The  series  within  the  bracket  is  an  example  of  a  Bessel 
function.] 

30.  Another  form  of  Bessel's  equation  is 
y"  +  y'lx  +  py  =  Q. 
Show  that  this  is  satisfied  by  an  integral  of  the  form 
y  =  Co(l  -  jpa;V22  +  p^x*/2^  .  4^  -  p»xy2^  .  4'^  .  6^  +  .   .   .). 
[The  series  within  the  bracket  is  another  example  of  a  Bessel 
function.     It  was  used  by  Fourier  in  describing  the  flow  of 
heat  through  a  hot  cylinder  when  it  is  brought  into  a  cold 
room.] 

D.  PaetiaIi  Differentiation. 

§  5.  Partial  Derivatives. — In  fig.  119  the  ellipses  are  the 
"  contour  lines  "  of  the  surface 

z  =  ax'  +  by^ 
with  a  =  +  1,  6  =  +  2-25.     The  paper  is  the  a;2/-plane  and 
positive  values  of  z  are  measured  up  from  it  towards   the 
reader.     The  contours,  except  the  first  two,  are  taken  at  unit 
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intervals  in  z  and  each  line  is  labelled  with  the  actual  height 
above  the  paper  of  the  cross-section  which  it  represents.  The 
lines  AB  and  CD  are  the  traces  of  two  vertical  planes  parallel 
respectively  to  the  aaj-plane  and  the  «?/-plane  and  intersecting 
in  a  vertical  line  through  the  point  P  situated  upon  the  con- 
tour 0  =  -t-  1.  Let  the  formula  of  the  plane  AB  h&y  =  q; 
that  is,  let  it  be  distant  q  from  the  «a!- plane.  Then  it  intersects 
the  curved  surface  in  a  parabola  whose  formula  is 


z  =  ftsc^  +  hq^ 
Similarly,  if  CD  is  the  plane  a;  =  ^  its  intersection  with  the 
surface  is  the  parabola 

z  =  ap^  +  by^ 
These  curves  are  shown  in  fig.  120,  the  former  in  a  firm,  the 
latter  in  a  broken  line.  The  parabola  CD  is,  of  course,  in  its 
natural  position,  in  a  plane  perpendicular  to  that  of  AB  ;  it  is 
represented  in  the  figure  as  folded  back  upon  the  plane  of 
the  paper. 

Now  suppose  a  point  (if  you  like,  a  small  insect)  to  move 
along  the  surface  represented  by  fig.  119  in  such  a  way  that 
it  is  always  in  the  plane  AB.  Then  its  actual  path  is  evidently 
jihe  curve  AB  of  fig.  120.     From  the  point  A  to  the  vertex  V 
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the  point  would  be  travelling  "downhill";  from  V  to  B 
"  uphill ".  What  is  the  gradient  of  the  ascent  at  the  point  P  ? 
The  answer  is  obvious.  The  gradient  is  the  limit  of  the 
quotient  Sz/hx  where  Sas  is  the  horizontal  distance  Pp'  in 
fig.  120  or  Pp  in  fig.  119  and  Sz  is  the  vertical  distance  ^^in 
fig.  120  or  the  distance  between  the  contour-planes  through  P 


0  +1 

Pig.  120. 

and  pq  in  fig.  119.  This  statement  is  obviously  equivalent  to 
saying  that  the  gradient  at  P  in  the  plane  AB  is  the  value  at 
P  of  the  derivative  of  z  in  the  formula 
z  =  ax^  +  bq^ 
that  is,  it  is  the  value  at  P  of  the  function  2ax.  Since  we  are 
told  that  X  =  p  a.t  the  point  P  the  numerical  value  of  the 
gradient  there  is  2ap.     Similarly  for  a  point  moving  along 
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the  surface  in  the  plane  CD  the  gradient  at  P  is  given  by  the 
derivative  of  z  in  the  formula 

z  =  a^  +  hy'^. 
That  is,  the  gradient  is  2by,  or  (since  y  =  q&i  the  point  P) 
262. 

It  is  evident  that  these  results  could  have  been  obtained 
directly  from  the  original  formula  for  the  surface 

z  =  ax^  +  hy^ 
by  applying  the  following  simple  rule  :  To  obtain  the  gradient 
anywhere  along  the  plane  AB  write  down  the  derivative  of  z 
treating  x  as  the  only  variable  and  y  as  if  it  were  a  constant. 
To  find  the  gradient  anywhere  along  the  plane  CD  take  the 
derivative  of  z  upon  the  assumption  that  y  is  variable  but  x  a 
constant.  Moreover,  it  is  evident  that  the  argument  would 
hold  good  of  gradients  along  any  planes  parallel  respectively 
to  the  «a3-plane  or  the  ^jZ-P^^ne. 

The  mode  of  differentiation  illustrated  by  the  foregoing  ex- 
ample is  called  partial  difTerentiation,  and  the  results,  2ax 
and  Ihy,  the  partial  derivatives  of  z  with  respect  to  x  and  y. 
To  distinguish  them  from  ordinary  derivatives  we  may  repre- 
sent them  by  the  symbols  ^  lizfhx  and  'bzflsy. 

Examples : — 

31.  The  formula  for  a  curved  surface  is 

z  =  ^x^  -  Zy^  +  i:X  +  y  -  5. 
Find  an  expression  for  the  gradient  at  any  point  of  the  path 
traced  along  it  by  a  point  moving  (i)  in  a  plane  parallel  to 
the  2a;- plane,  (ii)  in  a  plane  parallel  to  the  zy-^\axie.  Find 
the  actual  slopes  in  degrees  at  the  points  (iii)  where  the  plane 
y  =  Jr  1  crosses  the  contour-plane  z  =  -  1,  (iv)  where  the 
plane  x  =  -  2  crosses  the  contour  z  =  - 19. 

32.  Calculate  the  coordinates  of  the  turning-points  of  the 
paths  along  the  two  planes  mentioned  in  No.  31  (iii)  and 
(iv). 

33.  It  is  evident  that  if  a  certain  point  on  a  hill  is  a  turn- 
ing-point both  for  a  path  that  crosses  it  from  south  to  north 
and  for  one  that  crosses  it  from  west  to  east  it  is,  if  not  the 
highest  point  of  the  hill,  at  least  the  top  of  an  "  eminence  " 
upon  the  hill.  At  such  a  point  a  tangent-plane  to  the  hill 
would  be  horizontal.  Similar  remarks  hold  good  of  the 
bottom  of   a  hollow.      Use  these   observations   to  find  the 

'  Usually  read  :  "  round  d  z  on  round  d  x,''   etc. 
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coordinates  of  the  point  where  the  tangent-plane  to  the 
surface 

z  =  3x^  +  V  -  12a;  +  My  +  28 

is  horizontal.  Determine  by  means  of  the  values  of  IS^z/'dx^ 
and  li^zfiy^  whether  the  point  is  the  summit  of  an  eminence 
or  the  bottom  of  a  hollow.  [See  Part  I,  Note  on  p.  160.] 
How  far  is  the  point  above  or  below  the  plane  of  the 
paper  ? 

34.  Answer  the  questions  of  No.  33  with  reference  to  the 
surface 

z  =^2a?  -  5xy  +  4:y^  +  26a;  -  36y  -  13. 

35.  Apply  the  same  method  to  the  surface  in  No.  31  and  show 
that  the  point  where  the  tangent-plane  is  horizontal  is  a  lower 
turning-point  for  the  path  cut  by  one  of  the  two  perpendicular 
planes  and  an  upper  turning-point  for  the  other.  This  result 
evidently  means  that  the  surface  is  shaped  like  a  saddle  which 
rises  from  its  middle  point  towards  the  horse's  head  and  tail 
and  at  the  same  time  falls  away  towards  the  animal's  sides. 
We  may  call  a  point  where  this  state  of  affairs  exists  a  maxi- 
mum-minimum point. 

36.  Determine  the  first  and  second  partial  derivatives  (i.e. 
the  values  of  'dz/'dx  and  'dz/<iy  and  of  'b^z/'bx^  and  S^/Sj/^)  in  the 
case  of  each  of  the  following  functions  of  x  and  y  : 

(i)  z  =  6=^+/  ;  (ii)  z  =  sin  (2x  +  Sy)  ; 
(iii)  z  =  log  ^  _    ^  ;  (iv)  z  =  ax^  -  8xy  +  2j'  +  isx  -  2oy  +  s  ; 

(v)  z  =  2x^  -1-  3x^  +  sy^  -  36X  -  2oy  +  7  ; 
(vi)  z  =  arc  tan  —  ;  (vii)  z  =  3x(y''  -  4) ; 

(viii)  z  =  e-f'+^V- 

37.  In  the  case  of  the  functions  (i),  (iv),  (v),  (vii)  of  No.  36 
determine  the  turning  values  (if  there  are  any),  and  find 
whether  they  are  maxima,  minima  or  maxima-minima. 

38.  Suppose  you  wish  to  find  the  partial  derivatives  of  z 
given  that 

z'^  =  ax^  H-  by^ 

the  easiest  way  to  proceed  is  as  follows.  Put  u  =  z^  then  (by 
the  rule  for  differentiating  a  function  of  a  function  of  x)  we 
have 

PT.  II.  27 
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3m  _  „     7)2 
l)x  ~      '  3a;' 
But  since  u  =  ax^  +  by^ 

we  also  have  <—  =  2ax. 

ox 

It  follows  that  2z  .  —  =  2ax. 


or 


'  3a! 
3^  _  ax 

3a;        e 


ax 


~  {aa?  +  by^f 

Apply  this  method  to  determine  32/3a!  and  32/3^/  in  the  follow- 
ing cases : — 

(i)  z^  =  zx"  -  4y2 ;  (ii)  z'  =  x''  -  3x7  +  Sy" ; 
(iii)  e«  =  ebx  +  eT  ;  (iv)  tan  z  =  e  -  «/y. 

§  6.  Tangents  to  a  Contour-line. — Eeturn  to  fig.  119  and 
consider  the  line  st.  This  may  be  regarded  either  (i)  as 
simply  a  line  joining  the  points  pq  on  the  dotted  contour-line 
or  (ii)  as  the  trace  of  a  plane  through  those  points  and  per- 
pendicular to  the  paper.  Eegarded  in  the  first  way  the  lines 
marked  Pp  and  Pg  in  fig.  119  are  the  projections  of  the  actual 
lines  Pp  and  Pg  of  fig.  120 — that  is,  they  are  the  lines  Pp' 
and  Pg''  of  the  latter  figure.  Eegarded  in  the  second  way  they 
are  the  lines  Vp'  and  Pg'  themselves.  In  either  case  their 
lengths  are  8a;  and  8y.  Also  in  either  case  as  8a;  and  hy 
approach  zero  the  line  st  approaches  the  position  of  the 
tangent  at  P  to  the  contour-line  upon  which  it  is  situated. 
Suppose  we  wish  to  know  the  angle  which  that  tangent 
makes  with  the  za;-plane — that  is  with  a  line  in  the  contour- 
plane  through  P  parallel  to  the  a;-axis.  Then  we  note  that, 
calling  the  angle  l5pP  a,  the  angle  required  is  the  limit  of 
180°  -  u..     But  tan  u,  =  S^/8a;,  and 

tan  (180°  -  a)  =  -  tan  a  =  -  82^/83;. 
Thus  to  find  the  position  of  the  tangent  to  the  contour-line 
at  P  we  must  find  the  limit  of  -  h)l&x.  To  determine  this 
number  we  note  that  the  perpendiculars  from  the  point  p  and  g 
on  to  the  contour-plane  through  P  are  of  the  same  length. 
They  are,  in  fact,  the  equal  lines  pp'  and  qq_'  of  fig.  120. 
Calling  their  length  82  we  have 
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Sx      8z '  Sx 

_  Sz/Sx 

~  Sz/8y 
Now  the  limit  of  Sz/Sx  is  '()zp>x  and  the  limit  of  Sz/Sy  is  Ttzfty. 
Applying  the  rule  that  the  limit  of  a  quotient  is  the  quotient 
of  the  limits  of  the  divisor  and  dividend  we  have 

T  ^    8«       'izl'dx       ^  ^  ^ 
Lt   -^  =  <-W-  =  Lit  tan  a 

It  follows  that  the  gradient  of  the  contour-line  at  P  (that  line 
being  regarded  simply  as  a  plane  curve)  is  -  (!)z/'bx)l(dz/'by). 
But  if  we  had  the  contour-line  through  P  before  us  without 
any  of  the  other  curves,  we  should  identify  its  gradient  at  P 
with  the  value  of  D^(y)  or  dy/dx.     Hence  we  conclude  that 

dy  _       Hz/'dx 

dx  lizfty' 

For  example,  in  the  case  illustrated  by  fig.  119 

z  =  ax^  +  by^         Dzftx  =  2ax        'hzfty  =  2by. 
Hence  the  gradient  along  any  contour-line  is  given  by  the 
formula 

dy  _       ax 

dx  ~       by' 
To  find  by  this  formula  the  actual  value  of  the  gradient  at 
any  point  P  it  is  necessary  only  to  substitute  for  x  and  y  their 
values  at  that  point. 

Examples : — 

39.  Write  the  formulae  for  finding  the  inclination,  to  the 
0a;-plane  of  the  tangent  at  any  point  of  a  contour  of  the  sur- 
faces described  in :  No.  31,  No.  33,  No.  34,  No.  36  (i),  (iv), 
(v),  (vii).  Find  from  your  results  in  the  case  of  No.  31  the 
actual  formulae  of  the  tangents  to  the  contour-line  z  +  1  =  0 
at  the  two  points  where  it  is  cut  by  the  plane  y  -  1  =  0. 
Attempt  also  to  find  the  directions  of  the  tangents  at  the 
points  where  x  =  -  1,  y  =  4-  1/6  on  the  surface  of  No.  31, 
and  where  x  =  -  4:,  y  =  +  2  on  the  surface  of  No.  34. 
How  do  you  explain  the  results  ? 

40.  Suppose  you  are  given  any  implicit  relation  between 
the  variables  x  and  y,  for  example, 

2x^  -  6xy  +ly'^  -  &X+  Zy  -  I  =  0, 
27* 
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and  are  asked  to  find  the  derivative  with  respect  to  x.  It 
would  be  possible  to  turn  the  expression  into  an  explicit 
function  of  x  and  then  to  differentiate  it.  The  labour  would, 
however,  be  very  great  and  can  be  avoided  by  the  following 
simple  device.  For  brevity  .symbolize  the  above  equation  by 
the  notation 

fi^,  y)  =  0. 

Then  it  may  evidently  be  regarded  as  a  special  case  of  the 
function 

«  =  /(a;,  y) 

in  which  z  =  Q.  That  is  to  say,  the  equation  f{x,  y)  =  0  may 
be  regarded  as  describing  the  contour-line  of  the  surface 
z  =  f{x,  y)  where  it  is  cut  by  the  plane  of  the  paper.  To 
find  the  derivative  of  y  we  need,  therefore,  only  apply  the 
rule  for  determining  the  direction  of  the  tangent  at  any 
point  of  a  contour-line,  namely, 

dy  _       'izfix 

dx  "bzl^iy' 

Use  this  method  to  determine  dy/dx  in  the  case  (i)  of  the 
function  given  above,  and  of  the  functions 

(ii)  (a;2  -  a^){y^  +  b^)  -  c^  =  0,  (iii)  a;*  -  y\x^  -  1)  =  0. 
Use  your  results  to  find  (iv)  where  the  tangents  to  (i)  are 
parallel  to  the  axes,  and  (v)  the  direction  of  the  tangent  at 
the  origin  in  (iii).     Explain  the  last  result. 

E.  Total  Diffbbentials. 

§  7.  The  Calculation  of  a  Total  Differential. — In  fig.  119 
let  Q  and  Q'  be  points  very  near  to  one  another  but  on 
different  contour-lines  whose  planes  are  Sz  apart.  Imagine 
a  point  to  move  from  Q  to  Q'  by  travelling  first  in  the  plane 
BE  from  Q  to  w  and  then  in  the  plane  GH  from  n  to  Q'. 
Let  the  vertical  distances  it  is  carried  up  (or  down)  along 
these  two  parts  of  its  path  be  (Sz)^  and  (hz)^  respectively. 
Then  we  have  that 

Bz  =  {8z%  +  (Sz)^ 
In  this  case  Sz  will  be  the  total  differential  of  z,  and  {Sz)„ 
{Sz)y  the  partial  differentials  of  z.     Now  the  gradient  at  Q 
along  the  path  in  the  plane  BE  is  'dzj'dx,  so  we  can  write 

(8.).  =  ,^.8. 
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as  an  approximation  which  will  be  the  more  exact  the 
smaller  the  distance  Sa;  is  taken.  Again  since,  by  hypothesis, 
the  plane  G-H  passes  very  near  to  Q  we  have  also  the  ap- 
proximation 

Hence  we  have  for  the  total  differential  of  z  the  approximate 
equivalence 

da;  t)j/ 

which  becomes  more  and  more  exact  as  the  points  Q  and  Q' 
are  taken  closer  together. 

Examples : — 

41.  Write  expressions  for  the  total  differential  of  z  in  the 
ease  of  the  functions  :  (i)  2  =  axy,  (ii)  z  —  aap- .  tan  by, 
(iii)  z  =  e"^/". 

42.  To  find  the  height  /j.  of  a  tower  I  measure  its  altitude 
a  at  a  certain  point  and  the  distance  b  of  that  point  from  the 
foot  of  the  tower.  Give  an  expiression  for  calculating  the 
total  error  in  h  due  to  small  errors  a  and  b  in  the  measure- 
ments of  a  and  b,  u,  being  in  degrees. 

43.  Solve  again  Ex.  OX,  Nos.  12,  13,  6,  7.  Also,  in 
Ex.  OX,  No.  29,  find  the  change  in  T  produced  by  small 
changes  in  both  the  latitude  of  the  place  of  observation  and 
the  declination  of  the  sun. 

44.  What  does  the  formula  for  the  total  differential  become 
when  the  two  points  Q  and  Q'  are  both  on  the  same  contour- 
line  ?  Use  your  answer  to  give  an  alternative  proof  that  if  z 
is  a  function  of  x  and  y  then 

'iz/'ix 

45.  Suppose  that  you  are  given  a  differential  equation  of 
the  form 

F.Sx  +  Q.8y  =  0 
where  P  and  Q  are  functions  of  x  and  y.     Suppose  also  that 
you  can  find  a  function  z  such  that 

P  =  'dz/'dx         and         Q  =  'dz/Hy. 
Then  it  is  evident  that  we  could  write 

Sz  =  F .  Sx  +  Q  .  Sy  =  0. 
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Thus  the  function  g  +  a  (where  a  is  an  arbitrary  constant) 
is  a  solution  of  the  equation.  Sometimes  it  will  happen  that 
P  and  Q  are  not  partial  derivatives  of  any  function  z  but  can 
be  made  so  by  multiplying  them  by  a  certain  factor.  In  this 
case  the  first  thing  to  do  is  to  multiply  the  equation  along  by 
this  integrating  factor.  The  solution  then  follows  as  in 
the  simpler  case. 

Use  this  method  to  solve  the  differential  equations  : — 
(i)  y .  8x  +  X  .  Sy  =  o  ; 

(ii)  cos  X  .  cos  y  .  fix  -  sin  x  .  sin  y .  fiy  =  o ; 

(iii)  2  tan  px  .  fix  +  py  .  sec^  px  .  6y  =  o.    [Try  y  as  an  integratiug 
factor.] 

(iv)  2y  .  fix  +  3x  .  8y  =  o.     [Integrating  factor  is  xy^.] 

P.  Vabiods  Peactical  Applications. 

§  8.  Fourier's  Theorem. — Turn  back  to  Ex.  CVI  and  read 
the  account  of  the  problem  of  harmonic  analysis  and  of  its 
solution  by  Fourier's  method.  In  most  practical  instances — 
for  example,  the  harmonic  analysis  of  the  tides  at  a  given 
port  or  of  the  periodic  changes  in  the  barometric  pressure  at 
a  given  meteorological  station — the  mode  of  applying  Fourier's 
theorem  there  described  is,  in  principle,  the  one  actually  used ; 
only  the  details  are  more  complicated.  Sometimes,  however, 
the  original  graphic  form  to  be  analysed  into  sine  and  cosine 
curves  is  one  which  answers  to  a  known  function.  In  that 
case  we  may  replace  the  laborious  and  uncertain  business  of 
measuring  the  ordinates  of  the  curve,  multiplying  them  by 
the  successive  values  of  sin  (sTrxJl),  etc.,  by  a  direct  process  of 
integration.     Nos.  46-8  illustrate  this  method. 

Examples : — 

46.  A  string  is  stretched  between  two  points  A,  B,  distant 
I  from  one  another,  and  its  middle  point  C  is  then  drawn 
aside  a  distance  a  to  the  point  C.  Since  the  two  ends  of  the 
string  are  nodes  its  triangular  shape  can  be  analysed  into  a 
sum  of  sines 

y  =  Ci  sin  ^x  +  c^  sin  -^a;  +  Cj  sin  -j-x  +  .   .  . 
I  1/  I 

To  determine  the  value  of  one  of  the  coefficients  c,  take  the 

Stt 

triangle  AC'B  and  the  curve  y  =  c,  sin  -^  a;  from  a;  =  0  to 
X  =  I.      Set    them   at   right  angles,   as   in   Ex.    CVI,    and 


EXERCISE  CXYlIl  423 

imagine  the  volume  they  mark  out  to  be  filled  with  clay. 
Show  that  the  area  of  the  cross-section  at  distance  x  from  A  is 

„-,i  „             2a        .    Sir                  2a(Z  -  x)     .    stt 
either  —x  .  sm  —  a;       or       — ^ '- .  sm  —  x 

b  If  If  L 

and  that  the  volume  of  the  solid  is  the  integral  of  the  former 
function  between  the  limits  a;  =  0  and  x  =  Z/2  plus  the  in- 
tegral of  the  latter  between  x  =  Z/2  and  x  =  I.  Find  the 
value  of  this  sum.  But,  as  shown  in  Ex.  CVI,  the  volume 
of  the  solid  is  also  c,Z/2.  Hence  find  a  formula  for  c,  and 
write  down  the  first  few  terms  of  the  required  harmonic 
analysis. 

47.  Next  let  the  string  be  plucked  at  a  point  distant  b 
from  A  and  therefore  I  -  b  from  B.  Show  that  the  volume 
of  the  resulting  solid  is  now  the  sum  of  the  definite  integrals, 

'/2a       .    Sir  \       ^     i(    a     ,,        .      .STT  "1 

^.U^  •  "'^  TV  ^^"^  ^Xl^b  (^  -  ^)  ■  ^^°  T'^j- 

Evaluate  these  integrals,  and,  equating  them  as  before,  to 
c, .  Z/2,  show  that 

2aZ^  .    s-irb 

"'  =  i:^S^b{l  -  b)  ■  ^'°  T- 
Hence   write   down   the   first   few   terms   of    the   harmonic 
analysis  of  the  shape  of  the  string.     Compare  your  answer 
with  that  obtained  by  the  cruder  method  of  Ex.  OVI,  No.  19. 

48.  If  a  heavy  and  rather  slack  cord  is  pulled  upwards  at 
its  midpoint  in  the  way  described  in  No.  46  the  two  halves 
will  differ  perceptibly  from  straight  lines.  Strictly  speaking 
they  will  be  catenaries,  the  catenary  being  a  curve  whose 
standard  formula  is 

y  =  a  cosh  {xja). 
Supposing  the  cord  to  be  tangential  to  the  line  AB  at  A  and 
B,  the  formula  for  its  left  half  must  be 

y  =  a  (cosh 1) 

so  that  y  may  be  zero  when  x  is  zero.  Expand  the  expres- 
sion within  the  bracket  so  as  to  show  that  if  x/a  is  small  the 
curve  approximates  to  the  parabola 
y  =  x^j2a. 
Supposing  the  approximation  sufficient  from  a;  =  0  to 
X  =  2x,  show  that  this  part  of  the  curve  can  be  represented 
by  the  Fourier  series  : — 
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-s—     -^  +  2i -r-  .  COS  sx  -  2  —  .  sin  sa; 
2a  ]_  3  s^  s  J 

§  9.  Curvature. — Suppose  a  point  to  move  along  the  line 
SP  (fig.  121)  which  crosses  the  a;-axis  at  an  angle  6,  to  con- 
tinue in  that  line  until  it  reaches  the  circle  of  which  SP  is 
the  tangent  at  P  and  then  to  follow  the  course  of  the  circum- 
ference. It  is  obvious  that  its  arrival  at  P  will  be  signalized 
by  a  change  in  its  direction  of  movement.  For  instance,  when 
it  has  reached  Q  its  direction  of  movement  will  be  along  the 
tangent  TQ  which  crosses  the  x  axis  at  an  angle  6  +  S6.  It 
will  have  changed  its  direction  by  an  angle  66.  This  is,  of 
course,  the  elementary  fact  we  have  in  mind  when  we  speak 
of  the  circle  as  a  curve.  Let  the  distance  PQ  along  the  cir- 
cumference be  Ss.  Then  the  degree  of  curvedness  of  the 
circle  may  evidently  be  measured  by  the  amount  of  change  in 
6  produced  by  a  movement  along  a  given  length  8s.  In  other 
words  it  is  natural  to  take  the  fraction  Sd/Ss  as  our  measure 
of  the  degree  of  curvedness  or  the  curvature  of  the  circle. 
Since  the  radii  GP,  CQ  are  respectively  at  right  angles  to  the 
tangents  at  P,  Q  the  angle  PCQ  =  8^.  But  if  the  radius 
be  r  and  the  angle  PCQ  =  86  be  measured  in  radians  we  have 

Ss  „,  S6  1 
—  =  86  or  s-  =  -. 
r  Ss       r 

Thus  it  appears  that  the  curvature  of  the  circle  may  also  be 

measured  by  the  reciprocal  of  the  radius.     We  might,  indeed, 

have  started  with  this  definition  of  the  degree  of  curvature  ; 

for  it  is  evident  that  the  larger  the  radius  the  "  flatter  "  the 

circle.     The  equivalence  S6/8s  =  1/r  is  useful  as  emphasizing 

the  fact  that  the  circle  is  the  only  plane  curve  of  constant 

curvature.     For   example,  if  a  point   moves  along  another 

curve,   AB,   either  6,  the  inclination   of  its  tangent   to  the 

a;-axis,  changes  by  equal  amounts  S6  for  equal  steps  Ss  along 

the  curve,  or  it  does  not.    If  it  does  then  the  curve  is  a  circle 

of  radius  r  =  SsjS6.     If  it  does  not,  the  curve  is  not  a  circle. 

Now  suppose  in  the  second  case  that  there  is  a  point  E  on 

AB  at  which  the  limit  of  Ss/S6  as  Ss  approaches  zero  is  r. 

Then  AB  may  be  said  to  have  at  E  the  same  curvature  as  the 

circle.     If  the  circle  be  placed  so  that  it  has  the  point  E  in 

common  with  the  curve  while  the  radius  CE  is  normal  to  the 

curve,  then  the  circle  is  called  the  circle  of  curvature  of 
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of 


AB  at  E,  C  the  centre  of  curvature,  r  the  radius 
curvature,  and  1/r  the  measure  of  the  curvature. 

In  order,  therefore,  to  be  able  to  calculate  the  curvature  at 
any  point  of  a  curve  we  must  discover  a  formula  which  gives 
us  the  limit  of  the  quotient  80/Bs  as  a  point  moves  along  it. 


Examples  :— 

49.  In  fig.  121  •  let   the  horizontal  through   P   meet   the 
ordinate  through  Q  at   n,  and   let   Pm  =  8x;   then  we  can 


Fia.  121. 


express  the  measure  of  the  curvature  at  the  point  P  by  the 
formula 


1  =    L.   f 

r       ss  -^  0  8s 

=    L^    'J 

&x 

ss->o  ox 

bs 

But  tan  6  =  dy/dx,  or  6  =  arc  tan  (dyjdx).     Hence  show  by 
the  rule  for  differentiating  a  function  of  a  function  that 

dd  1  d:^y 


dx       1  +  {dy/dxy  '  dx^' 
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50.  Also  show  that 

{Ssf=  (SxY+\{Syf 
and  deduce  that 

^  =  {1  +  {dy/dxy}i. 

51.  From  the  results  of  Nos.  49,  50  show,  finally,  that 

1  ^         cPyjdx^  ■ 

r      {1  +  {dyldxf}i 
or  (more  concisely) 

1  _         y" 
r  ~  (1  +  j/'2)r 

52.  Give  formulae  for  (i)  the  curvature,  (ii)  the  radius  of 
curvature  at  any  point  of  the  parabola  y  =  ax^.  Illustrate 
your  result  by  drawing  a  parabola  with  a  selected  value  for  a, 
calculating  the  radius  of  curvature  at  the  vertex  and  one  other 
selected  point  and  drawing  the  circles  of  curvature. 

53.  The  standard  formula  for  an  ellipse,  namely, 

may  conveniently  be  thrown  into  the  form 

^V  +  y^  =  <f 
whence  we  have 

Use  this  form  to  obtain  expressions  for  the  first  and  second 
derivatives  of  y  and  for  the  radius  of  curvature  at  any  given 
point  of  the  ellipse.  Give  in  terms  of  the  original  a  and  b 
the  lengths  of  the  radii  of  curvature  at  the  ends  (i)  of  the 
major  axis  and  (ii)  of  the  minor  axis.  Illustrate  your  results 
by  a  figure. 

54.  Show  that  the  point  ( -  1,  +  7)  on  the  plane  curve 

2/  =  a;3  +  3a;2  -  7a;  -  2 
is  a  point  of  zero  curvature.     Explain  this  result.     What 
will  be  the  sign  of  the  curvature  for  greater  and  less  values 
of  as? 

55.  In  the  case  of  the  surface  of  No.  33  you  found  that 
the  tangent  plane  through  the  point  where  a;  =  +  2  and 
2/  =  -  3  is  horizontal.  Find  the  radii  of  curvature  at  this 
point  of  the  sections  made  by  planes  parallel  respectively  to 
the  0a;-plane  and  the  2^-plane. 
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56.  Deal  in  the  same  way  with  the  surface  of  No.  31. 
What  interesting  difference  is  there  between  the  results  here 
and  in  No.  55  ?  Did  you  expect  it  ?  Note  that  a  surface 
like  that  of  No.  55  is  called  syndastic  and  one  like  the 
present  surface  anticlastic. 

57.  In  the  case  of  the  surface 

z  =  ax^  +  b'tf 
show  that  the  radii  of  curvature  at  the  origin  of  the  sections 
cut  by  the  planes  y  =  Q  and  x  =  0  are  respectively  rj  =  1/a 
and  r2  =  1/6.  Now  rotate  the  surface  about  the  «-axis 
through  the  angle  6  and  show  that  the  radii  of  curvature  at 
the  origin  of  the  sections  made  by  the  two  vertical  planes 
are  respectively 

1    _  COS^fl         BV0?6 

,                                1        sin2(9      cos^e 
and  — ;  = 1 . 

1-i  n  ''2 

Hence  show  that  the  sum  of  the  measures  of  curvature  in  the 
case  of  any  two  sections  perpendicular  to  the  tangent  plane 
at  the  origin  is  constant  provided  that  they  are  at  right  angles 
to  one  another. 

You  have  proved  this  interesting  property  only  for  a  speci- 
ally easy  case.  It  can,  however,  be  shown  to  hold  good  at 
any  point  of  any  surface,  provided  that  the  sections  in  ques- 
tion are  perpendicular  to  the  tangent  plane  and  to  one 
another.  The  numbers  r-^  and  r^  in  terms  of  which  the  other 
radii  can  thus  be  expressed  are  called  the  principal  radii  of 
curvature  at  the  point  in  question. 

58.  The  axes  of  coordinates  are  so  chosen  that  the  y-a,xis  is 
the  normal  to  the  curve  AB  (fig.  121)  at  the  point  E.  Show 
that  the  radius  of  curvature  at  E  is  given  by  the  equation 

r       dx^- 

59.  A  point  is  moving  along  the  curve.  Prove  that  the 
following  relations  hold  good  at  the  moment  when  it  passes 
through  E : — 

dy  __  dy    dx  ^  r._   d^y  _  d^    /dx\^ 
dt"  dx-di~     '    dt^  ~  d^^  ■  \dt)- 

60.  Hence  show  that  a  point  moving  along  any  curve  with 
velocity  v  is  everywhere  subject  to  an  acceleration  of  v^/r 
along  the  normal.     [Compare  with  Ex.  CXV,  No.  18.] 
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(2)  The  last  of  these  four  problems  leads  us  into  the 
second  department  of  statistical  theory.  If  we  are  to  draw 
conclusions  about  boys  or  girls  whom  we  have  not  measured 
from  those  whom  we  have  measured,  something  must  be 
known  or  at  least  assumed  about  the  general  distribution  of 
heights  among  persons  of  the  same  age  who  belong  to  the 
same  race  or  class.  That  is,  we  must  be  able  to  make 
predictions  about  statistics  which  have  not  yet  actually  been 
compUed,  predictions  so  certain  that  we  may  act  upon  them 
just  as  if  they  had  been  verified.  Another  way  of  stating  the 
matter  is  to  say  that  we  must  find  in  the  distribution  of  such 
a  variable  as  stature  the  expression  of  a  mathematical  law 
just  as  we  found  in  periodic  wave-motion  only  an  elaborate 
expression  of  the  law  of  simple  harmonic  variation. 

(3)  The  problems  recognized  so  far  concern  the  statistics 
of  a  single  variable.  Now  suppose  our  measurements  of  the 
10,000  boys  or  girls  to  give  us  data  about  two  variables ;  for 
example,  weight  as  well  as  stature.  Then  we  may  not  only 
ask  with  regard  to  the  variation  of  weight  the  questions 
which  we  have  already  asked  with  regard  to  stature ;  we  may 
also  raise  the  further  question  of  the  connexion  between  the 
two.  It  is  well  known  that  a  boy  who  is  taller  than  another 
is  not  necessarily  heavier,  and  yet  there  is  undoubtedly  some 
connexion  between  height  and  weight.  You  would  think  it 
remarkable  if  you  came  across  a  boy  4  feet  high  who  was 
heavier  than  one  6  feet  high.  How,  then,  are  we  to  derive 
from  our  measurements  an  expression  for  this  connexion 
between  the  distribution  of  height  and  weight  among  young 
folks  of  sixteen — an  expression  which  will  enable  us  to 
determine  whether  on  the  whole  Yankee  boys  are  or  are  not 
"  weedier  "  than  their  British  cousins,  or  German  boys  more 
solid  ?  Here  we  have  the  third  and  perhaps  the  most  im- 
portant of  the  departments  of  statistical  theory. 


EXEECISE  CXIX. 
FEEQUENCY-DISTEIBUTION. 

§  1 .  Freqiiency-  Tables  and  Diagrams. — Suppose  the  cashier 
of  an  omnibus  company  to  examine  the  pennies  received  as 
fares  on  a  certain  day,  and  to  sort  them  into  piles  in  such  a 
way  that  all  coins  bearing  the  same  date  are  placed  in  a 
distinct  pile.  Let  him  further  arrange  the  piles  in  a  row  from 
left  to  right  in  order  of  date.  Then  the  heights  of  the  piles 
will  exhibit  to  the  eye  the  frequency-distribution  of  the 
dates  among  the  day's  pennies,  the  number  of  coins  in  a  given 
pile  being  called  the  frequency  of  the  date  which  character- 
izes it.  A  record  of  the  frequenpy-distribution  can,  of  course, 
be  made  by  compiling  a  table  in  which  the  numbers  of  pennies 
bearing  each  date  are  set  down  against  the  dates  written  in 
order ;  this  is  called  the  frequency-table.  Finally,  it  is 
obvious  that  a  column-graph  ^  showing  the  number  of  pennies 
in  each  pile  would  be  an  alternative  form  of  exhibiting  the 
frequency-distribution — a  form  which  combines  the  vividness 
of  the  first  method  with  the  permanence  of  the  second.  Such 
a  column-graph  is  called  a  frequency- diagram. 

Next  suppose  that  it  is  desired  to  study  the  distribution  of 
heights  or  weights  among  the  students  of  a  large  school  or 
college.  It  is  evident  that  in  this  problem  there  are  two 
complications  absent  from  the  former  one.  (1)  In  the  first 
place,  heights  and  weights  cannot  be  determined  exactly  ;  they 
can  be  measured  only  to  the  nearest  half-pound  or  quarter- 
inch,  or  to  some  such  limited  degree  of  accuracy.  (2)  In  the 
second  place,  heights  and  weights  do  not,  like  dates,  vary 
discretely ;  they  vary  continuously.  Thus  even  if  the 
measurements  were  exact  their  representation  in  a  frequency- 
table  or  a  frequency-diagram  on  the  simple  plan  adopted  in 
the  case  of  the  coins  would  be  a  troublesome  and  not  very 

^  Also  called  a  histograph  (Gr.  histos  =  a  mast)  by  statisticians 
who  object  to  compounding  a  Greek  with  a  Latin  word. 
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(2)  The  last  of  these  four  problems  leads  us  into  the 
second  department  of  statistical  theory.  If  we  are  to  draw 
conclusions  about  boys  or  girls  whom  we  have  not  measured 
from  those  whom  we  have  measured,  something  must  be 
known  or  at  least  assumed  about  the  general  distribution  of 
heights  among  persons  of  the  same  age  who  belong  to  the 
same  race  or  class.  That  is,  we  must  be  able  to  make 
predictions  about  statistics  which  have  not  yet  actually  been 
compiled,  predictions  so  certain  that  we  may  act  upon  them 
just  as  if  they  had  been  verified.  Another  way  of  stating  the 
matter  is  to  say  that  we  must  find  in  the  distribution  of  such 
a  variable  as  stature  the  expression  of  a  mathematical  law 
just  as  we  found  in  periodic  wave-motion  only  an  elaborate 
expression  of  the  law  of  simple  harmonic  variation. 

(3)  The  problems  recognized  so  far  concern  the  statistics 
of  a  single  variable.  Now  suppose  our  measurements  of  the 
10,000  boys  or  girls  to  give  us  data  about  two  variables ;  for 
example,  weight  as  well  as  stature.  Then  we  may  not  only 
ask  with  regard  to  the  variation  of  weight  the  questions 
which  we  have  already  asked  with  regard  to  stature ;  we  may 
also  raise  the  further  question  of  the  connexion  between  the 
two.  It  is  well  known  that  a  boy  who  is  taller  than  another 
is  not  necessarily  heavier,  and  yet  there  is  undoubtedly  some 
connexion  between  height  and  weight.  You  would  think  it 
remarkable  if  you  came  across  a  boy  4  feet  high  who  was 
heavier  than  one  6  feet  high.  How,  then,  are  we  to  derive 
from  our  measurements  an  expression  for  this  connexion 
between  the  distribution  of  height  and  weight  among  young 
folks  of  sixteen — an  expression  which  will  enable  us  to 
determine  whether  on  the  whole  Yankee  boys  are  or  are  not 
"weedier"  than  their  British  cousins,  or  German  boys  more 
solid  ?  Here  we  have  the  third  and  perhaps  the  most  im- 
portant of  the  departments  of  statistical  theory. 


BXEECISE  CXIX. 
PEEQUENCY-DISTEIBUTION. 

§  1 .  Frequency-  Tables  and  Diagrams. — Suppose  the  cashier 
of  an  omnibus  company  to  examine  the  pennies  received  as 
fares  on  a  certain  day,  and  to  sort  them  into  piles  in  such  a 
way  that  all  coins  bearing  the  same  date  are  placed  in  a 
distinct  pile.  Let  him  further  arrange  the  piles  in  a  row  from 
left  to  right  in  order  of  date.  Then  the  heights  of  the  piles 
will  exhibit  to  the  eye  the  frequency-distribution  of  the 
dates  among  the  day's  pennies,  the  number  of  coins  in  a  given 
pile  being  called  the  frequency  of  the  date  which  character- 
izes it.  A  record  of  the  frequepiPy-distribution  can,  of  course, 
be  made  by  compiling  a  table  in  which  the  numbers  of  pennies 
bearing  each  date  are  set  down  against  the  dates  written  in 
order;  this  is  called  the  frequency-table.  Finally,  it  is 
obvious  that  a  column-graph  '^  showing  the  number  of  pennies 
in  each  pile  would  be  an  alternative  form  of  exhibiting  the 
frequency-distribution — a  form  which  combines  the  vividness 
of  the  first  method  with  the  permanence  of  the  second.  Such 
a  column-graph  is  called  a  frequency-diagram. 

Next  suppose  that  it  is  desired  to  study  the  distribution  of 
heights  or  weights  among  the  students  of  a  large  school  or 
college.  It  is  evident  that  in  this  problem  there  are  two 
complications  absent  from  the  former  one.  (1)  In  the  first 
place,  heights  and  weights  cannot  be  determined  exactly  ;  they 
can  be  measured  only  to  the  nearest  half-pound  or  quarter- 
inch,  or  to  some  such  limited  degree  of  accuracy.  (2)  In  the 
second  place,  heights  and  weights  do  not,  like  dates,  vary 
discretely;  they  vary  continuously.  Thus  even  if  the 
measurements  were  exact  their  representation  in  a  frequency- 
table  or  a  frequency-diagram  on  the  simple  plan  adopted  in 
the  case  of  the  coins  would  be  a  troublesome  and  not  very 

'  Also  called  a  histograph  (Gr.  histos  =  a  mast)  by  statisticians 
who  object  to  compounding  a  Greek  with  a  Latin  word. 
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illuminating  proceeding.  It  is  usual,  therefore,  in  such  cases 
to  pool,  both  in  the  table  and  in  the  diagram,  all  the  measure- 
ments that  fall  within  certain  intervals  whose  fineness  or 
coarseness  is  determined  by  the  nature  of  the  measurements 
themselves  or  the  purpose  of  the  investigation.  Thus,  in  No. 
4  below,  the  measurements  of  height  are  classified  into  those 
that  are  leas  than  58  in.  but  not  less  than  57  in.,  less  than 
59  in.  but  not  less  than  58  in.,  and  so  on.  These  facts  are 
expressed  by  saying  that  the  class-interval  of  this  particular 
frequency-table  is  1  in.  As  a  rule  the  class-interval  will  be 
constant.  If,  however,  the  observance  of  this  rule  woxdd 
produce  a  classification  in  which  some  of  the  classes  would 
be  empty  it  is  convenient  to  take  different  class-intervals  in 
different  parts  of  the  frequency-table.  Thus  in  No.  9  the 
interval  in  the  greater  part  of  the  table  is  £1000  ;  but  since 
the  frequencies  of  incomes  above  £5000  fall  off  very  rapidly 
the  class-interval  in  the  upper  part  of  the  table  is  first  £5000, 
then  £40,000,  and  finally  indefinitely  large. 

When  the  class-interval  has  been  selected  there  are  two 
typical  ways  in  which  it  majl  be  applied  to  the  classification 
of  the  frequencies.  Both  may  be  illustrated  by  a  collection 
of  measurements  of  stature  such  as  those  set  out  in  the 
frequency-table  of  No.  4.  (i)  The  heights  may  be  classed  into 
those  less  than  58  in.  but  not  less  than  57  in.,  less  than  59  in. 
but  not  less  than  58  in.,  etc.  This  is  the  method  actually 
followed  in  No.  4  where  the  symbolism  "  57-,"  "  58-,"  etc., 
is  to  be  read  "57,  but  less  than  58,"  "58,  but  less  than  59," 
etc.  (ii)  They  may  be  classed  into  those  between  57  in.  and 
58  in.,  between  58  in.  and  59  in.,  etc.  In  this  case  a  measure- 
ment of  exactly  58  in.  will  be  counted  half  to  the  class  below 
and  half  to  the  class  above.  For  example,  if  in  a  certain  school 
12  boys  are  between  57  and  68  in.  high,  15  boys  between 
58  and  59  in.  high,  and  3  boys  exactly  58  in.  high  the  fre- 
quencies of  the  two  classes  would  upon  this  plan  be  recorded 
as  13-J  and  16-J-.  For  many  purposes  the  second  method,  in 
spite  of  its  apparent  artificiality,  will  be  found  the  simpler. 

One  more  point  should  be  noted.  Suppose  the  measure- 
ments of  No.  4  to  have  been  made  to  the  nearest  -l-in.  ;  then 
heights  anywhere  between  56i|-  in.  and  57^^-  in.  will  be  re- 
corded as  57  in.,  those  between  57jf  in.  and  58^  in.  as  58  in., 
and  so  on.  Thus  if  the  first  method  of  classifying  is  followed 
the  class-intervals  are  really  not  "  57,  but  less  than  58,"  etc.. 
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but  "  56^4  but  less  than  57yf,"  etc.  If  the  second  method  is 
adopted  they  will  be  "  between  56i|-  and  58^,"  "  between 
57^  and  59 J^,"  etc.,  so  that  the  classes  slightly  overlap.  The 
error  when  the  first  method  is  employed  is  so  small  that  its 
effect  upon  the  frequency-diagram  would  be  practically  in- 
visible ;  when  the  second  method  is  used  it  is  practically 
neutralized  by  the  device  of  dividing  between  the  two  classes 
the  cases  which  fall  where  they  overlap.  Thus  the  error  is  in 
each  case  negligible. 

Examples : — 

1.  Twenty-four  carrots  were  bought  at  the  same  shop  at  the 
same  time.  The  following  table  gives  in  centimetres  the 
length  and  maximum  girth  of  each  in  the  order  in  which  they 
were  measured.  Make  frequency-tables  for  the  length  (L) 
and  girth  (G),  taking  one  centimetre  as  the  class-interval  in 
each  case : — 


L. 

17-2 

19-1 

18-2 

15-8 

20 '0 

211 

17-8 

18-4 

15-4 

19-5 

G. 

12-6 

11-4 

101 

12-7 

14-5 

16-1 

12-7 

16-3 

9-1 

15-0 

L. 

22-6 

15-9 

25-9 

17-0 

18-3 

20-5 

15-9 

20-7 

22-5 

21-1 

G. 

12-6 

10-8 

110 

14-8 

12-0 

131 

10-5 

10-4 

15-2 

15-1 

L. 

19-3 

21-2 

20-4 

15-6 

G. 

10-9 

13-7 

12-3 

16  0 

2.  Draw  the  frequency-column-graphs  corresponding  to 
each  of  the  tables  in  No.  1. 

3.  Eepresent  the  same  data  in  column-graphs  in  which  the 
class-interval  is  3  centimetres.  How  do  these  frequency- 
diagrams  differ  from  those  of  No.  2  ? 

4.  The  following  table  gives  the  distribution  of  stature 
among   8585   adult   British   males.      Draw   the   frequency- 


-graph  ; 

:— 

[n  = 

■-  frequency, 

,  H  = 

height.] 

H. 

n. 

H. 

n. 

H. 

n. 

57- 

2 

64- 

669 

71- 

392 

58- 

4 

65- 

990 

72- 

202 

59- 

14 

66- 

1223 

73- 

79 

60- 

41 

67- 

1329 

74- 

32 

61- 

83 

68- 

1230 

75- 

16 

62- 

169 

69- 

1063 

76- 

5 

63- 

394 

70- 

646 

77-8 

2 

Draw  across  the  diagram  the  continuous  curve  which  most 
probably  gives  the  frequencies  for  class-intervals  smaller  than 

28* 
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one  inch.  How  would  you  use  the  curve  to  find  the  probable 
frequency  of  heights  between  61'3  and  61-5  in.  ? 

Note. — The  curve  thus  drawn  is  called  the  frequency- 
curve. 

5.  The  following  table  gives  the  head -breadths  of  1000 
Cambridge  students,  the  measurements  being  made  to  the 
nearest  tenth  of  an  inch.  B  =  breadth  in  inches,  N^  fre- 
quency. Draw  the  frequenoy-column-graph  and  deduce  the 
frequency  curve : — 

B.  5-5  5-6  5-7     6-8      5-9      60      61      6-2     63     64     6-5 

n.  3  12  43      80     131     236     185      142       99       37       15 

B.  6-6  6-7  6-8 

TO.  12  3  2 


Note. — Nos.  6  and  8-16  give  statistics  taken  from  various 
sources  and  dealing  with  various  material.  In  each  case  the 
frequency-diagram  is  to  be  drawn  and  the  frequency -curve 
deduced.  Observe  that  in  some  cases  the  class-intervals,  and 
therefore  the  width  of  the  rectangles  of  the  column-graphs,  are 
not  constant. 


6.  The  Danish  statistician  Westergaard  drew  a  ball  10,000 
times  at  random  out  of  a  bag  containing  an  equal  number  of 
black  and  white  balls.  (The  ball  was  returned  to  the  bag 
after  each  drawing.)  He  groups  the  results  into  successive 
hundreds  of  drawings  and  gives  the  following  table  showing 
the  frequencies  of  different  percentages  of  white  balls.  Draw 
the  frequency-diagram  taking  3  per  cent  as  the  class- 
interval  : — 

White  33    34    39    40    41    42    43    44    45    46    47    48    49    50 

(°/o) 

Freq.     011222334665     11      9 
White  51    52    53    54    55     56     57     58    59    60    61     62    63 

(°/o) 

Fre°q.     5    10      48354400111 

7.  The  data  for  the  following  problem  are  to  be  furnished 
by  the  combined  work  of  the  class. 

Turn  to  a  table  of  4-figure  or  5-figure  logarithms.  Select 
one  of  the  columns  and  add  together  the  last  digits  of 
the  first  25  logarithms.     Add  together  also  the  digits  that 
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come  last  but  one  in  each  of  these  logarithms.  Divide  each 
total  by  5.  Collect  at  least  50  such  results  (an  ordinary  table 
wUl  furnish  80)  and  draw  the  frequency-graph  of  the  totals, 
choosing  a  convenient  class-interval.  Add  the  frequency- 
curve. 

8.  Messrs.  Eutherford  and  Geiger  counted  the  numbers  of 
"  alpha-particles  "  which  were  radiated  from  a  disc  of  the 
radio-active  metal  polonium  during  a  long  series  of  intervals, 
each  lasting  one-eighth  of  a  minute.  The  table  states  the 
number  of  times  (N)  the  number  of  particles  given  off  in  this 
interval  had  a  given  value  (n) : — 


n. 

N. 

n. 

N. 

n. 

N. 

0 

57 

5 

408 

10 

10 

1 

203 

6 

273 

11 

4 

2 

383 

7 

139 

12 

0 

3 

525 

8 

45 

13 

1 

4 

532 

9 

27 

14 

1 

9.  In  1910  435,859  persons  were  assessed  for  Income  Tax 
upon  profits  arising  from  businesses  and  professions.  The 
following  table  gives  the  number  of  persons  assessed  for  in- 
comes between  the  specified  limits  : — 


Amount 

exceeding     not  exceeding     No.  of  persons. 

£                £ 

50,000             —                          29 

10,000           50,000                     254 

5,000           10,000                     594 

.'4,000             5,000                     415 

3,000            4,000                     725 

2,000            3,000                   1,842 

1,000            2,000                  7,309 

—                 1,000              424,683 

10.  The 

following  table   summarizes   the 

results  of   the 

valuation 

of  House  Property  in  England  and  Wales  during 

the  year  1885-6  :— 

Value. 

No.  of  Houses.               Value. 

No.  of  Houses. 

£ 

£ 

Under  10 

3,174,806                   60-      80 

104,128 

10-20 

1,450,781                   80-    100 

47,326 

20-30 

441,595                  100-    150 

58,871 

30-40 

259,756                  150-    300 

37,988 

40-50 

150,968                  300-    500 

8,781 

50-60 

90,432                  500-1,000 

3,002 

1,000-1,500 

1,036 
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11.  The  naturalist  De  Vries  counted  the  number  of  petals 
(P)  in  each  of  222  flowers  of  Eanunculus  after  they  had  been 
growing  for  a  year  in  his  garden.  The  table  gives  the  fre- 
quency (n)  of  each  number: — 

P.        5      6      7    8    9    10 
n.     133    55     23    7     2      2 

12.  The  following  table  gives  a  classification  of  the  39,253 
male  cases  of  scarlet  fever  received  by  the  Metropolitan 
Asylums  Board  into  their  hospitals  during  the  epidemic  of 
1899  :— 

No.  of  Cases. 

926 

420 

215 

91 

45 

26 

17 

5 

60-65  1 

13.  Dr.  Venn  gives  the  following  table  for  the  frequencies 
(m)  of  different  heights  of  the  barometer  (B)  observed  at  Cam- 
bridge during  thirteen  years  : — 


Age. 

No.  of  Gases.  • 

Age. 

0- 

443 

20- 

1- 

1,456 

25- 

2- 

2,631 

30- 

3- 

3,599 

35- 

4- 

3,862 

40- 

5- 

15,791 

45- 

10- 

7,359 

50- 

15-20 

2,366 

55- 

B. 

n. 

B. 

n. 

B. 

n. 

B. 

n. 

28-3 

1 

29-2 

63  5 

29-9 

537-5 

30-6 

85-5 

•6 

1 

•3 

81 

30  0 

586 

-7 

35 

•7 

2 

•4 

127 

•1 

550 

-8 

7-5 

■8 

6-5 

•5 

213 

■2 

488 

•9 

2-5 

•9 

10-5 

■6 

289 

•3 

350-5 

31-0 

0-5 

29-0 

23 

•7 

388 

•4 

246 

■1 

24 

•8 

479 '5 

•5 

150 

4748 

14.  The  following  table  gives  the  degrees  of  cloudiness  of 
the  sky  observed  at  Breslau  during  the  years  1876-1885.  The 
cloudiness  was  estimated  in  terms  of  an  arbitrary  scale,  10 
being  taken  as  the  maximum.  The  columns  headed  "  n" 
give  the  number  of  days  on  which  each  degree  was  recorded  : — 


Degree. 

n. 

Degree. 

n. 

0 

751 

6 

21 

1 

179 

7 

71 

2 

107 

8 

194 

3 

69 

9 

117 

4 

46 

10 

■    2089 

5 

9 
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15.  Mr.  Oswald  Latter  measured  in  millimetres  the  length 
and  breadth  of  each  of  717  cuckoo's  eggs.  The  measurements 
are  summarized  in  the  following  tables  : — 


Length. 

n. 

Length. 

n. 

Breadth. 

n. 

18 -^S- 

1 

22-76- 

148 

13-75- 

1 

19-25- 

2 

23-25- 

53 

14-25- 

1 

19-75- 

14 

23-75- 

53 

14-75- 

7 

20-25- 

8 

24-25- 

8 

15-25- 

40 

20-75- 

69 

24-75- 

5 

15-75- 

227 

21-25- 

54 

25-25- 

1 

16-25- 

152 

21-75- 

179 

25-75- 

0 

16-75- 

222 

22-25- 

121 

26-25- 

1 

17-25- 

47 

26-75 

17-75- 
18-25- 
18-75- 
19-25 

18 
0 

2 

16.  Prof.  W.  P.  E.  Weldon  caught  and  measured  at  Naples 
a  large  number  of  crabs  in  order  to  determine  the  ratio  of  the 
breadth  of  the  "  forehead  "  to  the  body-length.  The  results 
are  shown  below.  The  columns  headed  "  E  "  give  the  ratios 
in  terms  of  a  unit  consisting  of  0-004  of  the  body -length ; 


those  headed 

"n' 

'  give 

the  frequency 

of  each  ratio  :— 

R. 

n. 

R. 

n. 

R. 

n. 

R.         n. 

1 

1 

8 

19 

15 

54 

22        47 

2 

3 

9 

20 

16 

74 

23        43 

3 

5 

10 

25 

17 

84 

24        24 

4 

2 

11 

40 

18 

86 

25        19 

5 

7 

12 

31 

19 

96 

26          9 

6 

10 

13 

60 

20 

85 

27          5 

7 

13 

14 

62 

21 

75 

28  0 

29  1 

BXBEOISB  CXX. 

FEE  QUENCY-CUBVE  S. 

§  1.  Types  of  Frequency-Curves. — The  examples  of  Ex. 
CXIX  cannot  fail  to  have  brought  to  the  student's  notice  certain 
general  facts  about  frequency-distributions.  The  fundamental 
fact  is  that,  although  when  the  data  are  few  (as  in  No.  1)  the 
columns  representing  the  frequencies  of  their  occurrence  may 
exhibit  no  orderly  arrangement,  yet  order  invariably  appears 
as  the  data  become  sufficiently  numerous.  When  (as  is  most 
often  the  case)  the  data  are  measurements  which  vary  con- 
tinuously we  may  express  this  fundamental  fact  by  the  state- 
ment that,  as  the  class  interval  is  taken  smaller,  the  columns 
of  the  frequency-diagram  always  appear  to  have  a  definite 
and  simple  frequency-curve  as  their  limit. 

A  comparison  of  the  results  obtained  in  Nos.  1-16  suggests, 
further,  that  the  frequency-curves  to  which  actual  statistics 
are  related  may  be  classified  into  definite  types.  Thus  the 
curves  of  Nos.  4,  5,  6,  7, 15, 16  present  a  family  likeness  visible 
in  spite  of  the  irregularities  due  to  the  relative  paucity  of  the 
data.  They  point  to  an  ideal  form  which  has  been  compared 
to  the  shape  of  a  bow  when  bent,  more  or  less  forcibly,  for 
the  discharge  of  an  arrow.  The  ideal  curve — which  is  per- 
fectly symmetrical  about  its  middle  ordinate — does  not  often 
occur  in  connexion  with  actual  statistics.  On  the  other  hand, 
frequency-curves  not  greatly  divergent  from  it  characterize 
an  important  variety  of  distributions.  For  this  reason  it  is 
called  the  normal  frequency-curve.  Statistics  which  lead 
to  such  a  curve  are  said  to  show  normal  distribution- 
Most  actual  frequency-curves  differ  from  the  normal  in 
being  more  or  less  asymmetrical  or  skew.  (The  same 
adjectives  are  applied  to  the  frequency-distributions  to  which 
they  correspond.)  In  many  cases  (e.g.  Nos.  5,  15)  the  skew- 
ness  is  small  or  moderate  in  amount.    In  other  cases  it  is  very 
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pronounoed.  Extreme  skewness  in  the  frequency-distribution 
leads  to  a  J-ourve  like  those  of  Nos.  9-11.  The  curve  of 
No.  li  belongs  to  a  rarer  type  characterized  by  the  fact  that 
the  extreme  frequencies  are  larger  than  the  mean.  When 
this  kind  of  distribution  is  symmetrical  it  leads  to  a  sym- 
metrical U-curve.    The  curve  of  No.  14  is  an  asymmetrical  U- 

§  2.  Mean,  Median,  Mode. — The  student  who  has  worked 
Ex.  XXVI,  D,  in  Part  I  of  this  book,  will  remember  the  dif- 
ference between  the  terms  "  mean  "  and  "  median  "  as  applied 
to  a  number  of  measurements  of  a  thing.  The  mean  is  the 
ordinary  arithmetic  mean  or  average ;  the  median  is  the 
middle  measurement-^that  is,  the  one  which  exceeds  and  is 
exceeded  by  an  equal  number  of  measurements.  The  terms 
lower  and  upper  quartiles  will  also  be  remembered  as 
meaning  the  measurements  whose  values  are  such  that  one 
quarter  of  the  whole  series  lies  below  the  former  and  one 
quarter  above  the  latter.  In  other  words,  the  interquartile 
range  includes  the  middle  half  of  the  whole  series  of  measure- 
ments. 

To  these  terms  a  new  one  is  to  be  added.  In  most  of  the 
statistics  of  Ex.  CXIX  one  measurement,  or,  more  usually, 
the  measurements  in  one  class-interval  show  a  greater  fre- 
quency than  any  others.  This  greatest  frequency  is  called 
the  mode — that  is,  the  "  fashionable  frequency  ".  It  will  be 
noted  that  the  existence  and  position  of  the  mode  depend  to 
some  extent  upon  the  grouping  of  the  statistics.  Thus  there 
is  no  mode  in  the  lengths  of  the  carrots  in  Ex.  OXIX,  No.  1, 
for  they  are  all  different.  When  they  are  grouped  as  in  No.  2 
the  class  15-16  is  the  chief  mode  (fr.  =  5),  though  the  class 
20-21  must  be  reckoned  a  sub-mode  (fr.  =  4).  But  when  they 
are  grouped  as  in  No.  3  the  class  18-21  becomes  the  single 
and  unchallenged  mode. 

§  3.  The  Determination  of  the  Mode,  etc. — As  we  have  seen, 
when  measurements  are  grouped  into  classes  in  a  frequency- 
table  or  represented  by  a  column-graph,  the  mode  is  simply 
the  most  numerous  class  of  the  table  or  the  group  of  measure- 
ments corresponding  to  the  highest  rectangle  'of  the  graph. 
If  a  frequency-curve  is  drawn  across  the  column-graph  the 
mode  is  the  measurement  corresponding  to  its  highest  ordinate. 
For,  by  the  theory  of  the  frequency- curve,  the  highest  ordinate 
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marks  the  measurement  which  would  occur  most  frequently 
if  a  vast  number  were  made  and  if  those  actually  represented 
in  the  column-graph  could  be  regarded  as  a  fair  sample  of  the 
whole. 

When  all  the  individual  measurements  are  given  there  is 
no  diflSculty  in  finding  their  mean  or  arithmetical  average. 
When  the  measurements  are  given  in  classes  (as  in  Ex.  CXIX, 
No.  4,  etc.)  the  problem  is  less  simple,  for  the  actual  frequency- 
distribution  is  unknown.  It  is  usual  to  suppose  in  this  case 
that  all  the  measurements  that  fall  in  a  given  class  have  the 
magnitude  corresponding  to  the  middle  of  the  class-interval. 
For  example,  in  Ex.  CXIX,  No.  4,  in  calculating  the  mean 
stature  of  the  adult  British  males  it  would  be  assumed  that 
2  had  a  height  of  57'5  in.,  14  of  59-5  in.,  and  so  on.  This 
assumption  is  clearly  equivalent  to  the  supposition  that  the 
column-graph  represents  the  actual  distribution  of  the  fre- 
quencies. 

In  considering  the  median  it  is  best  to  start  from  the 
frequency-curve  or  column-graph.  It  is  then  obvious  that  the 
median  is  the  measurement  corresponding  to  the  ordinate 
which  bisects  the  area  of  the  figure  ;  for  one-half  of  the  area 
represents,  by  hypothesis,  one-half  of  the  number  of  measure- 
ments. If  it  be  supposed,  as  in  calculating  the  mean,  that  the 
column-graph  represents  the  distribution  truly,  then  it  is  easy 
to  determine  the  position  of  the  median  ordinate  by  calcula- 
tion. If  we  work  with  the  frequency-curve  the  median  ordin- 
ate must  be  found  by  counting  squares  or  by  a  process  of 
calculation  based  upon  the  known  properties  of  the  curve. 

Examples : — 

A. 

1.  State  (i)  the  modal  height  of  adult  British  males ;  (ii)  the 
modal  head-breadth  of  Cambridge  students ;  (iii)  the  modal 
sum  of  25  figures  taken  from  a  logarithmic  table;  (iv)  the 
modal  age  for  scarlet  fever  in  boys  and  men.  [See  Ex.  CXIX, 
Nos.  4,  5,  7,  12.] 

2.  The  median  of  a  set  of  measurements  lies  somewhere 
in  a  class  whose  frequency  is  n.  The  number  of  measurements 
included  in  the  classes  below  this  one  is  N,.  The  total  fre- 
quency is  N.  Suppose  the  distribution  to  be  represented 
correctly  by  the  column  graph.     Let  the  width  of  each  column 
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be  w  and  let  d  be  the  distance  of  the  median  ordinate  frona 
the  left-hand  boundary  of  the  rectangle  in  which  it  lies. 
Prove  that 

d  =  (iN  -  Ni)w/«. 

3.  Use  the  formula  of  No.  2  to  determine  the  medians  in 
the  cases  mentioned  in  No.  1. 

4.  Obtain  formulae  for  calculating  the  lower  and  upper 
quartiles. 

5.  Apply  these  formulae  to  the  eases  of  No.  1. 

6.  Determine  the  mode,  the  median,  and  the  interquartile 
range  of  the  barometric  measurements  given  in  Ex.  CXIX, 
No.  13.  Explain,  as  if  to  a  non-mathematical  inquirer,  the 
meaning  of  your  results. 

7.  Determine  the  median  and  the  interquartile  range  of  the 
degrees  of  cloudiness  observed  at  Breslau  (Ex.  GXIX,  No.  14). 
What  would  you  reply  if  asked  to  state  the  mode  ? 

8.  Let  X  =  the  magnitude  of  any  one  of  a  series  of  measure- 
ments whose  mean  is  required.  Let  M  be  the  value  of  the 
mean  and  M'  any  other  number.     Show  that 

M  =  M'  -  ^  S  (M'  -  a;) 

N  being  the  total  number  of  the  measurements. 

9.  Use  the  foregoing  formula  to  calculate  (i)  the  mean 
length,  (ii)  the  mean  girth  of  the  carrots  in  Ex.  CXIX,  No.  1, 
taking  for  M'  (the  trial  mean)  any  convenient  number 
which  you  guess  to  be  near  the  actual  mean.  [See  Part  I, 
pp.  157-9.] 

10.  Use  the  same  formula  to  find  the  mean  length  and 
girth  of  the  carrots  from  the  frequency  tables  of  Ex.  CXIX, 
No.  1.  Take  for  M'  the  mid-value  of  the  class-interval  in 
which  you  judge  the  mean  to  lie,  and  assume  (as  explained 
above)  that  the  length  or  girth  of  each  carrot  is  equal  to  the 
mid-value  of  its  class. 

11.  Eepeat  with  the  frequency-table  of  Ex.  CXIX,  No.  3. 
[Note  that  it  is  most  convenient  to  take  the  class-interval 
( =  3  cms.)  as  unity  in  calculating  M,  and  to  express  the 
result  in  centimetres  afterwards.] 

12.  Use  the  method  of  No.  10  or  No.  11  to  find  the  means 
in  the  cases  mentioned  in  No.  1  of  this  exercise. 


444  ALGEBRA 


B. 


§  4.  The  Measurement  of  Skewness. — It  is  evident  that  if  a 
frequency-distribution  is  symmetrical  the  mean,  the  mode,  and 
the  median  will  coincide,  but  that  if  it  is  asymmetrical  they 
will  not.  It  is  also  clear  that  in  the  second  case  the  interval 
between  the  median  (Mi)  and  the  lower  quartile  (Qj)  will  not 
be  the  same  as  the  interval  between  the  median  and  the  upper 
quartile  (Qg).  These  facts  may  be  used  in  various  ways  to 
obtain  a  measure  of  the  degree  of  skewness  of  the  distribution. 
The  simplest  method  is  based  upon  the  inequality  of  the 
segments  into  which  the  median  divides  the  interquartile 
range.  The  lengths  of  these  segments  are,  of  course  (Mi  -  Qj) 
and  (Qj  -  Mi).  Denoting  by  Q  the  semi-interquartile  range 
i{Qg  -  Qi)  we  may  adopt  the  following  as  our  formula  for 
measuring  the  skewness  : — 

Skewness  =  (M^  -  Qx)  -  (Qa  -  Mi)_ 

Examples : — 

13.  Add  to  your  frequency-curves  in  the  cases  mentioned 
in  No.  1  of  this  exercise  the  ordinates  which  correspond  re- 
spectively to  the  means,  modes,  medians,  and  quartiles.  [See 
Nos.  1,  3,  5, 12.] 

14.  Obtain  a  measure  of  the  skewness  of  the  distribution  in 
each  of  the  cases  of  No.  1  of  this  exercise. 

15.  Determine  the  skewness  of  the  distributions  mentioned 
in  Nos.  6,  7  of  this  exercise. 

16.  For  moderately  asymmetrical  distributions  the  positions 
of  the  mode  (Mo),  the  mean  (M)  and  the  median  (Mi)  are 
found  to  be  connected  approximately  by  the  formula 

Mo  =  M  -  3(M  -  Mi). 
Test  the  formula  in  the  cases  mentioned  in  No.  1  and  No.  6. 

C. 

§  5.  Formula  for  Frequency-Curves. — The  evident  re- 
latedness  of  the  curves  which  correspond  to  different  kinds  of 
natural  frequency-distribution  suggests  the  question  whether 
general  formulae  can  be  found  to  describe  them.  In  answer 
to  this  question  Professor  Karl  Pearson  has  shown,  by  the 
laborious  and  elaborate  analysis  of  many  examples,  that  the 
frequency-curves  which  occur  in  the  investigation  of  natural 
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statistics  fall  into  seven  well-marked  types.  Some  of  the 
more  interesting  of  these  are  illustrated  by  the  following 
examples.  To  reduce  the  labour  of  computation  the  awkward 
constants  which  occur  in  actual  experience  are  replaced  in 
these  examples  by  much  simpler  numbers. 

In  all  the  examples  y  is  to  be  taken  as  the  frequency  of  the 
measurement  whose  magnitude  is  x.  The  constants  (a,  f, 
etc.)  are  all  positive. 

Examples : — 

17.  Show  that  a  frequency-curve  of  the  form  given  by 

is  symmetrical  for  all  values  of  a  and  p.  What  are  the 
greatest  and  least  frequencies  which  it  admits  ?  What  is  the 
range  of  possible  values  of  the  measurements  (cc)  ? 

18.  Draw  the  frequency- curves  described  by  the  formula 
of  No.  17  in  the  cases  when  (i)  a  =  6,  p  =  1 ;  (ii)  a  =  5, 
p  =  10;  (iii)  a  =  &,  p  =  100.  [Only  one  curve  should  be 
drawn  by  each  student  though  all  the  results  should  be  com- 
pared. The  ordiaates  should  be  calculated  by  logarithms  for 
unit  intervals  in  x.  Any  convenient  value  may  be  assigned 
to  2/j — for  example,  100.] 

19.  What  type  of  frequency-curve  is  produced  by  the  sub- 
stitution of  -  ^  for  p  in  the  formula  of  No.  17  ? 

20.  Show  that  as  a  and  p  both  increase  but  in  such  a  way 
that  the  ratio  ajp  remains  constant,  the  frequency-curve 
given  by  the  formula  of  No.  17  approaches  a  limiting  form 
described  by  the  formula 

where  V  =  ajp. 

21.  Draw  the  curve  of  No.  20,  putting  (i)  «/„  =  400,  W=2Q; 
(ii)  y^  =  100,  h^  =  40.  [One  curve  only  need  be  drawn  by 
each  student  but  the  ordinates  of  both  curves  will  be  required 
later.] 

It  will  be  seen  that  the  curves  obtained  in  these  examples 
all  resemble  the  "  ideal  curve "  suggested  by  Ex.  CXIX, 
No.  4.  The  name  "  normal  curve  "  is,  however,  reserved 
for  frequency-curves  corresponding  to  the  formula  of  No.  20. 
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This  formula  is  of  the  greatest  importance  in  the  theory  of 
statistics. 

22.  The  formula  of  No.  17  can  be  written  as 

If  for  the  single  constant  a  two  different  constants,  a^  and  aj, 
are  now  substituted,  one  in  each  factor,  the  formula  becomes 

Show  that  the  corresponding  frequency-curve  is  asymmetrical. 
What  are  the  limits  of  the  values  of  x  which  it  admits  ? 

23.  Draw  the  curve  corresponding  to  the  formula  of  No.  22, 
assuming  (i)  a^  =  4,  ttg  =  5,  «  =  10;  (ii)  a^  =  10,  a^  =  5, 
p  =  0-3. 

24.  What  will  be  the  general  character  of  the  frequency- 
curve  whose  formula  is 

y=yo{l  +  x/a,)-^'! .  (1  -  x/a^ys? 

25.  Draw  the  curve  corresponding  to  the  formula  of  No.  24 
when  2/g  =  51,  Oj  =  4-8,  a^  =  5-2,  p  =  0'18.  Compare  it 
with  the  frequency-curve  obtained  in  Ex.  CXIX,  No.  14. 

26.  Show  that  as  a^  increases,  Oj  remaining  constant,  the 
formula  of  No.  22  approaches  the  limiting  form 

y  =  y^{l  +  xla^Y'i .  e'^. 
Draw  the  curve  when  y^  =  22,  a-^  =  V2,  p  =  1"27.      Com- 
pare with  the  frequency-curve  obtained  in  Ex.  CXIX,  No.  13. 

27.  Discuss  the  general  form  of  the  frequency-curve 

2/  =  2/0  Wai  -  l)-'""! .  (1  -  xja^T^. 

28.  Show  that  by  changing  the  origin  from  which  x  is 
measured  the  formula  of  No.  27  can  be  expressed  in  either  of 
the  forms 

y  =  y^x-""! .  (1  -  xlhfa 
y  =  y^-""! .  {b  -  xy-2 

where  a^,  a^,  p  have  their  original  values,  6  =  (aj  -  o,^)/ci'i  and 
2/q  has  a  different  value  in  each  formula. 

29.  Draw  the  frequency- curve  corresponding  to  the  formula 

y  =  0-2112a;-?-«(7  -  xf'K 
Compare  it  with4hat  obtained  in  Ex.  CXIX,  No  11. 
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30.  Show  that  as  b  increases  the  first  formula  of  No.  28 
approaches  the  Umiting  form 

y  =  y^x-' .  e-"^. 

Draw  the  curve  when  2/0  =  1400,  a  —  0-7,  h  =  0'3.     Com- 
pare it  with  that  of  Ex.  CXIX,  No.  10. 

31.  The  second  formula  in  No.  28  suggests  the  allied 
formula 

y  =  2/0*""  •  {^  -  *)"■ 
Trace  the  curve  when  y^  =  8'5  x  10^,  a  —  13,  6  =  4;"3,  c  = 
2-5.     Compare  it  with  that  obtained  in  Ex.  CXIX,  No.  12. 

§  6.  Compound  Frequency -Curves. — In  all  the  foregoing 
cases  the  frequency-curves  have  been  described  by  a  single 
function.  This  circumstance  points,  no  doubt,  to  the  proba- 
bility that  the  measurements  represent  variations  in  a  single 
family.  Suppose,  for  example,  that  in  addition  to  the  sta- 
tistics given  lin  Ex.  CXIX,  No.  4,  we  had  a  similar  set  of 
measurements  of  the  height  of  adult  Japanese  men.  The 
frequency-curve  for  these  would,  no  doubt,  be  similar  in  form 
to  that  obtained  for  British  adults  but  would  also  show  char- 
acteristic differences ;  the  mode  would  certainly  be  different 
and  there  might  be  a  slight  difference  in  the  skewness.  Now 
suppose  the  British  and  Japanese  statistics  to  be  pooled  and 
the  resulting  frequency-curve  to  be  traced.  It  is  to  be  ex- 
pected that  this  curve  will  betray  its  composite  origin  by  its 
form,  just  as  a  curve  does  which  is  the  resultant  of  two  har- 
monic curves  of  different  amplitude,  wave-length,  and  phase. 
An  important  part  of  the  work  of  the  scientific  statistician 
consists,  in  fact,  in  analysing  given  frequency-curves  into 
their  components,  just  as  periodic  wave-forms  were  analysed 
into  harmonic  components  in  Ex.  CVI.  By  this  means  it  is 
often  possible  to  show  that  what  appeared  to  be  a  homo- 
geneous set  of  measurements  is  really  a  mixture  of  measure- 
ments coming  from  distinct  sources. 

The  applications  of  this  principle  are  numerous  and  impor- 
tant. It  has,  for  example,  been  used  to  elucidate  questions 
of  "  pre-history  ".  Thus  the  measurements  of  the  skulls  found 
in  tombs  in  a  country  (e.g.  Crete)  may  give  useful  evidence 
about  prehistoric  invasions  and  the  subsequent  fusion  of  races. 
No.  32  illustrates  its  use  in  connexion  with  biological 
problems. 
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Example  :— 

32.  Take  the  tables  of  ordinates  and  abscissae  calculated 
for  No.  21.  In  the  first  table  change  each  abscissa  x  to 
X  +  2-5,  in  the  second  change  it  to  a;  -  3-5.  Add  the  ordin- 
ate-heights  which  correspond  to  the  same  abscissa  in  the 
corrected  tables.  Construct  the  frequency-curve  corresponding 
to  the  resultant  ordinates.  Compare  it  with  the  curve  in 
Ex.  CXIX,  No.  16.  What  do  you  deduce  about  the  crabs 
caught  at  Naples  ? 


BXBECISB  OXXI. 
DISPERSION. 

§  1.  Bevision. — It  is  important  that  the  student  should 
understand  clearly  the  nature  of  the  mathematical  problem 
with  which  the  last  two  exercises  have  been  concerned.  He 
should,  therefore,  as  a  means  of  summarizing  what  he  has 
learnt,  consider  with  care  the  following  remarks. 

Suppose  a  person  to  inquire  how  far  a  body  will  fall  in  a 
second  if  released  in  a  long  tube  from  which  the  air  has  been 
extracted.  To  this  question  a  perfectly  definite  answer  can 
be  given.  The  distance  will  vary  slightly  in  accordance  with 
the  position  of  the  place  where  the  experiment  is  performed, 
but,  given  the  place,  all  bodies,  whatever  their  nature,  size, 
weight,  and  history,  will  fall  in  the  same  time  through  exactly 
the  same  distance.  Next  suppose  the  inquirer  to  ask  how 
much  a  bar  of  iron  of  given  dimensions  will  bend  if  it  is  sup- 
ported at  its  ends  and  loaded  at  the  middle  with  a  given 
weight.  To  this  question  the  answer  must  be  less  definite. 
The  behaviour  of  an  iron  bar  depends  to  some  extent  on  the 
process  by  which  it  was  made ;  for  what  we  call  "iron" 
always  contains  chemical  impurities  which  vary  from  sample 
to  sample.  Even  if  the  iron  were  chemically  pure  the  amount 
of  bending  would  still  vary  slightly  according  to  the  treatment 
(heating,  hammering,  etc.)  which  the  bar  had  undergone. 
Nevertheless  it  would  be  possible  to  specify,  for  a  bar  pro- 
duced by  a  given  process,  an  amount  of  bending  which  would 
be  suf&ciantly  near  the  truth  for  practical  purposes.  Lastly, 
suppose  the  question  to  be :  How  tall  is  an  English  boy  of 
14  ?  To  this  question  no  answer  can  be  given  sufficiently 
definite  even  for  such  a  simple  purpose  as  the  provision  of  a 
suit  of  clothes.  The  only  full  answer  we  could  give  would 
be  to  measure  a  set  of  boys  of  14  sufficiently  numerous  to  be 
a  fair  sample  of  the  whole  and  to  place  our  statistics  before 
PT.  II.  449  29 
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the  inquirer.  Such  an  answer  would  in  its  crude  form  be 
confusing  rather  than  illuminating ;  so,  as  statisticians,  we 
should  seek  some  means  of  presenting  our  facts  in  a  more 
easily  apprehensible  shape — even  if,  in  doing  so,  some  of  the 
actual  measurements  had  to  be  omitted  or  disguised  by  group- 
ing. In  Exs.  CXIX,  GXX  the  student  has  considered  the 
best  means  available  for  such  a  purpose.  He  has  seen  how 
to  simplify  a  complex  mass  of  data  by  arranging  them  in  a 
frequency-table,  how  to  present  them  in  a  more  vivid  form  by 
means  of  a  frequency-diagram,  and,  finally,  he  has  seen  that, 
in  all  ordinary  cases,  it  is  possible  to  summarize  in  a  more  or 
less  complicated  ■  formula  the  way  in  which  the  data  are  dis- 
tributed with  regard  to  frequency  of  occurrence. 

But  it  must  be  recognized  that  the  frequency-diagram  or 
formula,  though  practically  a  full  answer  to  the  kind  of 
question  contemplated,  is  not  a  very  convenient  one.  A 
person  who  wished  to  form  a  general  idea  of  the  way  in  which 
the  height  of  a  boy  changes  as  he  grows  older  would  be  em- 
barrassed rather  than  helped  if,  in  reply  to  his  questions,  we 
presented  him  with  a  frequency-diagram  or  a  frequency- 
formula  for  each  year  of  age.  It  is  evident  that  for  this,  and 
many  other  purposes  the  statistics  must  be  "  boiled  down  "  or 
"  edited  "  into  a  practicable  form  and  bulk. 

An  extreme  form  of  editing  would  consist  in  omitting  all 
the  data  except  one ;  for  example,  the  mean,  the  median,  or 
the  mode.  The  first  of  these  three  "  averages  "  is  the  one 
generally  chosen  in  such  a  case,  but  there  is  much  to  be  said 
for  the  others.  For  example,  the  mode  specifies  the  height 
that  will  be  most  commonly  met  among-  boys  of  14  and  thus 
corresponds  more  directly  to  everyday  experience  than  does 
the  mean.  But  as  an  answer  to  the  kind  of  question  here 
in  view  the  statement  of  an  average  tells  very  little.  A  person 
would  not  learn  much  about  the  economic  conditions  in  this 
country  from  the  information  that  the  mean  extent  of  landed 
property  owned  by  an  Englishman  is  0'96  acre.  Such  a  state- 
ment to  be  of  real  use  must  be  supplemented  by  some  indica- 
tion of  how  properties  of  differing  size  are  distributed  among 
individual  Englishmen.  Thus  the  reformer  who  wishes  to 
change  our  land-system  points  out  that  although  the  mean 
amount  owned  per  head  of  our  thirty-four  millions  of  people 
is  only  0-96  acre  yet  half  the  whole  country  (32-6  x  10' 
acres)  is  owned  by  about  500  persons. 
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§  2.  Quartile  Deviation. — A  method  not  unlike  this  is  one 
of  the  recognized  ways  of  indicating  the  dispersion  of  a  set 
of  measurements  when  something  more  concise  than  a  fre- 
quency-table or  formula  is  required.  It  consists  in  naming 
the  interquartile  range,  or,  more  usually,  the  semi-interquartile 
range  of  the  statistics.  In  other  words,  the  dispersion  is  in- 
dicated by  a  statement  of  the  difference  or  the  semi-difference 
of  two  magnitudes  which  include  between  them  the  central 
half  of  the  cases  measured.  Eegarded  in  this  way  as  a 
measure  of  dispersion  or  degree  of  "  scatter  "  the  semi-inter- 
quartile range  is  often  called  the  quartile  deviation- 
Examples  : — 

A. 

1.  Look  through  the  examples  of  Ex.  CXIX  and  point  out 
those  in  which  the  quartile  deviation  would,  and  those  in 
which  it  would  not,  be  a  suitable  means  of  measuring  the 
dispersion. 

2.  Use  the  results  of  Ex.  CXX  to  write  down  measures  of 
dispersion  in  the  case  of  Ex.  CXIX,  Nos.  4,  5,  7,  12,  13,  14. 

3.  It  may  be  supposed  that  the  frequency-diagram  for  a 
certain  set  of  measurements  is  an  isosceles  triangle  of  base 
2d  and  height  b.     Calculate  the  quartile  deviation. 

i.  In  another  case  the  frequency- curve  may  be  supposed 
to  be  one-half  of  a  complete  sine-curve  of  amplitude  b,  stand- 
ing on  a  base  of  length  2a.     Calculate  the  quartile  deviation. 

6.  In  a  case  like  that  of  No.  3  the  total  number  of  measure- 
ments was  1000,  and  the  quartile  deviation  was  2-5.  Assum- 
ing that  one  square  centimetre  represents  100  cases  measured, 
determine  the  frequency-diagram.  What  does  the  base-length 
of  the  diagram  represent  ? 

6.  In  a  case  like  that  of  No.  4  the  total  number  of  measure- 
ments was  1000  and  the  quartile  deviation  3^.  Determine 
the  amplitude  and  base  of  the  frequency-curve,  using  the 
same  scale  as  in  No.  5. 

§  3.  Thfi  Case  of  the  Normal  Curve. — Nos.  3-6  show  that 
when  the  form  of  the  frequency-diagram  is  known  it  is  in 
some  oases  possible  to  calculate  the  quartile  deviation,  and, 
conversely,  to  determine  the  precise  form  of  the  diagram,  given 
the  quartile  deviation  and  the  total  number  of  cases.  The 
cases  specified  in  Nos.  3,  4  are,  of  course,  entirely  hypothetical. 

29* 
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They  have  served,  however,  to  introduce  a  principle  of  con- 
siderable value  in  actual  cases.  Of  these  much  the  most 
important  is  the  case  when  the  frequency-distribution  is 
normal. 

Y 


0    M  M'  +2 
Fig.  123. 


+4- 


We  have  seen  (Ex.  CXX,  No.  20)  that  the  formula  of  the 
normal  curve  is  y  =  yo.  e" ''' ■  If  we  substitute  u  for  x/h 
the  formula  becomes  y  =  y^.  e~"  ,  and  it  is  easy  to  determine 
the  ordinate  corresponding  to  any  abscissa,  x,  by  means  of 
the  table  of  values  of  e"""  given  on  p.  473.     Kg.  122  is  a 
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normal  curve  in  which  y^  =  +  3  and  h^  =  2-25.  In  fig. 
123  the  firm  line  is  the  graph  oi  y  =  e"" ,  the  abscissae  being 
now  values  of  u  instead  of  values  of  x.  The  broken  line  is 
the  graph  of  y  =  y^-  e~"^,  where  y^  =  +3,  i.e.  the  value 
selected  for  fig.  122.  The  ordinates  marked  PM,  ^M  and 
P'M',  ^'M'  in  the  two  figures  are  respectively  of  the  same 
height.  They  may  be  supposed  so  close  together  in  each 
figure  that  the  areas  included  between  them  and  under  the 
curves  are  indistinguishable  from  those  of  the  rectangles 
PM'. 

Examples : — 

7.  Show  that  OM  and  MM'  in  fig.  122  are  respectively,  h 
times  (that  is,  in  this  ease,  1^  times)  as  long  as  OM  and  MM' 
in  fig.  123. 

8.  Hence  show  that  the  area  under  the  curve  y  =  y^.e'  I'' 
between  two  given  ordinates  is  h  times  the  area  between 
the  ordinates  equal  to  them,  each  to  each,  under  the  curve 
y  =  y^.  e~"  .  Show  also  that  if  two  ordinates oi  y  =  yo-^'" 
contain  between  them  a  given  fraction  of  the  whole  area 
under  the  curve  the  same  fraction  of  the  whole  area  under 
y  =  y^ .  e^"  '*  is  contained  between  two  ordinates,  equal, 
each  to  each,  to  the  former  pair  but  situated  h  times  as  far 
apart. 

9.  Show  that  the  area  between  two  given  ordinates  under 

the  curve  y  =  y^ .  e~"  is  2/0  times  the  area  under  the  curve 
y  =  g-"^.  [Consider  pairs  of  rectangles  such  as  PM'  and  pW 
in  fig.  123.]  Hence  show  that  if  A  be  the  area  under  the 
curve  y  =  y,, .  e'"  ""  between  two  ordinates  whose  abscissaa 
are  x^,  x^,  and  A'  the  area  under  the  curve  y  =  e""^  between 
two  ordinates  whose  abscissae  are  Mj  =  xjh  and  u^  =  xjh, 
then 

A  =  %  .  A'. 
Show,  further,  that  this  result  holds  good  if  A  and  A'  are 
taken  to  be  the  whole  areas  under  the  curves. 

10.  Let  Q  be  half  the  distance  between  the  quartiles  Qj, 
Qgoty  —  e~"  (fig.  123).  Prove  that  the  quartile  deviation 
in  the  case  of  the  frequency-distribution  y  =  y^.  e-'^l"^  is  hQ. 

11.  The  table  on  p.'  473  gives  the  ordinates  oiy  =  e""  at 
fairly  small  equal  distances.     Use  the  numbers  to  prove  by 


464  ALGEBRA 

Simpson's  Eule  that  the  total  area  under  the  curve  is  ap- 
proximately 3-54:4:  square  units. 

12.  Prove  similarly  that  one-half  the  area  under  the  curve 
is  included  between  ordinates  whose  abscissae  are  approxi- 
mately ±  0-4:88. 

13.  Hence  show  that  the  quartile  deviation  for  the  distri- 
bution 

y  =  y^.e  'I" 
is  0-4:88fc. 

14.  Let  the  total  number  of  measurements  in  a  normal 
distribution  be  N.     Prove  that 

0-282N       j/^2 


B. 

§  4.  Mean  Deviation. — A  second  method .  of  measuring 
dispersion  was  considered  in  Part  I,  Ex.  XXVI,  D.  It  con- 
sists in  averaging  the  arithmetical  differences  between  tHe 
various  measurements  and  some  standard  measurement.  This 
standard  might  be  the  mode,  the  mean,  or  the  median.  It 
was  stated,  however,  that  the  sum  of  the  differences  of  the 
measurements  from  the  median  is  less  than  from  any  other 
standard  ordinate.  For  this  reason  the  mean  deviation  (M.D.) 
of  a  set  of  measurements  is  as  a  rule  calculated  with  reference 
to  their  median,  though  mean  deviation  from  the  mean  is  also 
sometimes  used.  If  N  is  the  total  number  of  measurements, 
and  X  the  value  of  any  given  measurement,  then  the  formula 
defining  the  mean  deviation  is 

M.D.  =  ''^^ 

N 

the  symbol  "  —^  "  being  used  to  imply  arithmetical  difference, 
i.e.  difference  without  regard  to  sign. 

In  calculating  the  grouped  measurements  of  a  frequency- 
table  or  frequency-diagram  the  usual  assumption  is  made  that 
all  measurements  that  lie  in  a  given  class  or  are  represented 
by  a  given  rectangle  have  the  magnitude  corresponding  to  the 
mid-value  of  the  class  or  the  mid-ordinate  of  the  rectangle. 
"When  tbe  frequency-diagram  is  a  curve  the  area  is  to  be  sup- 
posed divided  up  by  equidistant  ordinates  into  strips  which 
may  be  regarded  as  rectangular.     It  is  important  to  remember 
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that  each  such  strip  represents  the  number  of  cases  in  which 
the  measurement  falls  within  the  limits  represented  by  the 
abscissae  of  the  bounding  ordinates.  The  total  area  under  the 
curve  represents,  of  course,  the  total  number  of  cases  measured. 
It  follows  that,  in  the  case  of  a  frequency-curve,  if  8a;  is  the 
width  of  a  strip,  y  its  height,  and  x  its  distance  (or,  more 
strictly,  the  distance  of  its  mid-ordinate)  from  the  median, 
then  2/ .  8a;  is  the  number  of  cases  represented  by  the  strip 
and  their  contribution  to  the  total  of  deviation  is  |  a;^  .  8a;  |  . 
Thus  the  formula  for  the  mean  deviation  becomes 

M.D.  =  ?^ 
A 

where  A  is  the  total  area  under  the  curve.  It  is  important 
to  remember  that,  in  determining  'S^xy  .  8a;,  no  regard  is  to  be 
had  to  sign.  That  is  to  say,  the  sums  for  the  strips  that  he 
respectively  to  the  right  and  the  left  of  the  median  must  be 
taken  separately  and  added  together  arithmetically. 

The  student  who  has  read  Ex.  CXIV  will  see  that  the 
numerator  required  for  the  mean  deviation  can  be  expressed 
more  correctly  as 

J  ^xy  .hx  -  j  xy.Sx 
0  ., 

or  in  the  equivalent  form 

a  (xy)  -  Cr  {xy) 

Xi  and  X2  being  respectively  the  distances  to  the  right  and  the 
left  of  the  median  where  the  curve  meets  the  a;-axis,  and 
the  minus  being  placed  between  the  two  integrals  in  order  to 
secure  that  their  values  shall  be  added  arithmetically. 

Examples : — 

15.  Calculate  the  mean  deviation  (i)  of  the  length,  (ii)  of 
the  girth  of  the  carrots  mentioned  in  Ex.  CXIX,  No.  1. 

16.  Calculate  the  mean  deviation  of  the  statures  given  in 
Ex.  CXIX,  No.  4. 

17.  The  median  ordinate  of  a  frequency- curve  is  taken  as 
the  y-axis.  Another  ordinate  PM  is  drawn  at  a  distance  c  to 
the  left  of  the  median.  Let  2 A  be  the  total  area,  D  the  total 
mean  deviation  from  the  median,  D'  the  same  from  PM,  Dj, 
Djj  the  mean  deviations  from  the  median  of  the  right  and  left 
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halves  of  the  total  area,  A'  the  area  between  the  median  and 
PM,  <?!  and  d^  the  mean  deviations  of  A'  from  PM  and  the 
median  respectively.  By  considering  the  gains  and  losses  of 
deviation  on  each  side  show  that 

D'  =  D  +  (c  +  <ii  -  d2)A72A 
and  that  the  second  term  is  necessarily  positive  (for  d^  and  d^ 
are  both,  by  nature,  less  than  c). 

It  is  obvious  that  the  same  result  would  be  obtained  if  PM 
were  taken  to  the  right  of  the  median.  Hence,  as  stated  in 
§  4,  the  mean  deviation  is  least  when  measured  from  the 
median. 

18.  Assuming  that  the  frequency-diagram  is  the  isosceles 
triangle  of  No.  3,  calculate  the  mean  deviation. 

19.  Assuming  that  the  frequency-diagram  is  the  part  of  the 
curve 

2/  =  a(l-a!=») 
which  is  above  the  a;-axis,  calculate  the  mean  deviation. 

20.  Assuming  that  the  frequency-diagram  is  the  sine-curve 
of  No.  4,  calculate  the  mean  deviation.  [See  Ex.  OXIV, 
No.  11.] 

21.  Assuming  that  the  frequency-distribution  has  the  ex- 
treme skew  form  represented  by  the  part  of  the  curve 

which  is  on  the  right  of  the  y-axis,  show  (i)  that  the  total 
number  of  cases  measured  is  yjp ;  (ii)  that  the  median  ordin- 
ate is  the  one  whose  abscissa  is  y^, .  logjijp ;  (iii)  that  if  the 
median  be  taken  as  the  2/-axis  the  formula  for  the  curve  be- 
comes 

2/  =  N.  e-"'. 

22.  By  means  of  this  formula  prove  that  the  total  devia- 
tion from  the  median  is 

3-log2 
•      2p^ 
[See  Ex.  OXIV,  Nos.  14,  15,  and  §  2.] 

23.  Prove  by  means  of  Nos.  21,  22  that  the  mean  deviation 
of  the  distribution 

y  =  2/o-e"'" 
is 

3  -  log  2 

2jp2 
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24.  Show  that  the  total  deviation  from  the  median  of  the 
normal  distribution 

2/  2 


D  =  2^0     X.  e-'  I"  .  Sx 


Jo 


=  2^Vo- 

Hence  prove  (using  the  equivalence  for  «/„  discovered  in 
No.  14)  that  when  the  distribution  is  normal  the  mean  devia- 
tion is  approximately  0"564/i. 

C. 

§  5.  Standard  Deviation. — Although  the  quartile  deviation 
and  the  mean  deviation  are  both,  for  some  purposes,  useful 
measures  of  dispersion  yet  for  others  they  are  less  valuable. 
Thus  the  quartile  deviation  gives  no  information  about  the 
way  in  which  the  measurements  "  tail  "  below  and  above  the 
median.  Suppose,  for  example,  that  it  is  known  that  half  the 
families  in  a  country  have  incomes  between  £40  and  £200. 
This  statement  is  compatible  with  a  state  of  things  in  which 
no  family  has  (say)  less  than  £30  or  more  than  £300,  and 
also  with  one  in  which  a  quarter  of  the  families  have  the 
income  of  millionaires  and  another  quarter  are  absolute  paupers. 
The  mean  deviation  is  free  from  this  disadvantage  but  has 
another.  Since  we  have,  in  determining  it,  always  to  neglect 
the  sign  of  the  magnitudes  x  its  use  introduces  much  awkward- 
ness into  algebraic  calculations.  Moreover,  although  it  gives 
some  weight  to  extreme  deviations  yet  it  gives,  in  most  cases, 
less  weight  than  they  deserve.  As  we  argued  in  Part  I,  Ex. 
LXVII,  a  deviation  of  double  magnitude  is  generally  of  more 
than  twice  the  importance  of  a  deviation  of  the  single  magni- 
tude. 

For  these  reasons  the  most  useful  measure  of  dispersion  is 
one  that  takes  account  not  of  the  deviations  themselves  but 
of  their  squares.  Squaring  the  deviations  gives  greater  weight 
to  the  larger  ones  and  has  also  the  great  mathematical  ad- 
vantage of  making  all  the  numbers  positive.  If,  then,  we  take 
the  deviations,  square  them,  find  the  mean  of  the  squares,  and 
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finally  take  the  square  root  of  the  mean  we  obtain  a  measure 
of  dispersion  so  much  more  useful,  on  the  whole,  than  the 
others  that  it  is  called  (on  the  suggestion  of  Prof.  Karl 
Pearson)  the  standard  deviation.  The  student  will  re- 
member that  in  Ex.  LXVII  it  was  called  the  root-mean- square 
deviation. 

One  point  has  been  left  untouched.  Prom  what  value  is 
the  standard  deviation  to  be  measured?  As  is  shown  in 
No.  25,  below,  the  standard  deviation  is  less  when  measured 
from  the  mean  than  when  taken  from  any  other  value.  It 
is  always,  therefore,  to  be  assumed  that  the  mean  of  the  dis- 
tribution is  the  starting-point  for  the  estimation  of  its  standard 
deviation.  The  standard  deviation  is  generally  symbolized  by 
the  Greek  letter  <r  (sigma). 

Examples : — 

25.  Let  X  be  the  deviation  of  any  one  of  the  measurements 
from  the  mean  of  all,  let  o-  be  the  standard  deviation  and  o-j 
the  root-mean-square  deviation  measured  from  a  magnitude 
distant  d  from  the  mean.     Observe  that 

No-i^  =  5w(a;  -  d)2 

=  S(»fl3^)  -  M.%  (nx)  +  Ni2 
=  No-2  +  N(P 

since,  by  the  definition  of  the  mean,  the  sum  2  (nx)  is  zero. 

Hence  show  that  the  root-mean-square   deviation  is  least 

when  measured  from  the  mean. 

26.  Justify  the  following  rule  for  finding  the  standard 
deviation  of  a  distribution  :  Calculate  the  mean-square  devia- 
tion of  the  distribution  from  any  convenient  origin  whose 
deviation  from  the  mean  is  d ;  subtract  d^,  and  take  the 
square  root.  The  student  should  apply  the  rule  in  the 
following  examples. 

27.  Pind  the  standard  deviation  of  (i)  the  lengths,  (ii)  the 
girths  of  the  carrots  described  in  Ex.  GXIX,  No.  1. 

28.  Pind  the  standard  deviation  of  (i)  the  statures  given 
in  Ex.  GXIX,  No.  4  ;  (ii)  the  head-breadths  given  in  Ex. 
GXIX,  No.  5.  [Each  student  need  do  only  one  of  these  prob- 
lems, but  both  results  will  be  needed.] 

29.  Pind  the  standard  deviation  of  the  distributions  speci- 
fied (i)  in  No.  19,  (ii)  No.  20,  (iii)  No.  21.  [Por  the  last  see 
Ex.  GXIV,  No.  20.] 
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30.  In  the  case  of  the  normal  distribution 


r^'k^ 


show  that  the  sum  of  the  squares  of  the  deviations  from  the 
mean  is 


■OO  (-00 

x'^y .  to  =  2/o      a;^  •  e-'^^"^ .  Sx 
0  Jo 


=  h^j'"^ 


u^  .  e""  .  Sw 


e-'.  [See  Ex.  CXIV,  No.  35] 

0 


2 

=  |A/i2  [See  No.  9  above] 

where  A  is  the  total'  area  under  the  curve. 

31.  Hence  show  that  for  normal  distributions  the  standard 
deviation  is 

h 

32.  Show  also  that  the  formula  for  normal  distribution  can 
be  written 

0-282N    p-.'k,r' 

2-507O-  ■ 

[See  No.  14.] 

Note. — The  student  will  find  on  trial  that  the  coefficient 
2-507  .  .  .  =  ^2^.  In  Ex.  GXXV,  Nos.  26-30,  it  will  be  shown 
that  this,  in  fact,  must  be  its  value.  Assuming  it  to  be  so, 
we  have  the  important  result  that  normal  distribution  can 
always  be  expressed  by  the  formula 

where  N  is  the  total  number  of  cases  and  a  their  (observed) 
standard  deviation. 

33.  Use  the  preceding  note  and  your  result  in  No.  28  (i)  to 
write  formulae  for  the  distribution  given  in  Ex.  CXIX,  No.  4, 
assuming  it  to  be  normal.     Note  that  in  these  formulae  x  is 
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to  mean  the  algebraic  difference  between  the  mean  and  a 

given  measurement.     Check  the  accuracy  of  your  formulae  by . 

one  or  two  substitutions,  using  the  table  on  p.  473. 

34.  Use  the  result  of  No.  13  of  this  exercise  to  prove  the 

approximate  equivalence : — 

2 
quartile  deviation  =  0'675  n-  =  -a-. 

36.  Use  the  result  of  No.    26  to  prove  the  approximate 

equivalence : — 

4 
mean  deviation  =  ^a-. 
0 


BXBECISE  CXXII. 

THE  DETERMINATION  OF  FBEQUBNCY  BY  CALCULATION. 

§  1.  "Heads  or  Tails." — Hitherto  it  has  been  supposed 
that  ,the  measurements  submitted  to  statistical  treatment  have 
been  obtained  by  direct  observation.  Even  though  it  has. 
come  out  that  the  frequency  distribution  is  often  of  a  definite 
type,  such  as  normal  distribution,  yet  we  have  not  found  it 
possible  to  determine  beforehand  what  the  frequency  distri- 
bution will  be  in  a  case  of  which  we  have  no  previous  know- 
ledge. We  are  now  to  see  that  such  predictions  of  frequency 
can,  in  certain  cases,  be  made. 

If  a  coin  be  "spun"  in  the  ordinary  way  it  is  (i)  impossible 
to  say  whether  it  will  come  down  "head"  or  "tail"  but 
(ii)  certain  that,  in  a  large  number  of  spins,  heads  and  tails  will 
occur  with  about  equal  frequency.  Fact  (ii)  is,  of  course, 
responsible  for  (i)  and  is  the  reason  why  the  spinning  of  a 
coin  is  used  to  decide  matters  "  by  chance  "  in  games.  The 
equality  of  heads  and  tails  has  often  been  the  subject  of  ex- 
periments. Por  example,  a  class  of  boys  under  the  author's 
direction  threw  a  coin  19,140  times  and  found  that  the 
numbers  of  heads  and  tails  were  respectively  9642  and  9498. 
These  numbers  represent  50'38  per  cent  and  49'62  per  cent 
,  of  the  total  number  of  throws.  If  the  series  had  been  further 
continued  they  might  have  been  expected  to  approach  still 
more  closely  to  equality. 

§  2.  The  Prediction  of  Frequencies. — The  study  of  "  heads 
and  tails  "  gives  a  good  example  of  the  way  in  which  the  pre- 
diction of  frequencies  is  possible  in  cases  where,  perhaps, 
experiment  has  never  been  tried.  When  compound  events 
(such  as  "  runs  "  of  so  many  heads  or  tails)  are  made  up  of 
a  number  of  independent  simple  events  (such  as  the  spinning 
of  a  single  coin)  then  from  our  experience  of  the  frequency- 

461 


462  ALGEBRA 

distribution  of  the  simple  events  we  can  with  certainty  pre- 
dict the  frequency -distAbution  of  the  compound  events.  I'or 
instance,  suppose  we  collect  records  of  a  vast  number  of  cases 
in  which  a  coin  is  spun  twice  in  succession.  Then  we  may 
be  sure  that  the  numbers  of  heads  and  tails  will  tend  to 
equality  for  both  the  first  and  the  second  spins.  It  follows 
that  in  our  record  the  four  possible  combinations 

H  H 

H  T 

T   H 

T  T 
will  occur  with  equal  frequency — or,  more  strictly,  with 
frequencies  that  tend  to  equality  as  the  number  of  cases  re- 
corded increases.  That  is,  two  heads  running  would  occur 
in  a  quarter  of  the  trials,  one  head  in  one-half  of  the  trials 
and  no  heads  (i.e.  two  tails)  in  the  remaining  quarter. 

We  may  express  these  facts  most  conveniently  by  the 
statement  that  the  relative  frequencies  of  the  three  pos- 
sibilities are  respectively  J,  ^,  \. 

Examples : — 

A. 

1.  Eepresent  the  relative  frequencies  in  this  problem  by  a 
frequency-column  graph.     What  must  be  its  total  area  ? 

2.  A  "  tee-to-tum ''  has  three  faces,  numbered  "1,"  "2," 
"  3,"  and  is,  on  a  large  number  of  occasions,  spun  twice  in 
succession.  With  what  relative  frequency  will  the  face 
marked  "  3  "  come  to  rest  upon  the  table  (i)  twice  in  succes- 
sion, (ii)  once  in  the  two  trials,  (iii)  not  at  all  ?  Draw  the 
frequency-diagram. 

3.  Two  faces  of  the  tee-to-tum  are  coloured  blue  and  the 
other  face  red.  If  it  is  spun  once  a  large  number  of  times' 
with  what  relative  frequency  will  it  come  to  rest  with  a  blue 
face  downwards  ?  If  it  is  spun  a  large  number  of  times  twice 
in  succession  what  will  be  the  relative  frequencies  of  (i)  two 
blues,  (ii)  one  blue,  (iii)  no  blue?. 

4.  A  coin  is  spun  three  times  in  succession.  Determine 
(by  means  of  a  scheme  like  that  at  the  end  of  §  2)  the  relative 
frequencies  of  3  heads,  2  heads,  etc.  Draw  the  frequency- 
diagram. 

5.  The  tee-to-tum  of  No.  3  is  spun  three  times  in  succession. 
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Draw  a  diagram  showing  the  relative  frequencies  of  3  blues, 
2  blues,  etc. 

6.  Two  faces  of  a  second  tee-to-tum  are  red  and  the  third 
blue.  One  player  spins  the  former  tee-to-tum,  another, 
simultaneously,  the  present  one.  Determine  the  relative  fre- 
quencies of  0  blue,  1  blue,  2  blues,  in  a  large  number  of  pairs 
of  spins. 

7.  A  certain  bag  contains  one  white  and  three  black  balls ; 
another  one  contains  one  white  and  seven  black  balls.  I  make 
a  pair  by  drawing  a  ball  from  each  bag  a  great  number  of 
times.  Find  the  relative  frequency  with  which  the  pair  will 
be  (i)  both  white,  (ii)  one  whiite,  one  black,  (iii)  both  black. 
How  many  different  pairs  can  be  drawn  ? 

8.  A  compound  event  consists  in  the  happening  of  a  number 
of  independent  simple  events  whose  relative  frequencies  are 
/i,  /g,  /g.  .  .  .  Show  by  consideration  of  the  foregoing  ex- 
amples that  the  relative  frequency  of  the  compound  event  is 

^  =  fi-fi-fz 

9.  A  boy  tries  to  jump  over  a  tape  held  at  such  a  height 
that  it  is  equally  likely  that  he  will  clear  it  or  kick  it.  [What 
does  this  statement  mean  ?]  Find  the  relative  frequency  with 
which  he  will  clear  it  twice  in  succession  in  five  jumps,  and 
kick  it  the  other  three  times. 

10.  The  sides  of  two  cubical  dice  are  numbered  in  each  case 
from  "  1 "  to  "6  ".  The  dice  are  thrown  together  and  the 
numbers  on  the  faces  on  which  they  fall  are  added  to  form  the 
score.  Make  a  table  showing  the  relative  frequencies  of  the 
possible  scores.     Draw  the  frequency-diagram. 

B. 

§  3.  Combinations. — The  formula  of  No.  8  shows  that  if  a 
coin  is  spun  n  times  in  succession  the  relative  frequency  of 
n  heads  will  be  (^)".  It  shows  also  that  the  relative  frequency 
of  any  other  exactly  specified  combination  of  results  is  likewise 
(■^)".  For  example,  if  the  coin  is  spun  10  times  the  relative 
frequency  with  which  the  2nd,  3rd,  5th,  and  7th  throws  will 
give  heads  and  the  rest  tails  is  (-J)-^".  For  the  relative  fre- 
quency of  both  heads  and  tails  is  -J  for  each  single  throw  ; 
hence  the  relative  frequency  of  the  4  heads  is  (•^)*,  of  the 
6  tails  (-J)^,  and  of  the  whole  compound  event  (-J-)^"-  But  if 
we  ask  what  is  the  relative   frequency  of   4   heads   and   6 
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tails  regardless  of  their  position  in  the  series  of  throws,  then 
the  answer  will  no  longer  be  {^^  ;  for  it  is  evident  that  the 
4  heads  may  occur  at  many  other  sets  of  places  in  the 
series  besides  the  2nd,  3rd,  5th,  and  7th.  [See  No.  9  above.] 
To  solve  this  wider  problem  we  evidently  need'  a  formula  by 
which  to  calculate  the  total  number  of  possible  occurrences 
of  4  heads  and  6  tails  in  a  series  of  10  throws — or,  in 
general,  the  total  number  of  ways  in  which  r  heads  and  n  -  r 
tails  may  occur  in  n  throws. 

In  the  first  place  the  problem  is  clearly  equivalent  to  the 
following  :  In  how  many  ways  may  n  coins  be  laid  in  a  row 
so  that  r  show  heads  and  n  -  r  tails  ?  For  the  position  of 
each  coin  may  be  regarded  as  a  record  of  a  corresponding 
throw.  Since  each  coin  may  lie  either  head  up  or  tail  up 
the  total  number  of  arrangements  is  2",  and  therefore  the 
relative  frequency  of  any  given  arrangement  is  {^)"  as  before. 
Consider  first  the  arrangement  in  which  all  the  coins  show 
their  tails.  Suppose  these  tails  labelled  A,  B,  C  ...  and 
the  corresponding  heads  a,  b,  c,  .  .  .  Thus  the  arrangement 
is 

ABGDBFGH 
This  arrangement  is,  of  course,  unique ;  that  is,  the  coins 
can  fall  all  tails  and  no  heads  only  in  one  out  of  the  2"  pos- 
sible ways  of  falling.     But  re  -  1  tails  and  1  head  may  occur 
in  any  of  the  ways  represented  by 

aBCDBPGH 

A6GDBPGH 

ABcDBFGH 
etc.,         etc. 
That  is,  there  are  n  distinct  possible  combinations  of  1  head 
with  re  -  1  tails.     For  2  heads  and  re'-  2  tails  the  following 
are  among  the  possible  combinations  : — 

a&CDBFGH 

a    B     c     D  B  F  G  H 


AScDBFGH 

AbGdBFQB. 
To  calculate  the  number  of  these  combinations  note  (i)  that 
with  a  given  head,  for  example  a,  we  can  obtain  (re  -  1) 
combinations  by  turning  over  any  one  of  the  other  (re  -  1) 
coins ;  (ii)  that  we  can  proceed  in  the  same  way  to  obtain 
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(w  -  1)  combinations  by  starting  with  any  one  of  the  n  pos- 
sible heads ;  (iii)  but  that,  in  this  process  each  combination 
will  be  produced  twice ;  the  combination  of  a  and  c,  for  in- 
stance, being  produced  first  when  we  start  with  a  and  then 
turn  C  into  c  and  again  when  we  start  with  c  and  turn  A  into 
a.  We  conclude  that  the  number  of  ways  in  which  we  can 
have  2  heads  and  {n  -  2)  tails  is 

w  -  1 
™--2- 
It  is  indifferent  whether  we  regard  this  result  as  giving 
the  number  of  ways  in  which  2  things  (heads)  may  be  chosen 
out  of  n  or  the  number  of  ways  in  which  {n  -  2)  things  (tails) 
may  be  so  chosen.  In  other  words,  using  the  symbolism  „C, 
to  mean  "the  number  of  combinations  of  r  things  selected 
out  of  n  different  things,"  we  have 

„C2  =  „C„  _  2  =  in{n  -  1). 


Examples : — 


11.  Show  that        „C3  =  ..C„-3  =  „C2 


n 


3 

_  n{n  -  1)  (w  -  2) 
~  273  ■ 

12.  Continue  the  argument  to  show  that 
p    ^    p        _  w(w  -  1)  (w  -  2)  (w  -  3)    ...    (n  -  r+  1) 


r  !  (n  -  r)\ 

=  the  rth  Newtonian  coefficient  in  the  binomial 
expansion. 

13.  If  n  coins  are  thrown  together  into  the  air  a  large 
number  of  times,  show  that  the  relative  frequency  with  which 
they  will  come  down  with  r  heads  and  n  -  r  tails  showing  is 

«a/2". 

Hence  show  that  the  relative  frequencies  for  the  different 
values  of  r  are  the  successive  terms  of  the  expansion  of 

(i  +  iT- 

14.  Calculate  the  relative  frequencies  of  0,  1,  2,  3,  4,  .  .  . 
10  heads  when  10  coins  are  thrown.     Exhibit  them  in  a 

PT.  II,  30 
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column-graph.  Draw  across  the  columns  the  smooth  curve 
to  which  you  judge  that  the  graph  would  approximate  as  the 
number  of  coins  is  increased. 

15.  On  a  large  number  of  occasions  the  tee-to-tum  of  No.  3 
is  spun  n  times  in  succession  and  a  record  taken  of  the  number 
of  blues  and  reds  scored  out  of  each  series  of  n  spins.  Show 
that  the  relative  frequencies  of  the  different  records  (1  blue, 
n-1  reds ;  2  blues,  w—  2  reds ;  etc.)  are  the  successive  terms 
in  the  expansion  of  the  hinomial 

(§  +  *)"• 
Draw  the  frequency-diagram  when  n  =  10,  taking  the  co- 
efficients from  No.  13.    Add,  as  in  No.  13,  the  frequency- curve 
to  which  the  results  point. 

16.  A  diagram  is  drawn  showing  relative  frequencies  which 
are  the  successive  terms  of  the  expansion  of  the  binomial 

{P  +  if 
where  p  +  q  =  1.     Across  each  diagram  is  drawn  the  fre- 
quency-curve to  which  it  points.     Discuss  the  general  forms 
of  these  curves  (i)  as  f  assumes  positive  values  descending 
from  nearly  1  to  nearly  0  and  (ii)  as  n  increases. 

17.  Show  that  the  number  of  separate  events  represented 
by  the  expansion  oi{jp  +  q)"  is  w  4-  1.  Show  that  when 
p  =  q  —  i  certain  pairs  of  these  events  have  the  same  relative 
frequency.  Discuss  separately  the  cases  when  n  is  even  and 
odd. 

18.  Show  that,  of  the  events  represented  by  the  terms  of 
(P  +  iT'  *^^  frequency  of  the  (r  +  l)th  is  equal  to  the  fre- 
quency of  the  rth  multiplied  by  the  factor 

{n  -  r  +  l)q 

pr 

Hence  show  that  the  frequency  of  the  (r  +  l)th  event  will  be 

greater  than  that  of  the  rth  so  long  as  r  is  less  than  (n  +  l)q. 

Confirm  this  result  by  reference  to  the  diagram  of  No.  15. 

19.  Prove  that  the  greatest  relative  frequency  of  the  events 
represented  by  the  terms  of  (^  +  ^Y"  is 

(2w)! 

20.  Putting  H  for  the  height  of  the  central  rectangle  of  the 
frequency-graph  of  (-J  -I-  ^y%  find  expressions  for  the  height 
of  the  rth  rectangle  (i)  to  the  right,  (ii)  to  the  left  of  this  one. 
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§  4.  The  Derivation  of  the  Normal  Curve. — The  student 
cannot  fail  to  see  how  closely  the  frequency-diagrams  of 
Nos.  14,  15  resemble  some  of  those  of  Bxs.  CXIX,  OXX.  It 
is  difficult  not  to  suspect  that,  if  the  number  of  columns  was 
increased  and  their  width  diminished  endlessly,  the  graph  in 
No.  14  would  become  the  normal  curve  and  that  of  No.  15 
a  skew  curve  of  the  form  studied  in  Ex.  CXIX,  No.  13. 
Nos.  21-3  will  prove,  in  the  fundamental  case  of  the  normal 
curve,  that  the  hypothesis  is  correct.  Let  a  series  of  points 
be  plotted  whose  abscissae  differ  by  a  constant  interval  while 
their  ordinatea  are  the  successive  terms  in  the  expansion  of 

Mi  +  iT 

where  A  is  any  constant.  The  discontinuous  graph  thus 
produced  is  called  a  point-binomial.  Then  we  shall  find 
that  the  normal  curve  is  the  limit  of  the  point-binomial  as  n 
increases  endlessly. 

Before  proceeding  to  prove  this  identification  the  student 
should  note  its  consequences.  The  point-binomial  exhibits 
the  frequencies  of  compound  events  each  of  which  consists 
in  the  presence  of  0,  1,  2,  3,  ...  ?i  simple  events,  entirely 
independent  of  one  another  and  each  equally  likely  to  be 
present  or  absent.  The  fact  that  the  frequency-graph  for  the 
stature  of  adults,  Ex.  CXIX,  No.  4,  points  to  an  ideal  curve 
which  is  the  limiting  form  of  a  point-binomial,  suggests  that 
the  actual  stature  of  a  given  person  may  be  regarded  as  due 
to  the  joint  action  of  an  endless  number  of  independent  con- 
ditions, any  one  of  which  may,  in  the  given  case,  be  present 
or  absent.  Similarly,  skew  frequency-curves,  such  as  the 
one  indicated  by  the  incidence  of  scarlet  fever  at  different 
ages,  are  at  least  suggestively  similar  to  the  point-binomials 
that  give  the  frequency  of  compound  events  when  some  of 
the  constituent  events  occur,  like  the  "  blue  "  of  the  tee- 
to-tum  in  No.  3,  more  frequently  than  others. 


Examples : — 

21.  The  point-binomial  (-J  +  ^)^"  is  plotted  with  the  y-a,xis 
coincident  with  the  greatest  ordinate  and  with  abscissae 
multiples  of  a  length  w.     Let  the  ordinate  of  the  rth  point  to 

30* 
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the  right  of  the  2/-axis  be  y.     Prove  that  the  height  of  the 
next  ordinate  to  the  right  is 

n  -  r 

y- 


n  +  r  +  1 

22.  Hence  show  that  the  slope  of  the  line  joining  the  rth 
and  (r  +  l)th  points  to  the  right  of  the  2/-axis  is 

y        2x  +  w 
w '  wn  +  a;  +  w 
X  being  the  abscissa  of  the  point  whose  ordinate  is  y. 

23.  Next  let  n  and  r  increase  and  w  decrease  in  such  a  way 
that  vfir  (=  wx)  becomes  negligible  while  w^n  remains  of  a 
finite  magnitude  M.  We  may  now  express  the  result  of 
No.  22  by  the  differential  formula 

8^  _   _        2« 

hx~      y-T? 

8y  2x    . 

or  —  =   -  ro  •  8a;. 

y  h^ 

Hence  show  that  the  limit  of  the  point-binomial  is  the  curve 

y  =  y<i- «    . 

where  y^  is  the  ordinate  at  the  origin. 

24.  Write  out  the  whole  argument  of  Nos.  21-3,  and  (for 
revision)  the  proof  that  h^  =  2o^. 

D. 

§  5.  Permutations. — A  set  of  counters,  numbered  1,  2,  3, 
.  .  .  .  n  are  shaken  up  in  a  bag,  drawn  out,  one  by  one,  at 
random,  and  laid  in  a  row  in  the  order  of  drawing.  How 
many  distinct  orders  of  drawing  are  possible  ?  To  answer  this 
question  suppose  that  n  circles  are  drawn  in  a  row  on  a  sheet 
of  paper  for  the  reception  of  the  counters  as  they  are  drawn. 
The  first  circle  can  be  filled  in  n  different  ways.  When  any 
one  of  the  n  counters  occupies  it  there  are  only  to  -  1  counters 
left  in  the  bag  to  be  drawn  for  the  second  place.  When  that 
also  is  filled  there  are  only  w  -  2  left  to  be  drawn  for  the 
third  place,  and  so  on.  Thus  the  filling  of  the  successive 
places  is  a  series  of  "events  "  which  do  not,  like  the  succes- 
sive spins  of  a  coin  or  a  tee-to-tum,  present  the  same  number 
of  alternatives  but  may  happen  respectively  in  w,  w  -  1,  m  -  2, 
...  1  ways. 
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Examples  :— 

25.  Hence  show  that  the  total  number  of  distinct  orders  of 
drawing  is  n ! 

26.  Let  r  circles  only  be  prepared  f6r  the  reception  of 
counters  drawn  from  the  bag — the  total  number  in  the  bag 
being,  as  before  n.  Show  that  the  number  of  distinct  arrange- 
ments of  the  counters  in  order  is 

w(w  -  1)  (w  -  2)  (m  -  3)  .  .  .   [n  -  r+  1) 
n\ 

Arrangements  of  this  kind,  in  which  account  is  taken  not 
only  of  the  constituents  present  but  also  of  their  order,  are 
called  permutations.  The  number  of  permutations  of  r 
things  selected  from  n  things  is  denoted  by  the  symbol  „P^. 

27.  Counters  numbered  1  to  7  are  drawn  at  random  from 
a  bag  and  laid  in  order.  Calculate  (i)  the  total  number  of 
orders  or  permutations ;  (ii)  the  number  in  which  the  first 
place  is  occupied  by  the  counter  marked  "  4  "  ;  (iii)  the  number 
in  which  the  third  place  is  filled  by  the  counter  marked  "  5," 
and  the  fifth  by  the  one  marked  "  1 "  ;  (iv)  the  number  in 
which  these  two  places  are  each  filled  by  one  of  these  two 
counters ;  (v)  the  number  in  which  one  at  least  of  these  two 
places  is  filled  by  one  of  these  two  counters ;  (vi)  the  number 
in  which  one  only  of  these  two  places  is  filled  by  one  of  these 
two  counters. 

28.  In  how  many  orders  can  six  people  sit  round  a  table, 
the  order  being  always  taken  anticlockwise  ?  [Keep  one 
person  at  rest  and  permute  the  others.] 

29.  There  are  10  counters  in  a  bag  bearing  the  numbers 
1,  2,  etc.  Prom  these  sets  of  6  stre  to  be  drawn,  the, order  of 
drawing  being  taken  into  account.  What  will  be  (i)  the  total 
number  of  sets ;  (ii)  the  number  which  contain  the  counters 
marked  1,2,3;  (iii)  the  number  which  contain  none  of  these 
counters ;  (iv)  the  number  which  contain  one  only  of  these 
counters ;  (v)  the  number  which  contain  at  least  two  of  them  ? 

30.  Ten  counters  in  a  bag  are  numbered  1,  2,  3,  4,  5,  5,  5, 
5,  6,  7.  How  many  distinct  permutations  will  they  afford 
when  all  are  drawn  ?  Write  a  formula  for  „P„  when  p  of  the 
n  things  are  alike  of  one  kind,  and  q  things  alike  of  another 
kind. 
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31.  How  many  permutations  each  containing  5  differently 
numbered  counters  can  be  drawn  from  the  10  counters  of 
No.  30  ? 

32.  Out  of  n  counters  in  a  bag  p  are  numbered  alike,  the 
rest  differently.  How  many  r-permutations  can  be  drawn 
from  the  bag  (i)  when  r<p,  (ii)  when  r^-p? 

33.  A  bag  contains  n  counters  all  numbered  differently. 
Whenever  one  of  the  counters  is  drawn  a  new  counter  bearing 
the  number  of  this  one  is  dropped  into  the  bag  to  replace  it. 
Show  that  the  total  number  of  r-permutations  possible  is  n'. 

E. 

34.  Pour  blank  counters  are  placed  in  a  bag  and  are 
labelled  A,  B,  C,  D  in  the  order  in  which  they  are  drawn. 
They  are  replaced  in  the  bag  and  are  drawn  again,  coming  out 
in  the  order  C,  A,  D,  B.  Set  down  the  labels  of  the  four 
counters  and,  opposite  each,  record  its  position  or  rank  in 
the  two  drawings,  as  in  the  first  three  columns  of  the 
scheme  : — 


A     1 

2 

2  .  .  .  . 

B     2 

4 

1  .  .  .  . 

0      3 

1 

3  .  .  .  . 

D     4 

3 

2  .  .  .  . 

L  = 

3 

2 

Between  the  first  drawing  and  the  second  A  loses  1  unit  of 
rank  and  B  loses  2  ;  C  and  D  gain  rank,  to  a  corresponding 
extent.  We  may  regard  the  total  loss  of  rank  (=3)  as 
measuring  the  difference  in  the  orders  in  which  the  four 
counters  were  drawn  on  the  two  occasions.  This  total  loss 
is,  therefore,  recorded  against  the  symbol  L  at  the  foot  of  the 
second  column  of  figures.  It  would  be  superfluous  to  take 
account  also  of  the  gains  of  C  and  D,  for  the  sum  of  these 
must  be  exactly  equal  to  the  total  loss  of  the  others. 

Continue  the  scheme  by  writing  down  the  23  other  pos- 
sible ways  in  which  the  second  drawing  might  have  occurred 
and  entering  at  the  foot  of  each  column  the  total  loss  of  rank 
involved.  Make  out  a  frequency-table  showing  the  number 
of  times  the,  value  of  L  is  0,  1,  2,  3,  4.  Calculate  the  mean 
value  of  L.  Draw  the  frequency-diagram  and  mark  with 
dotted  lines  the  positions  of  the  mean,  median,  and  quartiles. 
[To  complete  the  scheme,  set  down  first  the  other  five  columns 
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which,  have  2  for  the  top  number,  then  the  six  columns  which 
have  3  for  top  number,  and  so  on.] 

35.  Pour  counters  labelled  A,  B,  C,  D,  are  placed  in  this 
order  in  a  bag,  and  are  then  withdrawn  at  random.  Find 
the  relative  frequency  with  which  the  difference  between  the 
order  of  withdrawal  and  the  original  order  is  (i)  1,  (ii)  3, 
the  difference  of  order  being  measured  by  L,  the  total  loss  of 
rank. 

§  6.  Spearman's  Theorem. — For  purposes  to  be  described 

later  it  is  important  to  know  the  mean  loss  of  rank  when  n 

labelled  counters  are  drawn  at  random  a  great  many  times  in 

the  manner  described  in  No.  35.     It  would,  of  course,  be 

possible  to  determine  this  mean  by  setting  all  the  permutations 

out  in  order  and  finding  the  value  of  L  for  each  as  in  No.  34. 

But  since  the  number  of  drawings  to  be  considered  is  w !  it  is 

clearly  impracticable  to  proceed  in  this  way  unless  n  is  quite 

small.     Even  n  =  7  would  require  the  setting  down  of  5040 

arrangements  of  the  numbers  1,  2,  ...  7.     It  is,  however, 

easy  to  show  that  the  average  value  of  L  is  given,  for  all 

values  of  n,  by  the  formula 

-      n^  -  1 
L  =  — g-. 

The  importance  of  this  formula  for  certain  statistical  purposes 
was  first  shown  by  Prof.  C.  Spearman.  We  will  therefore 
refer  to  it  as  Spearman's  Theorem. 

Turn  to  the  scheme  you  drew  up  in  No.  34  and  consider, 
not  the  columns,  but  the  rows.  In  each  row  each  of  the 
figures  1,  2,  3,  4,  must  occur  24/4  =  6  times.  Hence  in  the 
first  row  the  rank-losses  1(  =  2  -  1),  2(  =  3  -  1),  and 
3(  =  4  -  1)  will  each  occur  6  times ;  in  the  second  row  the 
rank-losses  1(=  3  -  2)  and  2(  =  4  -  2)  will  each  occur 
6  times;  in  the  third  row  the  only  rank-loss  will  be 
1(  =  4  -  3)  occurring  6  times ;  while  the  last  row  contri- 
butes no  rank-losses.  Thus  the  total  rank-loss  for  the  whole 
table  is 

2L  =  (6  +  3  -1-  1)  X  6 
_  =  60 
whence  L  =  60/24 

=  2i 
a   result  in  agreement  with  No.    34  and  with  Spearman's 
Theorem. 
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Examples : — 

36.  A  scheme  of  drawings  like  that  of  No.  34  is  made  out 
for  the  case  of  n  counters.  Show  that  the  total  rank-loss 
corresponding  to  the  rth  row  is 

{0+1  +  2  +  3+    ...   +{n-  r)}.{n  -  1)1 

iu  4.  •  (w  -  r)  (»  -  r  +  1) 

that  IS,  ^ '-^ i .  (to  -  1) ! 

37.  Hence  show  that  for  the  whole  table  the  loss  of  rank 
is 

5L  =  {S  (w  -  r)2  +  5  (w  -  r)} .  ^^  ~  ^^' 

=  ^^^'g~  •'•^ .  (i  -  1) !    [See  Part  I,  p.  254,  No.  28.] 

and  that  L  =  — ^ — . 

6 

38.  Eleven  counters,  labelled  A,  B,  C,  .  .  .  K,  are  placed 
in  that  order  in  a  bag  and  are  subsequently  drawn  out  again. 
This  process  is  repeated  a  great  number  of  times.  Find  the 
mean  difference  between  the  original  order  and  the  order  in 
which  the  counters  are  drawn. 

39.  Six  students,  working  in  concert,  can  in  a  few  minutes 
make  a  table  of  drawings  and  rank-losses  for  5  counters. 
The  first  student  should  take  the  complete  table  made  in 
No.  34  and  add  a  top  row  of  fives.  The  next  student 
should  insert  a  row  of  fives  between  the  first  and  second 
rows  of  the  original,  and  so  on.  The  last  student  will, 
of  course,  add  a  bottom  row  of  fives.  In  each  case  a  new 
column  must  be  prefixed  to  represent  the  original  order, 
1,  2,  3,  4,  6,  in  which  the  counters  enter  the  bag.  Let 
each  student  find  L  for  each  of  his  columns,  take  the 
results  of  his  colleagues,  construct  a  frequency-table  for 
L,  and  verify  that  Spearman's  Theorem  gives  the  mean 
value  of  L.  Let  each  student  also  draw  the  frequency- 
diagram  and  insert  the  ordinates  which  mark  the  mean,  the 
median,  and  the  quartiles. 

The  frequencies  of  the  values  of  L  should  thus  be  found  to 
be  as  follows  : — 

L       0123456 
Fr.     1     4     12     24     35     24     20 
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40.  When  a  similar  table  was  constructed  for  6  counters 
L  was  found  to  have  the  following  frequencies  : — 

L01234         5         6         7         89 
Fr.     1     5     18     46     93     137     148     136     100     36 
Construct   the   frequency-diagram,    adding   the   ordinates 
which  mark  the  mean,  median,  and  quartiles.     Compare  this 
diagram  with  those  of  Nos.  34,  39. 
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EXEECISE  OXXIII. 
PROBABILITY. 

§  1.  The  Measure  of  Probability. — The  student  will  re- 
member that  when  two  events  have  been  spoken  of,  in  the 
last  exercise,  as  "  equally  likely  "  or  "  equally  probable,"  what 
has  been  meant  is  simply  and  solely  that  experience  shows 
them  to  occur  with  the  same  relative  frequency.  Similarly, 
whenever  it  is  stated  in  mathematics  that  an  event  A  is 
"  more  probable "  than  an  event  B,  what  is  intended  is 
simply  and  solely  that  the  relative  frequency  of  A  is  known, 
by  experience  or  by  calculation,  to  be  greater  than  that  of  B. 
In  mathematics,  then,  the  term  probability  should  be  taken 
to  mean  relative  frequency  and  nothing  else  ;  that  is, 
instead  of  saying  that  the  relative  frequency  of  an  event  is  p 
we  may  say,  more  briefly,  that  its  probability  is  p.  Thus, 
if  I  throw  four  pennies  into  the  air  the  probability  that  they 
will  all  fall  head  up  is  1/2*,  or  1/16,  for  this  fraction  measures 
the  relative  frequency  of  the  event.  Similarly  the  probability 
that  there  will  be  exactly  three  heads  when  seven  coins  are 
thrown  is  (7..  6  .  5)/(3  ! .  2^)  or  35/128. 

These  calculations  suggest  another  statement  of  whatsis 
meant  by  the  mathematical  probability  of  an  event.  If  seven 
coins  are  thrown  a  great  number  of  times  the  event  we  are 
looking  for — namely,  the  throwing  of  three  heads — wiU  occur 
35  times  out  of  128.  These  thirty-five  may  be  called  the 
"  favourable  cases  ".     So  we  have  the  alternative  definition 

,    ,  ...^        no.  of  favourable  cases 

probability  =    .   .  , r 1 

'^  ■'        total  number  of  cases 

=  irj  for  brevity. 
474 
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Examples : — 


1.  Use  the  Life  Table  on  p.  73  to  find  the  probability  that 
a  newly  born  boy  will  (i)  live  till  he  is  at  least  sixty-five, 
(ii)  die  in  his  sixty-fifth  year,  (iii)  die  between  his  sixty-fifth 
and  seventieth  years,  (iv)  die  before  he  is  twenty-one. 

2.  Find  the  probability  that  a  man  (i)  aged  twenty-one, 
(ii)  aged  sixty-five,  will  live  till  he  is  seventy.  Find  the  pro- 
babilities that  death  will  take  place  between  the  sixty-seventh 
and  seventieth  years. 

3.  Five  coins  are  thrown.  Find  the  probability  that 
(i)  exactly  three  heads,  (ii)  at  least  three  heads  will  be  thrown. 

4.  Two  dice  are  thrown  as  in  Ex.  CXXI,  No.  10.  Find 
the  chance  (i.e.  the  probability)  of  getting  a  score  of  (i)  5, 
(ii)  8.     [Use  the  frequency-table  already  calculated.] 

5.  The  tee-to-tum  of  Ex.  CXXII,  No.  3,  is  spun  ten  times 
in  succession.  Find  the  chance  that  it  may  give  (i)  blue  five 
times,  (ii)  blue  either  five  or  three  times. 

6.  Find  the  chance  that  the  height  of  the  next  adult 
Englishman  you  meet  will  be  (i)  greater  than  6  feet,  (ii)  less 
than  5  feet.     [Use  the  data  of  Ex.  GXIX,  No.  4.] 

7.  You  note  the  order  in  which  five  boys  leave  the  class- 
room for  the  playground  and  the  order  ■  in  which  they  return 
after  play.  Assuming  the  order  in  each  case  to  be  purely 
casual,  find  the  probability  that  the  order-difference  will 
(i)  exceed  3,  (ii)  be  less  than  3.  [Use  the  data  of  Ex.  CXXII, 
No.  39.] 

8.  Anwser  the  same  question  when  there  are  six  boys. 
[Use  the  data  of  Ex.  CXXII,  No.  40.] 

9.  The  total  area  of  a  frequency  diagram  is  A,  the  area  on 
the  right  of  the  ordinate  at  x  is  Aj,  that  on  the  left  of  it  A2. 
Show  that  the  chances  that  a  given  measurement  selected  at 
random  shall  be  greater  or  less  than  x  are  respectively  Aj/A 
and  A2/A. 

10.  What  is  the  probability  that  a  measurement  selected 
at  random  from  a  given  series  shall  lie  between  the  quartiles  ? 

11.  The  normal  curve 

is  divided  into  strips  by  ordinates  whose  abscissae  are  Q,  2Q, 
3Q,  .  .  .  6Q,  where  Q  is  the  quartile  deviation.    [See  fig.  122.] 
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Use  the  table  on  p.  473  to  calculate  approximately  by  Simp- 
son's Eule  the  ratios  of  the  areas  of  the  several  strips  to  the  area 
of  the  whole  curve.  [The  work  should  be  divided,  each  student 
calculating  the  area  of  one  strip.  There  is  no  need  to  calcu- 
late for  the  strip  adjoining  the  y-a,xis  since,  by  definition 
of  the  quartile,  its  area  is  one-quarter  of  the  whole.] 

12.  Use  the  results  of  No.  11  to  verify  the  following  table 
showing,  in  the  case  of  a  normal  distribution,  the  chance 
that  a  measurement  selected  at  random  wUl  exceed  or  be  less 
than  the  mean  by  an  amount  exceeding  Q,  2Q,  3Q,  .  .  .  6Q. 
[N.B. — These  results  are  of  great  importance.] 

^r:iiSan}     Q      ^Q       3Q       4Q         SQ  6Q 

Probability        0-5  0-178  0-042  0006     00003   0-000025 
Eough  Value    i/2    l/6      1/24  3/500  3/l0,000  1/40,000 

B. 

§  2.  Compound  Probability. — We  have  seen  (Ex.  CXXII, 
No.  8)  that  the  relative  frequency  of  an  event  compounded 
of  a  number  of  independent  simple  events  is  the  product  of 
the  relative  frequencies  of  the  latter.  Translated  in  terms 
of  probability  this  principle  reads :  The  probability  of  the 
occurrence  of  a  joint  event  is  the  product  of  the  probabilities 
of  its  constituents. 

Examples : — 

13.  Calculate  the  chance  that  two  boys  born  on  the  same 
day  will  both  be  alive  on  their  seventieth  birthday. 

14.  A  benevolent  uncle  arranges  with  an  insurance  com- 
pany that  his  two  nephews,  now  aged  twenty-one  and  eighteen, 
shall  each  receive  £100  when  the  elder  is  sixty-five,  pro- 
vided both  are  alive.  If  either  is  dead  the  survivor  is  to 
receive  £200  on  the  sixty-fifth  birthday  of  the  elder.  How 
much  must  the  uncle  pay  to  secure  these  benefits  ?  [At  3 
per  cent  compound  interest  £1  becomes  in  forty-four  years 
£3-67.] 

15.  A  die  is  thrown  twice.  Find  the  chance  that  three 
will  be  thrown  (i)  both  times,  (ii)  the  first  time  only,  (iii)  the 
second  time  only,  (iv)  once  at  least. 

16.  An  urn  contains  twelve  balls,  seven  black  and  five 
white.     Four  balls  are  drawn  at   random.     Show  that  the 


+ 


+ 
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probability  that  they  will  all  be  black  is  35/495,  and  that  the 
probability  that  two  will  be  black  and  two  white  is  210/495. 

17.  Calculate  the  probabilities  for  4,  3,  2,  1,  0  black  balls 
in  No.  16  and  draw  the  diagram  of  relative  frequency.  Com- 
pare it  with  the  point-binomial. 

18.  An  urn  contains  m  balls  of  which  pm  are  black  and 
qm  white.  Prom  these  n  are  to  be  drawn  at  random.  Show 
that  the  chances  oin,  n-l,n-%  .  .  .  0  black  balls  are  the 
successive  terms  in  the  series : 

pm{pm  -  1)  ...  .  (pm  -  w  +  1)    /..  n  qm 

m{m  -  1)  ....  (to  -  re  -t-  1)     '  \        pm  -  n  +  1'   1  > 

n{n  -  1)  qm{qm  -  1) 

(pm  -  n  +  1)  (pm  -  n  +  2)'        1.2 

n{n  -  1)  (w  -  2) 

(pm  -  «  +  1)  {pm  -  n  +  2)  [pm  -  n  +  2i)'    • 

qm{qm  -  1)  (qm  -  2)  i 

17273  +  •  •  •  .|. 

Note. — A  series  of  this  form  is  called  hypergeometrical. 
The  theorem  of  No.  18  is  very  important.  As  the  student 
will  have  noted  in  No.  17,  the  results  of  drawing  balls  from 
an  urn  under  the  conditions  described  lead  to  frequency- 
diagrams  which,  like  these  derived  from  the  binomial  series, 
strikingly  resemble  naturally  occurring  distributions.  An 
argument  similar  to  that  used  in  deducing  the  normal  curve 
from  the  point-binomial  in  Ex.  CXXIE,  C,  has  been  employed 
by  Prof.  Karl  Pearson  to  deduce  from  the  hypergeometrical 
series  the  whole  of  his  seven  "  types  "  of  frequency- curves. 

19.  Four  cards  are  drawn  from  a  full  pack;  find  the 
chance  that  they  will  all  belong  to  different  suits. 

20.  A  coin  is  tossed  ten  times.  Show  that  the  chance  of 
a  run  of  exactly  seven  heads  is  6/2^. 

C. 

§  3.  The  Law  of  Error. — The  normal  distribution,  which, 
as  we  have  seen,  has  so  much  significance  for  statistics  of 
all  kinds,  was  first  studied  by  the  astronomers  of  the  early 
nineteenth  century,  in  connexion  with  errors  of  observation. 
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That  accidental  errors  are  inseparable  from  the  use  of  all 
instruments  of  observation  is  recognized  by  everybody ;  the 
importance  of  a  knowledge  of  the  distribution  of  such  errors 
may  be  illustrated  by  a  simple  example.  Suppose  the 
position  of  a  planet  has  been  predicted  for  a  certain  time,  and 
that  the  astronomer's  object  is  to  test  the  accuracy  of  the 
data  or  the  reasoning  upon  which  the  prediction  was  based. 
To  that  end  he  will  make  a  number  of  observations  of  the 
actual  position  of  the  planet  at  the  time  in  question.  All 
of  these  will,  in  general,  differ  not  only  from  the  prediction 
but  also  from  one  another;  for  all  are  vitiated  by  error. 
Part  of  the  error  will  be  due  to  defects  in  the  construction 
and  mounting  of  the  instrument ;  for  this  part  when  once  it 
has  been  ascertained,  due  allowance  can  be  made.  There  then 
remains,  probably  in   each  observation,  a  residuum  of  purely 

X     i    X    ^     i/   X  X  X 

M  M'         ^ 


PlO.  124. 

accidental  error ;  it  is  to  this  error  that  our  inquiry  is 
directed.  Let  us  suppose,  in  the  first  place,  that,  on  the 
whole,  positive  and  negative  errors  are  equally  probable — 
in  other  words  that  the  frequency-diagram  for  all  possible 
errors  of  observation  is  symmetrical.  Upon  this  supposition, 
if  an  infinite  number  of  observations  were  made,  their  mean, 
M,  would  be  the  true  position  of  the  planet.  But  the 
number  actually  made  is  (say)  only  m,  and  their  mean,  M', 
is  obviously  not  very  likely  to  coincide  with  M.  Thus  the 
fact  that  the  predicted  position  P  does  not  coincide  with  the 
mean  observed  position  M'  does  not  prove  the  prediction  to 
be  wrong. 

Let  us  look  into  the  matter  more  closely.  In  fig.  124  let 
the  points  on  the  line  XX'  represent  the  possible  values  of 
the  observations  and  let  the  small  crosses  mark  the  values 
of  the  n  observations  actually  made.  Let  the  line  M'  mark 
on  XX'  the  mean  of  these  actual  observations  and  the  line 
M  the  mean  of  all  possible  observations — which  is,  by 
hypothesis,  identical  with  the  true  position  of  the  planet. 
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Then  it  is  obvious  that  if  the  n  observations  had  formed  a 
different  selection  of  the  possible  ones  the  position  of  M' 
would,  in  general,  have  been  different.  Suppose  a  vast  number 
of  random  selections  of  n  observations  to  be  made  and  the 
position  of  M'  to  be  determined  for  each.  It  is  clear  (i)  that 
the  different  possible  positions  of  M'  will  be  symmetrical  with 
respect  to  M ;  (ii)  that  many  values  of  M'  will  be  identical, 
and  (iii)  that  when  and  only  when  the  relative  frequency  of 
the  different  possible  observations  is  known  (in  other  words, 
when  the  distribution  of  the  errors  is  known),  it  will  be 
possible  to  construct  a  diagram  showing  the  relative  frequency 
with  which  M'  would  have  different  given  values.  If  we 
graduate  the  base  of  this  frequency-diagram  so  as  to  assign 
zero  to  the  point  representing  the  actual  value  M,  then  the 
abscissae  will  be  values  of  8  =  M'  -  M,  and  the  ordinates 
will  measure  the  frequency  with  which  M',  the  mean  of  a 
chance  set  of  n  observations,  may  be  expected  to  deviate 
from  the  true  mean  M  by  an  amount  S. 

Now  let  us  return  to  our  actual  n  observations  and  let  M' 
once  more  represent  their  actual  mean.  If  P  is  the  true 
position  of  the  planet  then  (M'  -  P)  is  identical  with  (M'  -  M) 
i.e.  with  8.  In  all  cases  in  practice  worth  considering  the 
identity  is  possible  ;  the  only  question  we  can  deal  with  is  : 
What  is  its  probability  ?  If,  when  we  turn  to  the  frequency- 
diagram  for  S,  we  find  that  the  relative  frequency  of  a  devia- 
tion so  great  as  (M'  -  P)  is  only  O'OOl,  then,  though  P  may 
be  the  correct  position  of  the  planet  (i.e.  may  be  identical 
with  M),  the  chance  that  it  is  so  is  only  one  out  of  a  thousand. 
In  such  a  case  no  one  would  be  satisfied  that  the  prediction 
was  satisfactory.  On  the  other  hand,  if  the  relative  frequency 
of  deviations  so  great  as  (M'  -  P)  is  exactly  ^,  then  it  is  just 
as  likely  as  not  that  the  prediction  is  accurate  ;  if  10/11,  then 
10  times  as  likely  as  not  to  be  accurate,  and  so  on. 

The  student  will  now  see  the  importance  of  knowing  the 
law  of  distribution  of  chance  errors  of  observation  ;  for,  if  this 
law  is  known  it  becomes  possible  to  construct  the  frequency- 
diagram  for  S  and  to  determine  the  probability  of  a  deviation, 
(M'  -  P),  of  any  given  amount. 

That  the  "  law  of  error  "  is  the  normal  law 

where  y  means  the  relative  frequency  of  an  error  of  magnitude 
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X,  ia  to  be  expected  from  the  result  of  Ex.  CXXII,  §  4.  For 
the  appearance  of  an  error  of  given  magnitude  may  reasonably 
be  regarded  as  due  to  the  operation  of  a  vast  number  of  con- 
ditions which,  in  a  given  case,  are  equally  likely  to  act  for  or 
against  the  production  of  the  error.  In  that  case  the  frequency 
of  the  error  would,  as  we  saw,  follow  the  normal  law.  This 
conclusion  is  capable  of  verification  by  experiments  and  ob- 
servations of  which  Nos.  21,  22,  are  typical. 

Examples : — 

21.  The  American  engineer,  M.  Merriman,  describes  the 
following  experiment.  A  target  was  erected,  52  ft.  long  and 
11  ft.  high,  and  1000  shots  were  fired  at  a  central  horizontal 
line  on  it  from  a  distance  of  600  ft.  The  target  was  marked 
out  into  11  horizontal  bands  of  equal  width  and  the  numbers 
of  shots  falling  in  each  band  were  counted.  They  are  given  in 
the  table  below.  Assuming  that  all  the  shots  in  each  band 
were  concentrated  upon  the  middle  line  of  the  band,  calculate 
(i)  the  mean  distance  of  the  shots  from  the  central  line  ;  (ii) 
the  standard  deviation  from  the  central  line. 

Assuming  that  the  distribution  is  normal  show  next  that 
the  frequency  of  a  deviation  y  should  be  given  by  the  formula 

y  =  239e-'''/6-". 
[See  Ex.  CXXI,  Note  below  No.  32.]     Find  by  the  table  on 
p.  473  how  many  shots  should,  according  to  this  formula, 
have  fallen  in  each  band. 

Let  each  student  work  with  one  band.  Since  only  approxi- 
mate agreement  can  be  expected  it  will  be  sufficient  to  treat 
the  space  under  the  normal  curve  between  (say)  x  =  +  2 
and  X  =  -I-  3  as  if  it  were  a  single  trapezium.  That  is,  its 
area  may  be  found  with  sufficient  exactness  by  multiplying 
the  half-sum  of  the  bounding  ordinates  by  the  distance  (unity) 
between  them.  Compare  the  results  with  the  facts  given  in 
the  table. 


No.  of  Band    No.  of  Shot. 

s.     No. 

of  Band. 

No. 

.  of  Shots. 

(from  top). 

6 

212 

1                           1 

7 

204 

2                           4 

8 

193 

3                         10 

9 

79 

4                         89 

10 

16 

5                       190 

11 

2 
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22.  The  astronomer  Beasel  compiled  the  following  tables 
of  errors  made  in  determining  by  observation  the  E.A.  (see 
p.  147)  of  stars.  Assuming  the  distribution  of  the  errors  to 
be  normal  find  its  formula,  deduce  the  number  of  errors  of 
each  magnitude  which  theory  predicts  upon  the  basis  of  this 
formula  and  compare  with  the  facts. 

Error        O-O-O'l  01-   0-2-   O'S-  0-4-  0-5-   OB-   0-7-   O'S-   0-9-1-0 

(in  sees.) 

Number      114       84     53      24      14       6        3     1        1        0 

§  4.  The  Standard  Error  of  the  Mean. — In  fig.  124  let  the 
deviations  from  M  of  the  n  observations  represented  by  the 
crosses  be  a-^^,  a^,,  .  ■  ■  a„,  and  let  the  deviation  M'  -  M  be  a. 
Then  we  have 

-2  _  {a-?  +  a„^  +  a^  ■¥  .  .  .  +  a^)  +  '2,{a-^a^  +  a-^a^  +  .  .  .  ) 

a   — 

n^ 

Further,  let  o,  c,  3,,  etc.,  be  the  means  of  other  sets  of  n  ob- 
servations. Let  a  number  m  of  these  groups  be  taken,  m 
being  so  large  that  the  mn  observations  give  the  true  mean, 
standard  deviation,  etc.  Then  the  sum  of  the  squares  of  the 
means  may  be  written 

S(a,^)  +  %{K^)  +  .  ■  ■  ,   „SK.a.)  +  m-&.)+   •  ■  • 
n^  n' 

Now  the  numerator  of  the  first  fraction  is  simply  the  sum  of 
the  squares  of  the  deviations  of  the  mn  observations.  If,  then, 
the  standard  deviation  of  the  whole  distribution  is  cr,  the 
value  of  the  numerator  is  mncr^,  and  that  of  the  fraction 
miT^ln.  The  value  of  the  numerator  of  the  second  fraction 
must  be  zero ;  for  it  is  the  sum  of  a  very  large  number  of 
pairs  selected,  by  hypothesis,  in  a  perfectly  random  way  from 
a  distribution  of  deviations  whose  sum  is  zero.  Thus  it  may 
be  taken  as  certain  that  all  the  positive  products  are  cancelled 
by  negative  ones,  and  vice  versa.     If,  then,  we  write 

a^  +P  +  ^+  .  .  .  .  =  mcr^^ 
it  follows  that 

PT.  II.  31 


482  ALGEBRA 

The  student  should  consider  carefully  the  meaning  of  this 
result  in  connexion  with  the  discussion  in  §  3.  We  supposed 
there  a  diagram  to  be  constructed  showing  the  frequencies  of 
the  various  possible  values  of  the  mean  of  n  observations.  It 
will  be  seen  that  p-j,  is  simply  the  standard  deviation  of  this 
distribution  measured,  as  usual,  from  the  mean  value  of  M' — 
that  is,  from  M,  the  mean  of  the  whole  mass  of  observations 
from  which  the  n  are  a  sample.  Now  we  may,  using  a 
harmless  metaphor,  say  that  M  is  the  correct  value  of  the 
mean  at  which  M',  the  mean  of  a  sample  of  the  distribution, 
is  aiming.  Its  deviation  from  M  may  be  regarded,  then,  as 
its  error.  For  this  reason  the  standard  deviation  of  M'  from 
M  is  called  the  standard  error  of  the  mean. 

We  have  seen  in  Ex.  CXXI,  No.  34,  that  for  a  normal  dis- 
tribution the  quartile  deviation  is  0*675o-.  Experience  has 
shown  that  the  same  relation  holds  good  approximately  for 
many  different  kinds  of  natural  distributions.  We  may, 
therefore,  conclude  that  the  quartUe  deviation  of  M'  is 
Q  =  0-675o-/  Jn.  The  usefulness  of  this  result  is  that  we 
may  apply  to  it  the  important  facts  brought  out  in  No.  12 
of  this  exercise,  for  experience  shows  that  these  also  are 
approximately  valid  for  most  forms  of  distribution.  It  may 
be  added  that  Q  is,  in  this  case,  usually  called  by  the  rather 
unhappy  name  probable  error  of  the  mean. 

Examples : — 

23.  Write  out  the  argument  which  leads  to  the  formula  for 
the  standard  error  of  the  mean. 

24.  A  surveyor  has  found  by  a  great  many  trials  that  the 
standard  deviation  of  his  observations  with  a  certain  theodolite 
is  10".  In  measuring  a  certain  angle  he  obtains  (after  cor- 
recting for  the  known  instrumental  errors)  the  following 
readings  : — 

41°  24'  21" 
41°  24'  15" 
41°  24'  18" 
41°  24'  22" 
Knd  (i)  the  mean  reading  and  (ii)  its  probable  error.  [Note 
that  the  result  is  usually  written 

41°  24'  19"  ±  3-375". 
It  does  not  mean  that  the  correct  reading  is  certainly  within 
3'375"  of  the  mean,  but  that  the  probability  is  ^  that  the  mean 
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falls  within  those  limits.     Justify  this  explanation  by  reference 
to  the  definition  of  the  qnartile,] 

25.  It  may  be  assumed  that  the  mean  height  of  male  British 
adults  is  67"4;6  in.  and  the  standard  devi'ation  of  their  height 
2-57  in.  (See  Ex.  CXIX,  No.  4.)  I  determine  the  mean 
height  of  25  men  taken  at  random.  What  will  be  (i)  the 
standard  error ;  (ii)  the  probable  error  of  my  determination  ? 
[It  is  here  assumed,  of  course,  that  errors  of  measurement  are 
negligible.] 

26.  If  a  military  authority  measures  and  records  the  height 
of  its  men  in  batches  of  25,  selected  at  random,  how  often 
should  you  expect  the  mean  height  to  be  over  5  ft.  8-J  in., 
assuming  that  soldiers  are  representative  of  the  general  body 
of  adult  men  of  their  nation  ?  What  would  you  conclude  if 
a  mean  above  5  ft.  8^  in.  were  registered  a  good  deal  more 
frequently  than  your  calculation  predicts  ? 

D. 

§  5.  Standard  Error  of  Sampling. — The  fact  that  the  mean 
of  a  random  selection  of  measurements  will  deviate  from  the 
general  mean  is  merely  one  instance  of  a  p'henomenon  with 
which  statisticians  have  to  reckon  at  every  turn.  The  follow- 
ing is  an  example  of  a  different  type. 

Ten  coins  were  thrown  100  times  and  the  numbers  of 
heads  obtained  at  each  throw  counted  with  the  following 
result : — 


No.  of  Hds. 

Proptn.  of 

Hds. 

Frequency. 

2 

0-2 

5 

3 

0-3 

15 

4 

0-4 

16 

5 

0-5 

27 

6 

0-6 

19 

7 

0-7 

15 

8 

0-8 

2 

10 

10 

1 

100 

In  this  case  the  ultimate  proportion  of  heads  is,  of  course, 
0-5,  and  this  may  be  regarded  as  the  number  at  which  the 
proportion  is  aiming  in  the  different  samples.  If,  however, 
we  had  no  other  evidence  before  us  than  that  of  the  five 
throws  recorded  in  the  first  line  of  the  ta,ble  we  should  cpn- 

31* 
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elude  that  the  proportion  of  heads  to  be  expected  at  a  throw 
was  0'2.  Similarly,  if  we  had  nothing  to  go  upon  except  the 
results  recorded  in  the  sixth  line,  we  should  conclude  that  the 
proportion  of  heads'  to  be  expected  was  0'7.  Knowing  what 
we  do,  we  see  that  these  numbers  would  be  "  errors  " — errors 
due  to  the  fluctuation  of  sampling.  Being  errors,  that  is 
deviations  from  the  ideal  proportion  0'5  which  would  be 
shown  by  a  very  large  sample,  we  can  calculate  their  standard 
deviation  from  that  number.  By  analogy  with  the  case 
studied  in  §  4  this  standard  deviation  is  called  the  Standard 
error  of  the  proportion. 

Examples : — 

27.  Show  that  the  standard  error  of  the  proportions  re- 
corded for  the  different  throws  in  the  above  table  is  0"156. 
[Take  the  first  line  :  The  deviation  from  the  ideal  proportion 
is  0'5  -  0-2  =  0"3  ;  the  number  of  cases  is  five.     Hence, 

(0-3)2  X  5  =  0-45, 
and  so  on.]     Show  also  that  the  standard  error  in  the  number 
of  heads  per  throw  is  1'56,  i.e.  the  former  result  multiplied 
by  the  number  of  coins. 

28.  To  obtain  the  standard  error  by  theory  we  adopt  the 
argument  of  this  and  the  next  example.  Let  p  be  the  ideal 
proportion  of  successes  (i.e.  in  this  case,  heads)  to  be  expected 
in  a  large  number  of  trials  and  q  the  proportion  of  failures. 
[What  is  the  value  of  j5  +  g  ?]  Also  let  m  be  the  number  of 
trials,  each  trial  involving,  for  the  present^  only  one  con- 
stituent event  (e.g.  the  falling  of  a  single  coin,  die,  tee-to-tum, 
etc.).  Scoring  (as  above)  unity  for  a  success  and  zero  for  a 
failure,  show  that  the  mean  score  per  event  is  p.  In  m 
trials  there  will  be,  on  the  average,  pm  successes,  each  with  a 
deviation  from  the  mean  ot'l  -  f  —  q,  and  qm  failures,  each 
with  a  deviation  oi  p  -  Q  =  f.  Hence  show  (i)  that,  ideally, 
the  sum  of  the  squares  of  the  deviations  for  the  m  trials  is 
pq  .  m,  and  (ii)  that  the  standard  deviation  of  the  results  of 
the  trials  (i.e.  the  standard  error)  is 

29.  Next  suppose  a  series  of  m  trials  to  be  made  of  each 
of  n  independent  events.  Let  the  mean  "  scores  "  for  the 
different  series  be  A,  B,  G,  etc.,  and  let  a,  b,  c,  etc.,  be  the 
deviations  from  A,  B,  C,  etc.,  of  events  belonging  to  the  re- 
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spective  series.  Let  M  be  the  sum  of  the  means  and  8  the 
sum  of  the  deviations  from  M  of  any  set  of  n  of  the  events, 
made  up  by  taking,  at  random,  one  event  from  each  series. 
Show  that 

82  =  %a^  +  %¥  +%c'  +  .  .  .  . 

+  23(a6)  +  2S(&c)  +  2S(ad)  +  .  .  .  . 
=  Sa^  +  S&2  +  Sc^  +  .  .  .  . 

(by  the  argument  of  §  4). 

Hence  show,  dividing  by  m,  that  if  o-  is  the  standard  devia- 
tion from  M  of  the  different  group-scores  and  o-^,  o-j,  (r„,  .  .  . 
the  standard  deviations  from  their  respective  means  of  the 
scores  in  the  m  series  of  single  events,  then 

<t'  =  <t\  +  a-\+^\+  .    .    .    . 

30.  In  the  present  problem  we  have,  by  No.  28,  that 

o-a  =  o-j  =  o-c  .  .  .   =  V^2- 

Hence  show  that  the  standard  error   for  the   numbers   of 
'  successes  "  when  n  coins  are  thrown,  or  for  any  group  of  n 
events  in  which  the  average  chance  of  a  success  is  'p  is  given 
by -the  formula 

Jnpq. 

31.  What  will  be  the  standard  error  for  the  profortion  of 
successes  in  the  group  of  n  events  ?  [The  student  should  note 
the  extremely  important  fact  that,  throughout  the  theory  of 
statistics,  the  precision  of  the  results  obtained  depends 
upon  the  square  root  of  the  number  of  observations.] 

32.  Show  that  the  standard  error  predicted  by  theory  in 
the  case  of  No.  27  is  1-58,  and  that  the  probable  error  is 
approximately  1-06.  [See  last  paragraph  of  §  4.]  Hence 
show  that  out  of  100  trials  about  twenty-five  may,  on  the 
average,  be  expected  to  give  more  than  six  heads  and  about 
twenty-five  to  give  fewer  than  four. 

33.  Show  also  that  about  nine  trials  may  be  expected  to 
give  either  more  than  seven  heads  or  fewer  than  three. 
Compare  the  expectations  with  the  table. 

34.  It  is  recorded  on  p.  461  that  out  of  19,140  trials  with 
a  single  penny  the  number  of  heads  obtained  was  9642. 
What  was  the  deviation  from  the  ideal  mean  ?  Calculate  the 
standard  error  by  the  formula  of  No.  28  and  deduce  the  prob- 
able error.  Was  the  deviation  from  the  proper  mean  so 
great  as   to  make  it   probable   that  the  observations   were 
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unsatisfactory  ?     In  other  words,  what  is  the  probability  that 
this  deviation  is  due  merely  to  chance  ? 

35.  In  Prof.  Bdgeworth's  article  on  the  "  Law  of  Error  " 
in  the  Ency.  Brit.,  it  is  stated  that  Prof.  Weldon  threw  a  set 
of  twelve  dice  4096  times  and  counted  the  number  of  sixes 
obtained  at  each  throw  [p  =  1/6].  The  results  were  as 
follows.  Determine  how  far  the  standard  error  accords  with 
theory. 

Successes       0         1  2         345678 

Frequency  447     1145     1181     796    380     115     24    7     1 

It  is  recorded  that  either  4,  5,  or  6  was  obtained  in  25,115 
of  the  4096  x  12  =  49,152  single  throws  of  which  the  ex- 
periment may  also  be  regarded  as  consisting.  Examine  the 
probability  that  the  dice  were  biassed. 

36.  In  the  case  of  the  experiment  described  in  Ex.  CXIX, 
No.  6,  calculate  the  standard  deviation  to  be  expected  in  the 
number  of  white  balls  obtained  in  a  hundred  draws.  De- 
termine the  standard  deviation  actually  obtained. 


BXEEOISB  CXXIV. 

COEEELATION. 

§  1.  The  Meaning  of  a  Correlation  Coefficient. — The  nature 
of  some  of  the  problems  studied  under  the  name  "  correlation  " 
has  been  indicated  in  the  introduction  (p.  432).  It  is  not 
safe  to  assume  that  a  casually  selected  boy  of  fourteen  will  be 
taller  than  one  of  twelve,  yet  there  is  undoubtedly  some  con- 
nexion of  dependence  between  stature  and  age.  All  the  sons 
of  a  tall  father  will  not  be  taller  than  the  average,  yet  no 
doubt  the  children  of  tall  people  are  on  the  whole  taller  than 
others.  In  these  and  similar  cases  we  are  already  confident 
that  there  is  a  connexion  between  the  values  of  two  variables, 
but  we  have  no  numerical  measure  of  it.  To  provide  such  a 
measure  is  the  object  of  a  correlation  coefficient.  In  other 
cases,  the  existence  of  the  connexion  may  itself  be  in  question. 
For  instance,  is  it  true  that  mathematical  people  are  more 
musical  than  others  ?  Is  it  true  that  a  boy  who  is  good  at 
sports  is  likely  on  the  whole  to  be  a  "  duffer  "  in  the  class- 
room ?  It  is  easy  to  produce  instances  pointing  both  ways  in 
all  cases  of  this  sort.  Some  very  mathematical  people  are, 
and  some  are  not  musical ;  some  very  musical  people  are, 
and  some  are  not  mathematical ;  and  so  with  the  other  prob- 
lem. Here  the  coefficient  of  correlation  comes  to  our  aid  by 
providing  a  definite  measurement  of  the  degree  of  connexion 
between  two  things  which  can  be  applied  whenever  the  things 
themselves  are  capable  of  trustworthy  estimation. 

§  2.  Spearman's  Method. — One  of  the  simplest  methods  of 
measuring  correlation  is  that  invented  by  Prof.  C.  Spearman. 
He  calls  it  the  "  foot-rule  "  method  to  signify  that,  though 
simple  and  readily  applicable,  it  is  not  so  suitable  as.  other 
methods  for  refined  mathematical  purposes.  It  may  be  ex- 
plained in  connexion  with  an  experiment  performed  by  its 
author  and  a  collaborator. 
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Eleven  persons,  A  to  K,  were  tested  (i)  as  to  their  power 
to  perform  simple  addition  sums  quickly  and  accurately,  and 
also  (ii)  as  to  their  power  to  tell  which  of  two  musical  notes 
was  the  higher  when  both  had  nearly  the  same  pitch.  No 
one,  on  the  basis  of  casual  observation,  could  know  whether 
there  is  any  constant  connexion  between  powers  so  diverse  as 
these  ;  the  object  of  the  experiment  was  to  put  its  existence 
to  the  test. 

The  following  table  gives  the  "rank"  of  each  person  in 

the  two  tests  and  also  his  loss  of  rank  in  passing  from  the 

first  test  to  the  second.    [See  Ex.  CXXII,  No.  34.    Note  that 

D  and  B  tied  in  the  second  test,  coming  together  between  the 

third  place  and  the  sixth.     They  receive  each,  therefore,  half 

the  rank  (=4  +  5)  belonging  to  the  two  places  they  fill.] 

ABODEFGHIJK 

IstTest  12     3      4      5      6       7 

2nd  Test  3      2     1      4i    4i    11      6 

Loss  of  Rk.     2  i  5 

Total  loss  of  rank,  L  =  8J. 

The  value  of  L  may  be  taken,  as  in  Ex.  CXXII,  E,  as  the 
measure  of  the  difference  between  the  two  orders  of  pro- 
ficiency. The  next  question  is  :  What  is  its  significance  in 
the  present  case  ?  If  it  had  been  zero — that  is,  if  the  orders 
in  the  two  tests  had  been  identical — we  should  have  been  in 
no  doubt.  Such  a  result  would  point  emphatically  to  a  real 
connexion  between  ability  to  add 'figures  and  to  discriminate 
musical  notes.  Again,  since,  when  n  =  11,  as  here,  {n^  -  l)/6 
=  20,  it  is  evident  that  a  loss  of  rank  amounting  to  20  would 
forbid  us  to  make  any  positive  deduction  at  aU ;  for  that  is  the 
rank-loss  which  would  occur,  on  the  average,  if  the  orders 
in  the  two  tests  were  (like  the  orders  of  the  drawings  in 
Ex.  CXXII,  E)  entirely  independent  of  one  another,  owing 
their  resemblances  and  differences  merely  to  chance.  To 
express  the  significance  of  a  given  rank-loss,  L,  it  will  be  con- 
venient, then,  to  have  a  formula  which  will  make  the  measure 
of  the  agreement  of  the  two  orders  unity  when  thei  rank-loss 
is  zero  and  zero  when  the  rank-loss  is  {n^  —  l)/6.  Calling 
the  latter  number  A,  such  a  formula  would  be 

for  this  evidently  gives  E  =  1  when  L  =  0  and  E  =  0  when 
L  =  A.    In  this  formula  E  is  the  coefficient  of  correla- 
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tion — to  be  called,  to  avoid  confusion  with  other  methods, 
Spearman's  coefficient.  In  the  experiment  described  the 
correlation  is,  therefore, 

E  =  1  -  8-5/20 
=  0-57 

Examples : — 

A. 

1.  Eleven  very  backward  children  were  submitted  to 
various  tests  of  ability  by  Dr.  A.  E.  Abelson.  The  following 
table  gives  the  raiiks  of  the  children  in  three  of  the  tests  : 
(a)  memory  for  the  names  of  objects,  (6)  memory  for  sentences, 
(c)  memory  for  simple  commissions,  e.g.  "  Take  up  the  match- 
box and  put  it  on  the  arm-chair  ''. 


A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

(6) 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

2 

8 

9 

7 

5 

1 

10 

5 

3 

5 

11 

(<=) 

6 

11 

2 

4 

8 

1 

9 

10 

3 

5 

7 

'ind  the  value 

of 

L  : 

in  going  (i 

)  from 

[a) 

to  ( 

[b),  (ii) 

from 

(b)  to  (c),  (iii)  from  (a)  to  (c). 

2.  Explain  the  presence  of  three  5s  in  the  second  line. 

3.  Calculate  the  value  of  Spearman's  correlation  coefficient 
for  each  pair  of  tests. 

§  3.  The  Probable  Error  of  E. — Investigations  such  as 
these  of  Spearman  and  Abelson  are  not  complete  when  E  has 
been  determined.  It  still  remains  to  determine  its  value  as 
evidence  of  a  connexion  between  the  abilities  tested.  Thus 
the  frequency-table  obtained  in  Ex.  CXXII,  No.  39,  shows 
that  if  we  were  testing  5  children  cpmplete  identity  between 
the  orders  of  merit  in  two  performances  might  occur  by  mere 
chance  about  once  in  120  times,  and  a  rank -loss  less  than  3 
about  17  times  out  of  120.  Similarly  (No.  40)  if  we  were 
testing  a  group  of  6  persons  a  rank-loss  less  than  3  might 
occur,  by  the  mere  operation  of  chance,  about  once  in  thirty 
experiments.  An  experimenter  will  demand  more  security 
than  these  numbers  imply  before  he  would  feel  justified  in 
adopting  any  positive  conclusions  from  his  tests. 

It  appears,  then,  that  we  need  some  means  of  determining 
the  probability  that  a  given  rank-loss,  L,  is  not  to  be  attributed 
to  chance.  The  obvious  thing  to  do  would  be  to  seek  a 
formula  giving  the  frequency  of  each  value  of  L  for  assigned 
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value  of  n.  Unfortunately  such  a  formula  would  be  difficult 
to  obtain  and  use.  It  is  better,  therefore,  to  proceed  indirectly. 
An  inspection  of  the  frequency-graphs  of  Ex.  CXXII,  E,  shows 
that  the  distribution  of  L  on  the  side  below  A — which  is  the 
only  side  involved  in  these  investigations — is  not  very  different 
from  normal,  and  that,  as  n  increases,  the  median  tends  to 
approach  the  mean.  These  observations  suggest  that  the 
table  worked  out  in  Ex.  CXXIII,  No.  12,  may  be  taken  to 
apply  with  approximate  accuracy  to  deviations  of  L  from  its 
average,  and  that,  to  determine  the  quartile  deviation  of 
A  —  L  required  for  that  application,  we  may  use  the  relation 
Q  =  0-675(r. 
The  first  step,  then,  is  the  calculation  of  the  standard  de- 
viation of  (A  —  L).     This  is  done  in  Nos.  4-12. 

Examples : — 

4.  If  two  counters  were  numbered  and  then  drawn  from  a 
bag,  the  only  possible  orders  of  drawing  would  be  1,  2,  and 
2,  1.     Show  that  the  mean  of  L  is  -J  and  that  a-^  for  L  is  \. 

5.  Show  that,  when  w  =  3,  A  =  4/3  and  a^  =  5/9. 

6.  Use  the  results  of  Ex.  GXXII,  No.  34,  to  show  that, 
when  n  =  4,  0-2  =  13/12. 

7.  Use  Ex.  CXXII,  No.  39,  to  prove  that,  when  n  =  5, 
^  =  19/10. 

8.  Use  Ex.  CXXII,  No.  40,  to  prove  that,  when  re  =  6, 
0-2  =  553/180. 

9.  Express  the  values  of  o-^  in  Nos.  4-8  as  fractions  with 
180  as  denominator,  and  show  that  their  third  differences  are 
constant.     Hence  we  may  assume  that 

o-^  =  aif  +  bnP  +  en  +  d. 

10.  By  substituting  in  this  expression  the  values  2,  3,  4,  5, 
6  for  n  show  that 

0-2  =  (2ws  +  2w2  +7n  +  7)/180 
=  (to  +  1)  (2w2  +  7)/180. 

11.  Hence  show  that  the  standard  deviation  of 

E  =  1  -  L/A 

VH-i)(2.y)]^V0;_4  /     iy_  (i+^Y.(i-  i-r. 

12.  Prove,  finally,  that  the  quartile  deviation  of  E  may  be 
taken  to  be  approximately 
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Test  the  closeness  of  the  approximation  in  the  cases  when 
n  =  5  and  «  =  6. 

We  have  now  the  means  of  testing  the  significance  of  the 
correlation  coefficients  determined  in  the  experiments  de- 
scribed in  §  1.  In  both  cases  «  =  11  and  we  may  assume 
that  the  equivalence 

Q  =  0-43/V« 
=  0-13 

is  sufficiently  exact  for  our  purpose.  In  Prof.  Spearman's 
experiment  the  correlation  was  0'57,  and  we  now  find  that 
this  is  more  than  four  times  as  great  as  the  quartile  deviation 
of  E  when  n  =  11.  In  accordance,  therefore,  with  the  table 
of  Ex.  CXXIII,  No.  12,  we  conclude  that  the  chances  are 
more  than  500  to  3  that  in  the  persons  tested  there  is  a 
distinct  association  between  the  powers  to  add  numbers  and 
to  discriminate  musical  pitch. 

By  analogy  with  the  use  of  the  term  in  Ex.  CXXIII,  §  4, 
the  quartile  deviation  of  B  is  usually  called  its  probable 
error. 

Examples : — 

13.  Make  use  of  the  probable  error  to  determine  the 
significance  of  the  correlations  found  in  No.  3. 

14.  The  following  table  gives  the  relative  positions  of 
fifteen  boys  for  the  whole  of  an  examination  in  mathematics 
in  which  six  papers  were  set.  It  also  gives  the  marks 
assigned  to  them  in  algebra  and  geometry.  Find  (i)  the 
correlation  between  their  orders  in  algebra  and  geometry,  and 
(ii)  the  correlation  between  each  of  these  and  the  order  for 
the  whole  examination.  Which  of  the  two  papers  proved  a 
better  test  of  the  boys'  general  mathematical  proficiency? 

Pos.  1     2    3    4    5     6    7     8     9  10  11  12  13  14  15 

Alg.       69  28  32  30  34  22  22  27  22  29  17  23  22  12    6 
Geom.     48  23  12  22  14  15  18  20  11     6    5  15    4    6    2 

15.  Determine  the  probable  error  of  E  in  No.  14  and  use 
it  to  test  the  significance  of  the  correlations. 

16.  The  two  oldest  children  of  a  village  school  were  asked, 
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by  Prof.  Spearman,  each  without  the  knowledge  of  the  other, 
to  place  twenty-four  other  children  of  the  school  in  order  of 
"  common  sense  out  of  school ".  Their  lists  are  those  marked 
I  and  II  below.  Their  mistress  also  drew  up  a  list  (III)  of 
the  same  children  in  order  of  "  cleverness  in  school  ".  Deter- 
mine the  correlation  between  (i)  the  two  children's  verdicts 
upon  the  common  sense  of  their  school-fellows,  (ii)  common 
sense  out  of  school  and  cleverness  in  school.  [Some  students 
should  use  columns  I  and  III,  others  II  and  III  for  the  second 
investigation.]  Test  the  value  of  the  results  by  means  of  the 
probable  value  of  E  and  say  what  conclusion  you  reach 
about  the  reliability  of  the  children's  opinions  about  one 
another. 


Child. 

Age. 

I. 

II.  III.  ChiU. 

Age. 

I. 

II. 

III. 

A 

11  6 

6 

5   2 

I 

12  6 

5 

6 

11 

B 

12  11 

11 

7   22 

J 

12  7 

21 

22 

19 

C 

12  8 

16 

10   7 

K 

12  8 

12 

9 

4 

D 

13  8 

1 

1   1 

L 

13  10 

13 

12 

18 

E 

11  4 

3 

2    3 

M 

13  1 

4 

8 

8 

P 

11  11 

10 

14   9 

N 

12  1 

9 

13 

14 

G 

11  3 

8 

19   12 

0 

10  6 

15 

18 

10 

H 

13  1 

2 

4   6 

P 

11  5 

17 

11 

17 

Child.    Aqe.     I. 

II. 

III. 

Q 

10  0  22 

21 

5 

R 

11  9  14 

20 

15 

S 

13  7  19 

17 

24 

T 

12  6  18 

3 

16 

U 

10  4  23 

24 

20 

V 

11  7  24 

23 

23 

W 

11  2   7 

15 

13 

X 

11  2  20 

16 

21 

17.  The  following  table  gives  the  marks  assigned  to  a  class 
of  girls  (numbered  1  to  32)  in  each  of  two  separate  tests  in 
Composition  (C„  and  Cj)  and  in  Drawing  (D„  and  DJ.  Find 
the  correlation  between  (i)  the  two  tests  in  composition, 
(ii)  the  two  tests  in  drawing,  and  (iii)  one  of  the  tests  in  draw- 
ing and  one  of  the  tests  in  composition.  Different  students 
should  select  different  pairs  and  compare  results.  [Note  that 
the  correlations  between  two  tests  of  the  same  character, 
such  as  C„  and  Cj  are  called  by  Prof.  Spearman  reliability 
coefficients.    Why  ?] 

Note. — Care  must  be  taken  in  the  ranking  of  the  ties. 
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No.  C„  C^  D„  D,  No.  C„  G,  D„  D^  No.  0,.  Cj  D„  D, 

1  23  22  40  40  12  25  30  62  52  23  29  29  57  59 

2  19  20  37  43  13  27  29  52  53  24  21  20  44  32 

3  23  26  53  46  14  30  30  45  45  25  22  21  26  30 

4  20  20  37  30  15  19  16  41  46  26  14  11  30  28 

5  18  21  61  55  16  23  15  30  27  27  28  28  54  48 

6  17  16  34  30  17  12  16  39  31  28  10  10  19  17 

7  28  29  68  65  18  12  20  41  32  29  28  28  53  51 

8  23  23  41  43  19  18  18  40  27  30  24  24  55  57 

9  10  12  41  43  20  25  25  34  35  31  0  5  39  33 

10  15  13  33  34  21  23  26  44  42  32  18  18  41  35 

11  25  27  46  35  22  22  21  48  44 

18.  In  order  to  test  exhaustively  the  connexion  between 
(say)  the  powers  to  add  numbers  and  to  discriminate  musical 
notes  we  ought,  ideally,  to  take  the  whole  population  and 
arrange  them  in  order  of  merit  in  respect  of  these  two 
performances.  Since,  in  practice,  we  are  compelled  to  de- 
duce our  conclusions  from  the  examination  of  a  sample  of  the 
whole  population  there  is  always  the  risk — ^indeed  the  practical 
certainty — of  a  sampling'  error,  that  is,  a  deviation  of  the 
determined  from  the  true  value  of  E.  Let  each  student  select 
one  of  the  three  sets  of  columns  into  which  the  table  is 
divided  in  No.  17  and  determine  (i)  the  reliability  coefBeient 
for  either  composition  or  drawing,  (ii)  the  correlation  between 
composition  and  drawing.  What  differences  have  been  made 
by  the  sampling?  How  is  the  significance  of  the  results 
affected  by  taking  a  smaller  number  of  cases  ? 

B. 

§  4.  The  Graphic  Representation  of  Correlation. — Fig.  125 
shows  the  algebra  marks  of  No.  14  (with  the  exception  of 
the  highest,  69)  plotted  against  the  geometry  marks  just 
as  one  physical  quantity  would  be  plotted  against  another  if 
we  wished  to  study  the  connexion  between  them.  The  first 
impression  upon  the  eye  accustomed  to  the  regularity  of  the 
graphs  of  physics  is  that  the  points  exhibit  no  orderly  distri- 
bution at  all.  Closer  inspection  shows,  however,  that  there 
is  a  certain  degree  of  method  in  the  madness  of  their  arrange- 
ment. Thus  if  they  are  grouped  by  the  eye  in  vertical  bands 
it  will  be  seen  that  the  centroids  or  points  of  mean  position 
of  the  successive  bands  rise  in  a  more  or  less  regular  way 
towards  the  right.    Similarly,  if  the  diagram  be  turned  through 


494 


ALGEBRA 


a  right  angle  and  the  points  grouped  again  in  bands  perpen- 
dicular to  the  former  ones,  the  same  appearance  recurs ;  the 
centroids  of  the  bands  certainly  rise  towards  the  left.  (In  fig. 
125  the  centroids  of  the  two  vertical  bands  between  the  dotted 
lines  are  represented  by  small  circles,  those  of  the  horizontal 
bands  by  crosses.)     It  is  evident  that  this  more  or  less  regular 


Geometry  Trtarks 

Pio.  125. 

ascent  of  the  centroids  of  the  vertical  bands  or  "  arrays  "  cor- 
responds to  our  more  or  less  definite  perception  that  the  boys 
who  do  best  in  geometry  do  best,  "  on  the  whole,"  in  algebra 
also,  and  conversely.  The  question  now  to  be  attacked  is  : 
Can  this  graphic  expression  of  the  correlation  be  made  definite 
and  useful  ? 

The  student  who  remembers  Part  I,  Ex.  XXVI,  D,  may  pro- 
pose to  bring  out  the  correspondence  of  better  algebra  with 
better  geometry  by  drawing  a  line  across  the  graph-paper  in 
such  a  direction  that  it  is  median  to  the  points  in  as  many  as 
possible  of  the  vertical  arrays.  To  bring  out  the  converse 
suggestion  that  better  geometry  goes  with  better  algebra  the 
paper  could  be  turned  round,  and  another  median  line  drawn 
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across  the  arrays  which  would  then  be  vertical.  It  is  in- 
teresting and  important  to  note  that  the  two  lines  are  not 
likely  to  coincide ;  that  is,  that  the  greater  proficiency  in 
geometry  which  tends  to  go  with  greater  proficiency  in 
algebra  is  not  identical  with  the  greater  proficiency  in  algebra 
which  tends  to  accompany  greater  proficiency  in  geometry. 
Here  we  have  something  notably  different  from  what  holds 
good  in  physical  investigations  :  to  express  fully  the  relation- 
ship between  the  two  variables,  proficiency  in  algebra  and 
proficiency  in  geometry,  we  need  not  one  graphic  line  but 
two. 

But  the  proposal  just  considered  has  certain  obvious  draw- 
backs. The  division  of  the  points  into  arrays  is  bound  to  be 
arbitrary.  Many  straight  lines  may  be  equally  qualified  for 
selection  as  the  median  line,  or  there  may  be  no  line  which  is 
median  to  all  the  arrays  and  we  should  have  to  abandon 
simplicity  and  use  a  median  curve  as  the  graphic  expression 
we  are  seeking.  It  would  clearly  be  much  better  to  adopt 
some  principle  which  would  give  in  every  case  a  satisfactory 
and  definitely  ascertainable  straight  line.  Consider  first  the 
case  of  vertical  arrays ;  then-  our  previous  experience  suggests 
that  the  best  line  for  the  purpose  will  be  the  one  so  situated 
that  the  sum  of  the  squares  of  the  vertical  displacements 
needed  to  bring  all  the  plotted  points  on  to  it  would  be  the 
least  possible.  Such  a  line  would  have  over  the  line  first 
contemplated  all  the  advantages  which  standard  deviation 
has  over  mean  deviation.  SimOarly  with  regard  to  the  hori- 
zontal arrays,  the  best  line  to  adopt  will  be  the  one  so  situated 
that  the  sum  of  the  squares  of  the  horizontal  displacements 
needed  to  bring  all  the  points  on  to  it  is  a  minimum. 

Let  a  pair  of  horizontal  axes  be  drawn  through  any  con- 
venient point — for  example,  the  point  M  in  the  figure — and 
let  the  marks  in  geometry  and  algebra  be  counted  positively 
and  negatively  from  the  marks  which  this  point  represents 
upon  their  respective  scales.  Let  the  co-ordinates  of  any  one 
of  the  points  with  regard  to  these  axes  be  x,  y,  and,  to  avoid 
confusion,  take 

Y  =  a  -I-  &X 

as  the  formula  for  the  straight  line.  Now,  if  we  substitute 
for  X  the  abscissa  x  of  any  point  P  in  the  figure  the  expression 

Y  =  a  +  bx 

gives  the  ordinate  of  the  point  P'  on  the  line  we  are  seeking 
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vertically  below  or   above  P.      Thus  the  vertical   distance 
through  which  P  must  be  displaced  to  bring  it  on  to  this  line  is 

Y-y^a  +  bx-y. 
The  condition  we  have  laid  down  is,  then,  that  S(a  +  ix  —  yy 
is  to  be  a  minimum. 

Examples : — 

19.  Show  that  this  condition  takes  the  form  that 

na^  +  ¥  .  2a;2  +  V  +  2a& .  Sa;  -  26  . %{xy)  -  2a.  Xy 
must  be  a  minimum,  where  n  is  the  number  of  points.  Show, 
further,  that  if  the  a;-axis  is  chosen  so  as  to  pass  through  the 
mean  of  the  algebra  marks  and  the  y-axis  so  that  it  passes 
through  the  mean  of  the  geometry  marks,  then  the  condition 
simplifies  to 

na^  +  62  .  5a;2  +  ^  _  26  .  %(xy) 
is  a  minimum. 

20.  Hence  prove  that  b  =  'Si{xy)/'S,x^  and  that  a  =  0. 

21.  Prove  in  the  same  way  that  if  the  line 

X  =  a  +  6Y 
is  so  drawn  that  the  sum  of  the  squares  of  the  horizontal 
distances  of  the  plotted  points  from  it  is  a  minimum  then 
a  =  0  and  6  =  ^xy)/:%y^. 

22.  To  distinguish  the  constants  calculated  in  Nos.  20,  21, 
call  them  b^,  b^.  Determine  their  values  in  the  case  of  the 
points  plotted  in  fig.  125  remembering  that  x  and  y  are  to  be 
measured,  not  from  zero  but  from  the  mean  of  the  mairks  in 
geometry  and  algebra  respectively.  Plot  the  points  in  a 
figure  of  your  own  and  add  the  lines  T  =  b{K  and  T  =  JjX. 

§  5.  The  Bravais-Pearson  Coefficient. — The  essentials  of 
the  foregoing  method  of  representing  correlation  are  due  to 
the  late  Prancis  Galton,  who  first  showed  that  two  lines  are 
needed  to  give  a  graphic  presentation  of  the  numerical 
facts.  The  student  should  be  sure  that  he  understands  the 
conditions  which  make  this  duplication  necessary.  In  a 
physical  investigation  there  corresponds,  as  a  rule,  to  each  value 
of  a  variable  x  a  definite  value  of  another  variable  y.  For  in- 
stance, a  definite  weight  (a)  will  stretch  a  given  wire  to  a  definite 
extent  (y).  Conversely,  a  definite  value  of  y  has  a  definite 
value  of  X  corresponding  to  it ;  e.g.  a  definite  stretching  of 
the  wire  is  produced  by  a  definite  weight.  It  is  true  that,  in 
practice,  separate  measurements  of  the  y  which  corresponds 
to  a  given  X  or  of  the  x  which  corresponds  to  a  given  y  are 
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found  to  differ,  but  the  differences  may  be  attributed  to  obser- 
vational error.  If  the  measurements  are  sufficiently  numerous 
their  means  may  be  assumed  to  indicate  the  true  values  of 
the  variables.  Let  all  the  observations,  both  of  x  and  of  y,  be 
plotted.  Consider  all  the  points  which  lie  on  a  given  vertical 
(that  is,  all  the  measurements  of  y  which  correspond  to  a  given 
x)  and  mark  their  centroid  y.  Through  this  point  draw  a 
horizontal  line  and  mark  the  centroid  x  of  the  points  on  it 
(that  is,  of  the  measurements  of  x  which  correspond  to  y). 
Then,  since  the  second  centroid  represents  the  true  value  of  x  ' 
corresponding  to  y,  it  follows  that  the  two  centroids  must  coin- 
cide. The  same  argument  holds  good  of  all  the  other  vertical 
and  horizontal "  arrays  " ;  the  centroid  of  each  horizontal  array 
will  coincide  with  the  centroid  of  some  vertical  array,  and  the 
points  thus  determined  will  constitute  a  single  graphic  line  ex- 
hibiting the  relation  that  connects  the  true  values  of  x  and  y. 
But  in  the  cases  considered  in  this  exercise  there  is,  as  a 
rule,  no  single  y  corresponding,  even  ideally,  to  a  given  value 
of  X.  Por  example,  there  is  no  mark  in  Algebra  which  neces- 
sarily goes  with  a  given  mark  in  Geometry.  It  follows  that 
if  all  the  measurements  of  x  and  y  are  plotted,  and  the  cen- 
troid y  marked  in  an  array  which  corresponds  to  a  given  value 
of  X,  and  if  the  centroid  x  of  the  horizontal  array  through  f 
is  also  marked,  then  the  two  will  no  longer,  as  a  rule,  coincide. 
The  single  graphic  line  which  in  the  former  case  ran  through 
the  coincident  centroids  will  split  into  two  lines,  one  through 
each  set  of  centroids. 

In  many  instances  the  lines  through  the  two  sets  of  mean- 
points  or  centroids  are  found,  to  be  straight.  In  such  cases 
it  is  easy  to  see  that  they  are  identical  with  the  lines  whose 
positions  were  investigated  in  §  4.  For  since  the  sum  of  the 
squares  of  the  distances  of  the  points  in  each  array  from  its 
mean-point  is  a  minimum,  it  is  clear  that  the  sum  of  the 
squares  of  the  vertical  or  horizontal  displacements  needed  to 
bring  the  whole  of  the  points  on  to  the  line  through  the  cen- 
troids is  also  a  minimum. 

It  will  be  observed  that  the  line  through  the  mean-points 
of  the  vertical  arrays  is  always  nearer  to  the  a;-axis  than  the 
line  through  the  mean-points  of  the  horizontal  arrays.  The 
significance  of  this  important  fact  is  best  seen  by  means  of  an 
example.  Let  x  be  the  common  height  of  a  group  of  fathers 
and  the  array  of  ys  the  heights  of  all  their  sons.  Then  the 
PT.  II.  32 
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mean  height  of  the  sons  is  nearer  to  the  general  mean  height 
of  all  sons  than  x  is  to  the  mean  height  of  all  fathers.  In 
brief,  the  sons  of  men  who  are  taller  or  shorter  than  the 
average  tend,  on  the  whole,  to  approach  nearer  than  their 
fathers  to  the  general  mean  height.  This  falling  back  of  the 
graphic  lines  towards  their  axes  was  called  by  Galton  re- 
gression. The  lines  are  for  this  reason  generally  called 
regression  lines.  The  name  is  commonly  applied  also  to 
the  lines  determined  by  b^  and  &2  in  §  4,  even  when  they  are 
not  identical  with  the  curves  through  the  centroids. 

If,  now,  we  seek  a  single  number  which  shall  summarize 
the  connexion  between  the  variables  as  the  gradient  b  of  the 
single  graph  does  in  the  physical  case,  where  are  we  to  find  it  ? 
A  simple  answer  is  to  take  as  the  representative  number  the 
geometrical  mean  of  the  coefficients  of  regression,  Sj  and 
b-i ;  for  this  number  will  "  pool "  in  a  symmetrical  way  what 
6j  tells  about  the  dependence  of  the  ^s  upon  x  and  what  b^ 
tells  about  the  dependence  of  the  a;s  upon  y.  It  may  very 
conveniently  be  taken,  therefore,  as  a  coefficient  of  correlation. 
Symbolized  by  r  it  has  come,  chiefly  through  the  remarkable 
researches  of  Prof.  Karl  Pearson,  to  be  recognized  as  the 
standard  coefficient.  It  is  frequently  called  the  Bravais- 
Pearson  coefficient,  in  allusion  to  both  Prof.  Pearson 
and  the  French  savant  whose  work  (1834)  first  took  the 
line  followed  up  by  Galton  and  Pearson.  It  is  also  called 
the  product-moment  coefficient. 


Examples : — 

23.  Prove  that 


^M 


24.  Let  cTj  and  o-^  signify  the  standard  deviations  of  the  xs 
and  the  ys  respectively,  and  let  N  be  the  total  number  of  cases 
examined.     Show  that  r  =  ^{xy)j'N.(7^.(r^. 

25.  Calculate  the  standard  correlation  coefficient  in  the  case 
of  the  algebra  and  geometry  examination  of  No.  14. 

26.  The  Spearman  coefficient  E  and  the  Pearson  coefficient 
r  are  connected  by  the  approximate  relation 

r  =  sin  g  e) 

or  by  the  more  exact  relation 

r  =  2  cos  f  (1  -  E)  -  1. 
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Test  these  formulae  by  applying  them  to  the  value  of  E  obtained 
in  No.  14  for  the  correlation  between  algebra  and  geometry. 

27.  Find  the  values  of  r  equivalent  to  the  values  of  R  de- 
termined in  No.  16. 

28.  Find  the  correlation  between  the  length  and  girth  of 
the  carrots  in  Ex.  CXIX,  No.  1. 

29.  It  has  been  stated  that  whereas  an  improvement  in  the 
labour  market  (as  shown  by  a  decrease  in  the  unemployment 
percentage  of  the  Trades  Unions)  is  followed  by  a  decline  in 
offences  against  property,  begging,  and  prosecutions  for  failure 
to  maintain  dependents,  it  is  also  accompanied  by  an  increase 
in  drunkenness.  Use  the  following  statistics  to  find  ^the 
correlation,  by  the  standard  method,  between  the  unemploy- 
ment percentage  and  the  prosecutions  for  each  of  the  oflfences 
mentioned  in  the  table.  [The  work  should  be  divided  between 
the  students,  each  taking  one  correlation.] 

30.  Find  also  the  correlation  between  drunkenness  and  the 
other  offences  mentioned.     [Divide  the  work  as  before.] 


Persons  Tried  (OOO's  omitted). 

Year. 

Trade  Union 
Unemploy- 

ment 

Offences 

Neglecting 

Percentage. 

against 

Begging. 

to  Maintain 

Drunkenness. 

Property. 

Family. 

1893 

7-5 

51-2 

16-8 

3-1 

168-9 

1894 

6-9 

50-3 

19-2 

2-9 

178-7 

1895 

5-8 

45-0 

15-7 

2-5 

169-3 

1896 

3-3 

44-9 

16 '9 

2-5 

187-3 

1897 

3-3 

44-8 

15-0 

2-6 

193-3 

1898 

2-8 

46-4 

15-5 

2-9 

202-5 

1899 

2-0 

44-5 

12-7 

2-9 

214-3 

1900 

2  5 

47'8 

11-3 

2-7 

204-3 

1901 

3-3 

49-1 

14-5 

2-8 

210-3 

1902 

4-6 

50-2 

16-2 

2-8 

209-9 

1903 

4-7 

51-0 

19-3 

3-2 

230-2 

1904 

6  0 

52-6 

23  0 

3-2 

227-4 

1905 

5-0 

53-8 

26-4 

3-3 

219-3 

1906 

3-6 

61-3 

25-0 

3-1 

211-5 

1907 

3-7 

53-8 

23-0 

3-0 

210-0 

1908 

7-8 

59 '6 

27-1 

3-3 

202-1 

1909 

7-7 

58-6 

32-3 

3-1 

182-4 

1910 

4-7 

57-6 

33-3 

3-0 

175-4 

1911 

30 

53-5 

31-5 

2-9 

185-4 

1912 

3-2 

58'5 

26-9 

2-9 

197-9 

32* 
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31.  By  a  method  too  dif&cult  for  repetition  here  it  can  be 
shown  that  the  probable  error  for  the  Pearson  coefficient  is 

1   _   y2 

0-675 


Use  this  formula  to  test  the  significance  of  the  correlations 
calculated  in  No.  29. 

32.  Mr.  Latter 'a  purpose  in  collecting  the  measurements 
of  cuckoos'  eggs  recorded  in  Ex.  XIX,  No.  15,  was  to  test  the 
statement  that  cuckoos  are  divided  into  definite  "  clans " 
(gentes),  each  of  which  lays  its  eggs  in  the  nests  of  a  particular 
bird.  One  of  his  tests  consisted  in  finding  the  mean  volume 
of  the  eggs  (i)  of  the  foster  parents  of  each  species  ;  (ii)  of  the 
cuckoos  which  use  the  nests  of  that  species,  and  determining 
what  correlation,  if  any,  exists  between  the  two  sets  of  means. 
His  data  are  given  in  the  following  table  in  which  the  index 
numbers  stand  for  the  names  of  different  foster-parent  species. 
Find  the  amount  of  correlation  and  test  its  significance  by  the 
formula  for  the  probable  error. 

P.P.  =  mean  volume  of  eggs  of  foster-parent. 
C.  =  mean  volume  of  eggs  of  cuckoo  using  the  nest. 


F.P. 

C. 

P.P. 

0. 

1. 

4791 

6435 

9. 

3724 

5872 

2. 

5197 

5890 

10. 

6359 

6071 

3. 

4142 

6145 

11. 

4877 

6247 

4. 

2855 

5616 

12. 

4690 

6071 

5. 

3724 

6173 

13. 

2871 

6228 

6. 

3234 

5944 

14. 

4560 

6228 

7. 

5478 

5792 

15. 

4322 

6379 

8. 

3831 

6721 

16. 
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EXEBGISE  CXXV. 

SUPPLEMENTARY  EXAMPLES. 

A.  Peemutations  and  Combinations. 

1.  A  cricket  team  of  11  players  is  to  be  chosen  from  15 
boys,  all  equally  eligible.  In  how  many  ways  is  the  choice 
possible  ?  In  how  many  ways,  if  it  is  essential  that  a  certain 
pair  of  boys  shall  always  be  included  ? 

2.  In  the  second  case  in  No.  1  the  two  essential  players 
either  bowl  or  occupy  a  certain  place  in  the  field.  One  boy 
is  also  chosen  out  of  each  team  to  keep  wicket  throughout  the 
game.  The  others  can  take  up  any  position  in  the  field.  In 
how  many  ways  can  the  field  be  set  (i)  after,  (ii)  before,  a  de- 
finite eleven  has  been  chosen  ? 

3.  A  committee  of  6  people  is  to  be  chosen  from  Id,  of 
whom  5  could  attend  only  on  Mondays  and  4  only  on 
Wednesdays,  while  the  others  could  attend  on  either  day. 
Find  how  many  different  committees  are  possible. 

4.  A  party  consisting  of  12  ladies  and  8  gentlemen  travel  in 
two  compartments  of  a  railway  carriage  which  seat  ten  persons 
each.  In  how  many  different  ways  may  the  party  be  divided 
so  that  each  compartment  may  contain  6  ladies  and  4  gentle- 
men ?  In  how  many  different  ways  may  they  be  seated,  both 
divisions  being  taken  into  account  ? 

5.  In  how  many  ways  can  a  pack  of  52  cards  be  dealt  to 
four  persons  ? 

6.  In  No.  5  what  is  the  chance  that  the  knave,  queen,  king, 
and  ace  of  a  given  suit  will  all  come  to  the  same  person  ? 
What  is  the  chance  that  each  player  will  receive  one  of  them  ? 

7.  A  batch  containing  mn  circulars  is  to  be  divided  into  m 
equal  parcels  for  delivery.  In  how  many  different  ways  can 
the  division  be  effected  (i)  if  the  persons  who  deliver  them  are 
taken  into  account ;  (ii)  if  no  regard  is  had  to  these  persons  ? 
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8.  In  an  office  there  are  m  pigeon-holes  for  the  reception 
of  letters  for  the  different  departments.  On  a  certain  morning 
the  postman  delivers  n  letters,  (i)  Show  that  the  chance 
that  they  are  all  destined  to  a  given  department  is  1/wi". 
What  is  the  chance  (ii)  that  all  will  go  to  one  department, 
though  not  necessarily  a  given  department ;  (iii)  that  a  given 
pair  of  departments  will  receive  no  letters ;  (iv)  that  there 
will  be  p  departments  (not  a  given  p)  without  letters  ? 

9.  To  a  certain  meeting  one  institution  sends  p  representa- 
tives, another  q,  whUe  r  other  institutions  are  each  represented 
by  one  person.  A  committee  is  to  be  elected  which  may  be 
a  "  committee  of  one  "  or  may  contain  any  number  of  persons, 
with  the  proviso  that  no  institution  is  to  contribute  more  than 
one  member  to  it.  Show  that  the  total  possible  number  of 
committees  is 

(y  +  1)  (g  H-  1) .  2-  -  1. 

10.  In  a  restaurant  there  are  r  tables,  each  long  enough  to 
hold  at  least  n  people.  Show  that  the  nuftiber  of  arrange- 
ments in  which  n  people  could  sit  at  the  tables  is 

r(r  -(-  1)  (r  +  2)  .  .  .  (r  +  w  -  1). 

B.  The  Binomial  Coefficients. 

11.  Show  that  in  the  expansion  of  the  product  of  the  n 
factors 

(«!  +  &i)  (02  +  62)  .  .  .  {a„  +  b„) 
the  number  of  terms  containing  r  hs  and  (therefore)  w  —  r  as 
is  „C,..     Hence  (by  making  all  the  as  identical  and  all  the  &s) 
show  that 

{a  +  bf  =  a"  +  „Ci .  a-iJ  +  A  ■  a""^^^  +  ■  •  • 
...    -I-  „Ci .  a&"-i   +  6". 
Eewrite  this  identity,  giving  the  values  of  the  successive 
coefficients.     [The  student  will  note  that  this  investigation 
may  be  regarded  as  a  proof  of  the  binomial  theorem  for  any 
positive  integral  exponent.] 

12.  Show  by  expanding  (1  -  1)"  that  when  n  is  odd  the 
sum  of  the  combinations  of  n  things  0,  2,  4,  ...  (w  -  1)  at  a 
time  is  equal  to  the  sum  of  the  combinations  1,  3,  5,  .  .  .  n 
at  a  time.     What  happens  when  n  is  even  ? 

13.  There  &re  n  +  p  letters  from  which  combinations  of  r 
each  are  to  be  taken.  The  total  of  the  combinations  can 
evidently  be  divided  into  those  which  contain  a  given  letter 
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(for  instance,  a)  and  those  which  do  not  contain  that  letter. 
Hence  show  that 

By  repeating  the  argument  show  that 

(..+»)*-'>•  —   {n+p-2)^r  +    2  .  (n+i>-2)^(r-l)   +    (ti+3J-2)^()--2)- 

Show  in  this  way  that 

(n+j))C,.  =  „C^ .  j,Cq  +  „C(,._j) .  jjCj  +  „0,,_2| .  jjOg  +  .  .  . 
14.  Show  that  the  series 

Co  -  2ci  +  3c2  -  dcg  +    ...    +n(-  1)"-^ .  c„_i 

ia  the  coefficient  of  x"  in  the  expanded  product  of  {x  +  1)"  and 
(1  +  a;)  "2,  and  that  its  value,  therefore,  is  zero. 

16.  Show,  by,  considering  the  coefficient  of  a"  in  the  expan- 
sion of  the  product  of  {x  +  1)"  and  (1  +  a;)",  that 

Co^  +  c,^  +  c^^+   ...   +  c„2  =  {2n[)/{n\y. 
Show  also  that 

Co  +  2 .  Cj  +  3  .  C2  +    ...    +  {n  +  l)c„  =  2"-i .  {n  +  2). 

C.  Peobability. 

16.  A  stone  thrown  at  random  falls  into  a  well  4  feet  in 
diameter.  What  is  the  chance  that  it  will  strike  the  water 
(i)  within  1  foot  of  ther  centre,  (ii)  within  1  foot  of  the  edge  ? 

17.  A  glass  rod  30  cms.  long  is  dropped  upon  the  floor  from 
such  a  height  that  fracture  is  certain.  Assuming  the  proba- 
bility of  its  breaking  at  a  given  point  to  be  the  same  for  all 
points,  find  the  chance  that  the  rod  will  part  (i)  between 
2  cms.  and  5  cms.  from  one  end  or  the  other,  (ii)  either  in 
the  4th  centimetre  from  one  end  or  between  4  cms.  and 
10  cms.  from  the  other. 

18.  A  glass  rod  of  length  a  is  held  at  one  end  A  and 
divided  by  a  blow  delivered  at  random.  What  is  the  chance 
that  a  point  distant  x  from  A  wUl  remain  connected  with  it  ? 

19.  Show  that  the  average  length  of  rod  left  connected 
with  A  in  No.  18  is 

S  =    ht   -  {a/n  +  2a/n  +  Ba/n  +  ia/n  -t-    .  .  .   +  na/n) 

1  /a    ,       2a   , 
„  ^  00  nn,\n  n 


3a   , 

—  .h+    . 

na     ' 

n 

n 
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where  nh  =  a.     Hence  show  that 

X  .Sx 


~  a'  Jo 


'  0 

=  a/2. 
[This  result  is  obvious  and  could  have  been  obtained  by  other 
much  simpler  arguments.     The  method  exemplified  is,  how- 
ever, required  for  more  difficult  cases.] 

20.  Two  stones  are  dropped  into  a  well  in  such  a  way  that 
they  fall  upon  the  circumference  of  a  circle  of  radius  r.  As- 
suming that  all  angles  between  the  lines  joining  them  to  the 
centre  are  equally  probable  show  that  the  average  distance 
between  the  stones  on  hitting  the  water  is 

-  2r 

d=     ht  —  (sin  ie  +  sin  |e  H-  sin  f  6  +    ...    +  sin  ^6) 


2r 


smi 

0 


Evaluate  the  integral. 

21.  In  No.  20  show  that  the  chance  that  the  distance  be- 
tween the  stones  will  be  between  r  and  r .  J2  is  1/6. 

22.  When  a  bullet  is  fired  from  a  certain  gun  it  strikes  the 
ground  at  a  point  whose  horizontal  distance  from  the  point  of 
projection  is 

H  =  300  sin  2a 
where  a  is  the  angle  of  elevation  of  the  gun  and  H  is  measured 
in  yards.  Assuming  all  angles  of  elevation  to  be  equally  prob- 
able, find  the  mean  value  of  H.  Find  also  the  probability 
that  the  bullet  will  hit  the  ground  between  200  and  225  yds. 
from  the  point  of  projection,  the  ground  there  being  supposed 
on  the  same  level  as  at  that  point. 

23.  On  a  line  AB  of  length  a  two  points,  P  and  Q,  are  taken 
at  random.  What  is  the  probability  that  their  distance  will 
not  exceed  a  given  distance  b  ? 

[To  answer  this  question  draw  two  frequency-diagrams, 
one  showing  all  possible  cases  of  division  of  the  line  by  two 
points  and  the  other  the  "favourable  cases,"  i.e.  those  in 
which  PQ  is  less  than  b.  Fig.  126  shows  such  a  pair  of 
diagrams  in  a  case  when  b  <  ^a.  Consider  first  all  possible 
cases.  Since,  in  a  vast  number  of  instances,  P  occupies  one 
point  as  often  as  another,  we  may  represent  the  frequency  of 


EXERCISE  CXXV 


505 


its  occupation  of  each  point  by  a  line  (i.e.  a  series  of  points) 
of  constant  length  above  it.  With  P  in  a  given  position,  the 
v^hole  of  the  points  of  AB  are  open  to  Q  for  occupation. 
Thus  any  line  PjEj  may  be  taken  also  to  represent  the 
frequency  of  the  compound  event  represented  by  the  state- 
ment, "  P  at  Pj,  Q  anywhere  on  AB  ".  Since  the  frequency 
is  the  same  for  all  positions  of  P  the  diagram  will  be  a 
rectangle,  EqE,  whose  area  can  be  taken  as  a  measure  of  the 
total  frequency  of  the  compound  event. 

Now  let  Q  be  restricted  to  a  distance  from  P  not  greater 
than  b.  There  will  be  several  cases.  When  P  is,  as  at  Pj, 
at  least  b  away  from  both  A  and  B,  the  range  open  to  Q  is 
one  of  26,  i.e.  26/a  of  the  total  possible  range.     The  frequency 


R/ 


A         P,  Pa  B 

Pig.  126. 

of  the  compound  event  is  therefore  2b/a  of  -what  it  was  when 
Q  was  free  to  occupy  any  point.  It  must  be  represented, 
therefore,  by  a  line  V^^  whose  length  is  P2E2  x  26/a.  When 
X  =  PA  is  <  6  the  rangp  free  to  Q  is  only  {b  +  x)/a  of  the 
whole  line.  The  frequency  of  the  double  event  must  be 
represented  by  a  line,  such  as  PjTj  =  {b  +  x)la  of  PiEj. 
Continue  the  argument  and  show  that  the  area  representing 
the  frequency  of  the  "  favourable  cases "  is  that  shaded  in 
the  figure,  and  that  the  required  probability  is  the  ratio  of 
this  area  to  that  of  the  rectangle.     Calculate  its  value.] 

Discuss  also  the  case  when  b>\a  and  show  that  the 
probability  has  the  same  expression. 

24.  A  rod  AB  is  broken  at  random  at  P.  The  piece  AP 
being  taken  is  broken  again  at  random  at  Q.  Find  the 
probability  that  Q  lies  not  more  than  b  from  A,  the  whole 
length  of  the  rod  being  a. 
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[The  frequency-diagram  showing  "all  possible  cases"  is, 
as  in  No.  23,  a  rectangle.  Show  that  if  P  occurred  within  b 
of  A  then  all  of  Q's  positions  give  "favourable  cases,"  but 
that,  if  it  lies  beyond  this  point  then  bjx  only  of  Q's  possible 
positions  are  "favourable"-  Hence  construct  the  second 
frequency- diagram  and  show  that  the  required  probability  is 


a   ,     ae~\ 


25.  A  floor  is  ruled  with  parallel  lines  at  equal  distances 
2a.  A  thin  rod  of  length  26  (which  is  less  than  2ffl)  is  thrown 
upon  the  floor  at  random.  Show  that  the  chance  of  its 
falling  upon  one  of  the  lines  is  ^hjira. 

[This  celebrated  problem  is  called  "  Bufifon's "  after  its 
proposer,  the  French  savant  (1707-88).  Proceed  as  in  Nos. 
23-4,  showing  that  for  a  given  position  of  the  centre  of  the 

rod  the  "  favourable  "  angular  positions  are  2  arc  cos  -/^  of 

a'  2 

all  positions.] 

D.  The  Nobmal  Cubve. 

26.  In  Ex.  CXXI,  Note  before  No.  33,  we  saw  reason  to 
suppose  that  the  ordinate  at  the  origin  of  the  normal  frequency- 
curve  is 

N 
^°"crV(2-) 
where  N  is  the  total  number  of  cases  whose  distribution  is 
represented.  That  very  important  conclusion  must  now 
receive  a  better  proof  than  we  were  then  able  to  give.  If  it 
is  true,  it  would  follow  that  the  total  area  under  the  curve 
y  =  e~''  is  Jtt.  This  is,  then,  the  proposition  to  be  estab- 
lished. 

In  fig.  127  the  circles  are  the  contour  lines  of  the  solid 

8S  is  a  small  area  on  the  xy-'pl&ne  enclosed  between  arcs  of 
circles  of  radii  r  and  r  -t-  8r  and  radii  from  0  making  angles  6 
and  6  +  hO  with  the  a;-axis.  Show  that  the  area  of  8S  may  be 
taken  as  r.hrM  and  that  the  little  column  cut  from  the 
solid  and  having  SS  for  its  cross-section  has  the  volume 

8V  =  [r .  e--' .  Sri .  5(9. 
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27.  Let  XY  be  a  square  of  side  a  and  let  us  inquire  what 
is  the  volume  of  the  solid  of  which  it  is  the  cross-section. 
If,  in  the  formula  of  No.  26,  we  regard  6  as  constant  and 
integrate  8V  along  the  line  OP  we  shall  evidently  obtain  the 
volume  of  the  solid  of  which  the  triangle  POQ  is  the  cross- 
section.     Prove  that  this  volume  is 


[j: 


Z=005 


a  /cosd 


r .  e~ 


.8r 


.  Se  =  i  (1  -  e-"''""'*)- 


Pig.  127. 


28.  In  this  expression  6  is,  of  course,  different  for  each  of 
the  narrow  triangles  POQ.  If  it  were  constant  the  volume 
we  are  seeking  would  be  J7r(l  -  e-"'/"™'*).  [Why?]  We 
can,  however,  say  that  the  actual  volume  lies  between  those 
which  would  be  given  by  the  greatest  and  least  values  of 
cos^e.     Hence  show  that,  if  V  is  the  volume  in  question, 

^(i-«-"Vv<i-. 

29.  It  is  possible  to  obtain  another  expression  for  V.  Since 
7-2  =  a;2  ^  yi  -v^e  have 
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Show  that  the  volume  whose  section  is  XY  is  bounded  along 
the  a!-axis  by  a  face  whose  area  is 


i: 


Jo 
Calling  this   area   A,  show  also  that  a  vertical  plane  P'Q' 
whose  distance  from  the  gy-plane  is  x  makes  a  section  whose 
area  is 


Sy  =  e-"   .  A. 
30.  Hence  show  that  the  volume  of  the  solid  is 


=  A.f, 

Jo 


V  =  A.I    e-''\8x 

=  A\ 

Substitute  A^  for  V  in  the  result  of  No.  28  and  so  prove,  by 
letting  a  increase  endlessly,  that  A  =  -^  Jir. 

The  student  should  at  this  point  revise  what  he  learnt 
about  the  normal  curve  in  Exs.  CXXI,  CXXII. 

B.  Sampling. 

Note. — The  data  for  Nos.  31-5  are  quoted  from  Prof.  A. 
L.  Bowley  who  has  made  important  uses  of  sampling  in  con- 
nexion with  economic  inquiries. 

31.  Thirty-five  complete  packs  of  cards  were  mixed 
together  and  eight  groups  of  twelve  each  were  drawn  from 
them  at  random.  The  mean  value  of  the  "pips''  on  each 
card  were  obtained  for  each  group,  the  picture  cards  being 
counted  as  blanks.  The  means  were :  4-7,  5-4,  3-3,  3'75,  2-9, 
5'4,  3'8,  4'2.  The  mean  for  all  the  cards  in  the  36  packs 
will  be  found  on  calculation  to  be  4-23.  Find  the  standard 
error  of  the  means  of  the  groups. 

If  the  drawings  were  our  only  source  of  information  about 
the  composition  of  the  pile  of  cards,  we  should  not,  of  course, 
know  the  "  ideal  "  mean.  The  actual  mean  for  the  96  cards 
drawn  was  4'19.  Assuming  this  as  the  approximate  value  of 
the  true  mean  determine  the  standard  error  to  be  expected 
and  compare  it  with  the  one  calculated  above. 
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32.  It  was  desired  to  know  the  mean  dividend  paid  by 
3878  companies.  For  this  purpose  400  companies  were 
selected  at  random  and  divided  at  random  into  forty  groups 
of  ten.  The  mean  dividends  of  these  groups  are  given  below. 
Find  (i)  the  mean  dividend  of  the  400  companies,  (ii)  the 
standard  error  (o-jq)  of  the  mean  for  groups  of  ten. 
Dividend.         No  of  Groups. 

About 


£    s. 

d. 

5    0 

0 

1 

4  18 

6 

3 

4  17 

0 

5 

4  16 

6 

7 

4  14 

0 

6 

4  13 

0 

8 

4  11 

6 

7 

4  10 

0 

3 

33.  Show  that  the  standard  error  of  the  mean  dividend  of 
the  400  companies  is  a-j^J  J4:0.  Find  its  value.  Calculate 
the  chance  that  the  mean  of  the  3878  companies  will  differ 
by  not  more  than  Is.  from  the  result  of  No.  32  (i).  [It  was 
actually  £4-775.] 

34.  It  was  noted  that,  when  91  cards  were  drawn  out  of 
the  whole  set  in  No.  31,  21  were  picture  cards.  Thus,  if 
we  had  no  other  knowledge,  we  should  assume  the  proportion 
of  picture  cards  in  the  thirty-five  packs  to  have  been  21/91. 
Calculate  by  the  formula  of  Ex.  CXXIII,  D,  the  standard 
error  and  the  probable  error  of  the  proportion.  Show  that 
the  result  points,  to  3  ±  0-4  picture  cards  per  suit,  explain- 
ing carefully  the  meaning  of  this  statement.  [See  p.  482, 
No.  24.] 

35.  Of  the  random  sample  of  400  companies  in  No.  38, 
7  per  cent  paid  less  than  £1  dividend  and  15  per  cent  between 
£5  and  £6.  Calculate  the  probable  errors  of  these  proportions 
and  express  your  predictions  about  the  value  of  the  percentages 
in  the  whole  list  of  companies  in  the  usual  manner.  Find 
(roughly)  the  probability  in  each  case  that  the  percentage  is 
in  error  by  not  more  than  3  units.  [The  actual  percentages 
proved  to  be  6  and  17'7.] 

36.  The  proportion  of  boys  born  to  girls  born  is  believed 
to  be  1050/1000.  In  a  certain  community,  out  of  100,000 
children  51,350  prove  to  be  boys.  Is  the  discrepancy  serious 
enough  to  throw  doubt  upon  the  validity  of  the  assumed  pro- 
portion ?     [Bldeeton.] 
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37.  Show  that  -when  p  is  very  small  the  standard  error  of 
the  number  of  successes  becomes  approximately 

=  Vs 

■where  S  is  the  number  of  successes. 

38.  The  numbers  of  persons  who  have  died  in  the  last  few 
years  leaving  estates  of  over  £250,000  are  as  follows  : — 

1907-8    1908-9     1909-10    1910-11     1911-12     1912-13 

75  74  79  86  71  76 

Find  the  mean  number  per  annum  and  determine  the  standard 

deviation.     Calculate  the  deviation  (standard  error)  by  theory 

and  compare  results. 

Calculate  also  the  chance  that  the  number  for  1913-14  may 
exceed  90. 

39.  The  number  of  passengers  killed  in  railway  accidents 
in  this  country  during  the  year  1912  was  119.  Estimate 
roughly  the  probability  that  in  another  year  the  number 
(i)  will  exceed  160 ;  (ii)  be  less  than  100.  [In  1911  it  was 
112  ;  in  1910,  122.] 

40.  Show  that  the  formula 

standard  error  of  sampling  =  ^S 
where  S  is  the  mean  number  of  successes  in  a  sample,  gives 
in  the  case  of  the  experiment  described  in  Ex.  CXIX,  No.  8, 
a  result  closely  in  agreement  with  the  actual  standard  deviation 
observed.     What  conclusion  do  you  deduce  from  this  fact  ? 

E.    CoEEBLATION. 

41.  A  magnitude  Z  is  the  sum  of  two  magnitudes  X  and 
Y.  Let  X  and  y  be  errors  made  in  estimating  X  and  Y  re- 
spectively, and  z  the  resulting  error  x  +  y  in  the  estimate  of 
Z.  Show  that  if  an  equal  number  of  observations  be  made 
of  X  and  Y  then 

z2  =  Sa;2  +  %y^  +  1%{xy) 

=  2a;2  -t-  %2  +  2r  .  \%x^ .  %y^i 
where  r  is  the  correlation  between  the  errors  in  observing  X 
and  the  errors  in  observing  Y.     "What  proposition  follows  if 
the  errors  in  measuring  X  and  Y  are  uncorrected  ?     [Ex. 
CXXIII,  No.  29.] 

42.  Next  let  x  be  any  one  of  the  true  values  of  a  variable 
X — -for  example,  let  it  be  the  true  ability  of  a  given  boy  to 
do  a  given  set  of  questions  in  algebra.     Let  x^  be  a  faulty 
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measurement  of  x,  involving  an  error  8.  Make  the  assumption 
that  there  is  no  correlation  between  the  values  of  x  and  8 ; 
that  is,  that  good  algebraists  and  bad  ones  are  equally  likely 
not  to  get  exactly  the  credit  due  to  their  true  ability  in  algebra. 
Then  prove  as  in  No.  41  that  the  standard  deviation  of  the  actual 
measurements  x-^  is  always  greater  than  the  true  value  of  a-. 

43.  Let  2/j  symbolize  the  faulty  observations  of  a  second 
variable  Y  which  is  correlated  with  X.  Assume  that  there  is 
no  correlation  between  the  errors  made  in  measuring  the  ass 
and  ys  ;  for  example,  that  accidental  injustices  in  estimating 
the  ability  of  a  boy  in  two  subjects  do  not,  on  the  whole,  tend 
to  work  the  same  way.     Prove  that 

5{«i|/i)  =  2(a;2/) 
and  combine  this  result  with  the  former  to  prove  that  corre- 
lations measured  between  two  variables  by  means  of  faulty 
data  are  (if  the  above  conditions  are  present)  always  less  than 
the  true  correlations. 

44.  Prove  that  if  two  faulty  observations,  ajj,  x^,  are  made 
of  each  true  x,  the  errors  being  uncorrelated,  then 

%{x,x,)  =  ^x% 
Hence  prove  that  the  true  correlation  r^  between  X  and  Y  is 
given  by 

^2    _  S(a;iyi)  ■  :S,{x.,y^) 
"■'       2(«i«2) .  S(2/i2/2) 

Deduce  another  similar  formula.  These  are  Spearman's 
Correction  Formulae. 

45.  Apply  one  of  Spearman's  Correction  Formulae  to  de- 
termine the  true  correlation  between  composition  and  drawing 
in  Ex.  CXXIV,  No.  17,  using  the  results  already  obtained. 

G.   Paetial  Coeeblation. 

j^ote. — Suppose  that  two  batches  of  examination  papers 
were  given  to  you,  one  batch  consisting  of  papers  in  Algebra 
and  the  other  of  papers  in  French.  Suppose,  further,  that, 
though  there  was  no  great  disparity  between  the  ages  of  the 
candidates,  yet  there  were  great  differences  in  the  time  during 
which  they  had  studied  the  subjects,  some  of  them  having 
begun  French  and  Algebra  one  term,  two  terms,  etc.,  after 
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others.  Then  it  is  evident  that  this  circumstance  would  affect 
very  notably  the  correlation  between  the  marks  in  the  two 
subjects.  Boys  who  did  better  than  others  in  French  would 
tend  to  do  better  than  others  in  Algebra  for  the  same  reason 
— namely,  that  they  had  been  learning  longer.  If  we  wish  to 
determine  in  such  circumstances  whether  there  is  any  genuine 
correlation  between  ability  in  French  and  ability  in  Algebra 
we  must  devise  some  way  of  eliminating  from  the  data  the 
interference  produced  by  the  irrelevant  factor  of  learning-time. 
The  following  examples  lead  to  the  proof  of  a  formula  by 
means  of  which  the  inherent  connexion  between  the  two 
variables  we  are  interested  in  can  be  brought  to  light  in  spite 
of  the  masking  effect  of  a  third.  It  is  called  Yule's  formula, 
after  its  discoverer,  Mr.  Udney  Yule,  who  has  investigated 
the  question  with  reference  to  any  number  of  mutually  in- 
volved variables. 

In  what  follows  the  symbol  "r„j"  means  the  apparent 
correlation  between  the  variables  x  and  y,  that  is,  the  value  of 

when  X  and  y  stand  for  the  actual  measurements — for 
example,  the  actual  marks  in  French  and  Algebra  counted  in 
each  case  from  the  mean  mark  as  zero.  What  we  are 
seeking  is  the  partial  correlation  between  x  and  y  when 
the  intrusive  third  variable  z  is  constant — for  example,  the 
correlation  that  would  be  found  between  French  and  Algebra 
in  the  ease  of  pupils  who  had  all  studied  both  for  the  same 
time.  [The  student  will  note  the  analogy  with  partial  differen- 
tiation.] 

The  method  to  be  followed  is  suggested  by  the  argument 
of  Ex.  CXXIV,  B.  Let  the  simultaneous  values  of  the  three 
variables  (e.g.  marks  in  French,  marks  in  Algebra,  time  of 
learning)  be  plotted  in  three  dimensions.     Let  the  relation 

Y  =  ajX  -t-  SjZ  +  Ci 
describeia  plane  so  situated  that  the  sum  of  the  squares  of  the 
distances  which  the'  points  must  move,  parallel  to  the  Y-axis, 
in  order  to  reach  ic  is  a  minimum.     Similarly,  let 

X  =  a^  +  b^Z  +  c^ 
describe  a  plane  having  the  same  property  with  respect  to 
movements  parallel   to   the  X-axis.     Then   the  geometrical 
mean  of  a„  a,  will  be  a  determinate  and  symmetrical  function 
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of  the  values  of  a;  and  y  and  may  be  taken  as  the  measure  of 
the  partial  correlation  between  them. 

Examples : — 

46.  Show  that  if  x,  y,  z  are  the  coordinates  of  the  point 
representing  any  one  of  the  data  then  the  first  of  the  above 
conditions  requires  that  Cj  =  0  and  that 

a^.^x''  +  h^  .  %z^  +  S2/2  +  2ai6i .  %{zx)  -  2b^ .%  {zy)  -  2a^ . %{xy) 
shall  be  a  minimum.  Determine  the  conditions  for  a  mini- 
mum by  differentiating  first  with  regard  to  ftj  and  then 
with  regard  to  h-^.  [Ex.  CXVIII,  D.]  Eliminating  h^  from 
the  two  resulting  equations,  show  that 

_  %[xy).%z''-  %{yz).%{zx) 
^1"        %x'' .  32^  -  {%{zx)f 

47.  Show  by  dividing  the  numerator  and  denominator  by 
Sa;^ .  S^^  that  the  value  of  a^  can  be  written 

%x^  %x^ .  Sg^ 

1  -  r^ 

48.  Determine  similarly  the  value  of  a^  and  show  that  the 
partial  coefficient  of  correlation  between  x  and  y  is  given  by 
the  formula 

'  T.V  '  VZ   '    '  ZX 


where  r^^„  stands  for  the  coefficient  of  partial  correlation 
between  x  and  y  when  z  is  constant. 

To  what  does  the  formula  reduce  when  x  alone  is  correlated 
with  z  ? 

49.  Turn  to  Ex.  CXXIV,  No.  16.  Find  by  the  "  foot-rule  " 
method  the  correlation  between  the  children's  ages  and  the 
ranks  assigned  for  common  sense  and  school  cleverness. 
[The  three  correlations  should  be  determined  by  different 
students.]  Turn  the  values  of  E,  both  for  these  correlations 
and  the  "raw  "  correlations  previously  calculated  for  the  two 
variables,  into  values  of  r  by  means  of  the  approximation  of 
Ex.  CXXIV,  No  26.  Eliminate  the  disturbing  effect  of  age 
upon  the  correlations  between  common  sense  and  school 
cleverness.  Does  the  interference  of  the  third  factor  raise  or 
lower  the  correlation  ? 
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50.  Prof.  Spearman  gives  the  following  ranks  in  Classics 
and  French  for  a  class  of  boys  of  given  ages  in  a  preparatory 
school.  Find  the  correlation  between  age  and  position  in 
(i)  Classics  and  (ii)  French,  and  also  the  "  raw  "  correlation 
between  French  and  Classics.  Convert  the  values  of  E  into 
values  of  r  by  the  approximation  of  Ex.  CXXIV,  No.  26. 
Determine  the  true  (i.e.  the  partial)  correlation  between 
French  and  Classics,  noting  the  effect  of  the  correlation  with 
age  upon  it. 


Age. 

a. 

Fr. 

Age. 

CI. 

Fr. 

y.  m. 

y-  ' 

m. 

10  9 

16 

19 

9 

8 

10 

13 

12  4 

5 

6 

11  10 

2 

3 

11  1 

13 

11 

11 

1 

11 

12 

10  11 

22 

23 

10 

6 

17 

18 

13  7 

1 

1 

10 

8 

21 

20 

12  6 

4 

2 

10 

4 

19 

21 

10  4 

12 

14 

10 

4 

18 

16 

9  5 

23 

22 

10 

1 

15 

10 

12  0 

8 

8 

12 

3 

9 

9 

10  2 

3 

5 

10 

7 

14 

17 

11  2 

7 

7 

13 

7 

6 

4 

10  1 

20 

15 

ABEeduen:   The  uniVeBsity  pbess 
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SECTION  IV. 

EXEECISB  LXXI. 

1.  Infinite,  since  inexhaustible  by  counting  and  also  part  similar 
to  whole.     2.   (i)  (a),  (6)  but  not  (c) ;  (ii),  (iii)  (c)  only. 

3.  All ;  dense  only  immediately  before  2,  3,  4,  etc.    4.  As  in  No.  3. 
5.  Nowhere  dense.     6.  Equal  to  number  of  integers. 

EXEECISB  LXXII, 

2.  Numbers  in  both  lines  the  same.     5.  No. 

BXBEOISE  LXXV. 
A. 

I.  Between  £160  and  £400,  y  =  t\,  (x  -  160) ;  between  £400  and 
£500,  y  =  A  (x  -  150),  etc.    3.  y  =  x/12  +  i,  y  =  x/12  +  1,  etc. 

5.  Field  of  a; ;  (i)  -  00  to  +  00  ;  (ii)  -  00  to  +  4j  ; 

(iii)  -  00  to  +  00  ;  (iv)  -  4  to  +  00  ; 
(v)  -  00  to  +  00  ;  (vi)  -  00  to  +  00  . 
Field  oi  y  ;  (i)  0  to  +  00  ;  (ii)  -  oo  to  +  00  ;  (iii)  -  00  to  +  00  ; 
(iv)  -  00  to  +  06  ;  (v)  0  to  +  00  ; 
(vi)  -  45i  to  +  00 . 

6.  (i)  y  =  2  +  Jll3  ;  (ii)  y  =  (9  -  x^)/2 ;  (iii)  y  =  (13  +  x»)/2  ; 
(iv)  y  =  e*  -  4  ;  (v)  y  =  3  +  logaX  ; 

(vi)  y  =  {  -  9  ±  V(361  +  8x)}/4. 

7.  Field  of  cc  :  (i)  -  4  to  +  4 ;  (ii)  -  00  to  +  oo  ;  (iii)  -  4  to  +  4  ; 

(iv)  -  00  to  -  4,  +  4  to  +  00  ;  (v)  -  4  to  +  4 ; 
(vi)  -  00  to  -  4j  +  4  to  +  00  ;  (vii)  -  00  to  +  00  ; 
(viii)  -  00  to  +  00 . 
Field  oiy:  (i)  -  4  to  +  4 ;  (ii)  -  oo  to  +  00  ;  (iii)  -  3  to  +  3  ; 
(iv)  -  00  to  +  00  ;  (v)  -  5  to  +  5 ;  (vi)  -  00  to  +  00  ; 
(vii)  -  00  to  +  00  ;  (viii)  -  00  to  +  00 . 
9.  Single-valued  ;  No.  5,  (i),  (iii),  (iv),  (v),  (vi)  ;  No.  6,  (ii),  (iii), 

(iv),  (v)  ;  double-valued  :  No.  5,  (ii) ;  No.  6,  (i),  (vi)  ;  No.  7. 
10.  Continuous  for  all  x  :  No.  5,  (i),  (iii),  (v),  (vi)  ;  No.  6,  (ii),  (iii), 
(iv) ;  No.  7,  (ii),  (vii),  (viii) ;  continuous  between  certain  values 
of  X  :  No.  5,  (ii),  between  x  =  -  00  and  x  =  H-  4J  ;  (iii),  (iv), 
between  x  =  -  4  and  x  =  4-  00  ;  No.  6,  (i)  between  x  =  0  and 
X  =  +  00  ;  (v)  between  x  =  0  and  x  =  +  00  ;  (vi)  between 
517  33  * 
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X  =  -  45J  and  x  =  +  oo  ;  No.  7,  (i)  between  x  =  -  4  and 
X  =  +  4 ;  (iii)  between  x  =  -  4  and  x  =  +  4  ;  (iv)  between 
X  =  -  00  and  x  =  -  4,  and  between  x  =  +  4  and  x  =  +  c»  ; 
(v)  between  x  =  -  5  and  x  =  +  5  ;  (vi)  between  x  =  -  oo  and 
X  =  -  4  and  between  x  =  +  4  and  x  =  +  oo  . 
II.  (i)  X  =  0 ;  (ii)  X  =  +  3 ;  (iii)  x  =  +  5  ;  (iv)  x  =  -  3,  x  =  +  10 ; 
(v)  X  =  0.     IS.  (i)  X  =  0  ;  (ii)  X  =  +  4  ;  (iii)  x  =  ±  1. 


i6.  (i)  +  i 
17.  (i)0; 


B. 

(ii)  +  3  ;  (iii)  a« ;  (iv)  logi,'' ;  (v)  +  co  . 
(ii)  +  1 ;  (iii)  +  1 ;  (iv)  -  00  ;  (v)  +  1/4.    18.  y  =  xf(a)/a. 

19.  y  =  i(x  -  b){f(a)  -  f(b)}  +  (a  -  b)f(b)J/(a  -  b). 

20.  f(l)  =  ±  2.     25.  Logarithmic.     26.  Antilogarithmio. 

30.  Even  function   symmetrical   about   y-axia,    odd   function    in 
opposite  quadrants. 

EXEEOISB  LXXVI. 


3.  As  X  ->  +  1  from  below,  y  -#•  -  00 ,  from  above,  y  -*•  +  00  ; 
as  X  ->  -  2  from  below,  y  -^  +  00 ,  from  above,  y  -*►  -  oo  ;  as 
x->  +  oo,y-i>  +  3;  asx-»-  oo,y-»  +  3. 

4.  (i)  As  X  -9-  +  1,  y  -*  0  ;  as  x  -^  +  3  from  below,  y  -s-  +  00 , 

from  above,  y-»-oo;asx-s-  +  4  from  below,  y  ->■  -  00 , 

from    above,    y-&-  +  oo;    as    x-»  +  co,     y-&-  +  2;     as 

x->-  03,y-»+2. 
(ii)  Asx-»-5,  y->+05  ;  asx-s^+oo;  y-«>  +  12; 
(iii)  As  X  -»  +  b  from  above,  y->±oo  ;  asx-»+oo, 

y-»±  00  ; 
(iv)  A8x->  +  q,  y-9-  +  Qo;  asx->+oo,y->0. 

6.  (i)  Asx->-+co,y-^0;  asx-»-0  from  above,  y  -^  +  co  ,  from 

below,  y  ->  -  1 ;  (ii)  as  x  -#■  0  from  above,  y  -s>  -  os  ,  as 
x^+  co,y-*+  CO  ;asx-»0  from  below,  and  as  x  -=►  -  eo , 
no  values  for  y. 

7.  As  X  -»  +  1  from  above,  no  value  for  y  ;  as  x  ->  +  1  from 
below,  y-^-co  ;  as  x-9>+2  from  above,  y ->  +  oo ,  from 
below,  no  value  for  y.    8.  y  =  0/0. 

10.  (i)  y  -  0  ;  (ii)  5/3  ;  (iii)  x  =  +  1,  y  =  -  1/3 ;  x  =  -  1,  y  =  -  3. 

B. 

14.  a.     IS.  (i)  y  =  2x ;  (ii)  y  +  x  =  0,  y  =  l-5x. 

16.  (i)  2 ;  (ii)   -  1  ;  (iii)  1-5.     18.  (i)  3 ;  (ii)   -  5. 

19.  By  No.  14  tangent  is  y  =  0.     20.  y  =  2x  +  5. 

21.  y  =  2apx  -  ap'.    22.  y  =  O'Sx  -  2 ;  27-6.     24.   ±  1.     25.   ±  1. 

26.  y  +  ax  =  0,  y  -  ax  =  0  ;  coincident.     28.  0. 

29.  y-axis  is  axis  of  cusp. 

36.  By  rule  tangents  are  given  by  x»  +  y"  =  0,  which  is  satisfied 
only  by  the  point  (0,  0). 
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EXBECISE  LXXVII. 

A. 

2.  Parallel  to  axes  of  p  and  1.     3.  C  =  pl/2. 

4.  Section  by  plane  p  =  10.     5.  Section  by  plane  1  =  10. 

16.  (i)  Axes  parallel,  all  one  set  "  head-up  "  or  "  head-down  "  ; 
(ii)  position  only.     Axes  parallel  but  one  set  "head-up"  other 

set  "  head-down  ". 

17.  Planes  x  ±  y  =  c.  i8.  In  the  case  of  No.  14  section  of  surface 
by  plane  parallel  to  xy  plane  is  a  rectangular  hyperbola,  here 
it  is  not.     19.  Yes. 

20.  Sections  parallel  to  xy  plane ;  (i)  straight  line ;  (ii)  straight 
line ;  (iii)  hyperbola ;  (iv)  parabola ;  sections  parallel  to  yz 
plane  :  (i)  rectangular  hyperbola ;  (ii)  straight  line  ;  (iii)  para- 
bola ;  (iv)  parabola ;  sections  parallel  to  zx  plane  :  (i)  straight 
line ;  (ii)  rectangular  hyperbola ;  (iii)  parabola ;  (iv)  hyperbola. 

22.  z  =  by.     23.  y  =  ex. 

B. 

24.  (i)  xy  plane  rotated  about  y-axis  through  angle  whose  tangent 
is  0-3 ;  (ii)  xy  plane  rotated  about  x-axis  through  angle  whose 
tangent  is  0-5  ;  (iii)  zx  plane  rotated  about  z-axis  through 
angle  whose  tangent  is  2/3. 

25.  l-2x  -  l-6y  +  z  =  0.     26.  0-92x  -  0-38y  -  z  =  0. 

27.  l-2x  -  l-6y  -I-  z  -  3-6  =  0 ;  (i)  l-2x  -  Idy  -3-6  =  0; 
(ii)  l-6y  -  z  -1-  3-6  =  0. 

28.  0-92x  -  0-38y  -  z  -  6  =  0  ;  0-92x  -  O'SSy  -5  =  0; 

0-38y  +  z+5.=  0;  0-92X-Z-5  =  0.     29.   +  8  ;  z  =  x/4-y/3; 
53°  8'  ;  z  =  0-4166X ;  22°  37'. 
30.  (i)  137°  58' ;  (ii)  38°  20' ;  (iii)  arc  tan  ^(a^  +  b^). 


31.  i^  +  y"  -H  z'  =  r''.     32.  A  circle  of  radius  s/i^  -  a''. 

33.  z  =  ay,  x''  -I-  (1  -1-  a2)y2  =  i-^,  a^x^  +  (1  +  a'')z''  =  aV  ; 
x''  +  (1  +  a2)y2  =  r",  z  =  ay,  or  a^x''  +  (1  +  a?)z'  =  aV, 
z  =  ay,  etc. 

34.  20xi'  +  4xy  -(-  17y2  -  16x  -  8y  =  1584 ;  20z2  -  8yz  -t-  Sy''  -1-  32z 
-  8y  =  384 ;  Sx"  -  16xz  +  17z''  -  16x  +  32z  =  84 ; 

20x2  +  4xy  +  i7y2  _  i6x  -  8y  =  1684,  z  =  Jx  H-  iy  -  1, 

or  20z''  -  8yz  +  5y2  +  i32z  -  8y  =  384,  z  =  Jx  +  Jy  -  1,  etc. 

36.  Sections  parallel  to  yz-  and  zx-planes  are  ellipses,  those  parallel 
to  xy-plane  circles.     38.  An  oblate  spheroid. 

39.  They  are  all  ellipses.     41.  z  =  a(x''  +  y"). 

42.  (i),  (ii)  Section  by  z  =  c  is  an  ellipse.     Elliptic  paraboloid. 

43.  (x2  +  f^la?  -  z2/c2  =  1,  xVa^  -  (y^^  +  z^)la^  =  1. 

44.  Sections  parallel  to  x  and  y  are  hyperbolas  not  parabolas. 

45-  x''  -h  y"  -  zVc"  =  0  ;  sections  by  z  =  k  are  ellipses  or  hyperbolas. 
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EXBECISB  LXXIX. 
A. 
I.  £174  28.  7d.     2.  £15048.  2d.    3.  £175. 
4-  *  =  i_(f+iy,-     S-  £3196  lis.  5d. 
a.P  =  ?{l-(ia)-""};P  =  ?{l-e-.}. 


l°g„ ro  1     log 


a 


7.  n  =  ^    '^-'P;  n  =  ^ ;^^.     8.  41  years. 

log  (1  +  1)  Plog(l  +  i) 

9.  17  years.     10.  47i  years.     11.  £310  8s.  4d.     12.  £89  lis.  9d. 
13.  £13    8s.  3d.     14.  £83  lis.  4d.     15.  £71  8s.  7d. 
16.  £965  6s.  8d.     17.  £363  9s.  9d. 

B. 

(l  +  j)""" 


22.  £41,886  14s.  ;  £65,258. 

23.  £134,431 10s.  ;  £16,329  Is. ;  £1,957  15s. 


H)' 


26.  £99  19s.  4d. 

C. 
29.  S  =  iP/[l  -  (1  +  i)  -  "].      30.  £75  19s.  4d. 

BXBECISE  LXXX. 
A. 
2.  P  =  -^.X(l +  !)-'■.  Ir.     3.  £679.     4-  £560.     S-  £12  10s. 

6.  £678108.     7.  p  =  a  -5(1  +  1)  .  l.+r+l     /   tO-  +  i)      •  In  +  r- 

/        o 

8.  About  16s.  6d.  less. 
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9.  P= J.  S(l  +  i)  .  (L  -  d,  -  d,  -   ...   -  d,). 
10.  P  =  ^  .  S  (1  +  i)  .  (L  -  da  -  da  -    ...    -  d,). 


II.  p  =  a.  2(1 +  i)-  (L-dj-dj-  . 

m  /         o 

14.  £1152  ;  £1265.     15.  £3790.     16.  About  £509, 
EXBECISB  LXXXI. 


d,)    /  S(l  +  i).(L-di-d, 
..."  d,). 


3.  £431. 

s.  p  =  a|u(i  +  i) Tld,(i  +  i) -"-*j  ^  II  +  I (1  +  if .1,1 . 

6.  £102  3s.  7d. 

■7.  (i)  p  =  A.|.d,(l  +  i)-"-^'  /  JL+°^.m  +  i)-4; 

(ii)  p  =  A|l„(l  +  ir+id,(l  +  i)-"-*'|    /  |L  +  2l(l  +  i)-4. 

-U'  +  i) 


lO-    (i)    P    =  r-^J 


r  =  8 

3-8273 A.    t  A.+  1  (1-03). 

r=  0 


n 


11,(1-03)  +\h  -  Jd,  +  i)(l-03)   'T"(l,  -  Jd,+  0 

r=0 

-(4r+2)  -(ir+3)1 

X  (1-03)     +        (1,- Jdr+i)(l-03)  |. 

26-941 A  .    ^  d,  +  1  (1-03)  ~  '^^ '  +  *' 

,..,  r=0 


8  =  61 

t 
»=  0 


t    (l.-^d,+  ,)(l-03)-'^^'^" 


BXBECISE  LXXXII. 
A. 

2.  y  =  logrX ;  y  =  log,  (x/A).  Turn  180°  about  x-axis  then  anti- 
clockwise 90°  about  axis  through  O  ±  to  xy-plane. 

3.  (i)  Moved  0-48  to  left ;  (ii)  moved  0-52  to  right ;  (iii)  turned 
180°  about  X-axis,  then  anti-clookwise  90°  and  moved  1-7  down ; 
(iv)  turned  as  in  (iii)  and  moved  1-43  up  ;  (v)  turned  180° 
about  X-axis  and  moved  1-81  to  left. 
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4-  (i)  y  =  (3-2)"  .  (3-2)- ;  (ii)  y  =  (3-2)- « .  (3-2)- ; 

(lii)  y  =  (3-2)< .  (3-2)»  -  13  ;  (iv)  y  =  (3-2)  -  "» .  (3-2)'  +  17. 

5-  (i)  y  =  log  x/log  (3-2)  -  10  ;  (ii)  y  =  log  x/log  (3-2)  +  6 ; 
(iii)  y  =  log(x  +  13)/log(3-2)  -  4; 

(iv)  y  =  log(x  -  17)/(log(3-2)  +  100. 

6.  y  =  -  (3-2)(0-5)  -  8(0-5)  -  '  +  4-8. 

7.  y  =  -  log  {(4-8  -  x)(3-2)->}Aog(0-6)  -  3. 

8.  y  =  -  log{K0-8  -  x)}  -  6-8.     p.  y  =  O'S  -  5  x  3  -''' .  3" \ 
10.  p  =  log.r.     II.  (i)  y  =  3-6,»-8*» ;  (ii)  y  =  -  2.-  »-2''». 


13.  Diff.  =  hlogr.     14.  y  =  Ae».     15.  y  =  12-6e-'-"'- 

16.  y  =  21 -Se-  »■"*. 

17.  0-17363,  0-17094,  6-17484;  y  =  98e»'9»8%  y  =  98e»'»»«=', 

y  =  gSe"-"''"^ 
19.  y  =  0-72(0-167)"  +  5-38.     20.  y  =  22-593(0-2387)"  +  72407. 

EXBECISB  LXXXIII. 
A. 


6.^=  fix;      g  =  ae^ 
y  Sx 

y 


7-  r-  =  ar'log  r  or  ^  =  logeT  8x.     8.  y  =  ar"  +  b. 


9.  (i)  ^  =  (1-3)^  log,l-3  =  0-74031 ; 
(ii)  ^^  (0-8)  - » loge(0-8)  =  -  0-67128  ; 
("i)  ^  =  (2-72)  -  8  ]og.(2-72)  =  0-36788. 

"•  B  =  ^'^^  (log  '^)' ;  ^  =  »^'  (l°g  ')" 


fix' 
ae" 
12.  y  =  lOe"  -  9-lx  +  2-3. 


whenr  =  e,  g  =  ae-g: 


B. 

13.  Ifr  =  e,^  =  i.     Ifr=10,|=^r^. 

'  fix        X  'fix        xlogelO 

,.,  8y  1  ....  fiy  1  ,...,  fiy  ac     , 

14.  (1)  ^  =  -:j ;  (11)  /  =  , r-j ;  (ill)  ^  =  J-  logre. 

^ '  fix      X  logj  '  ^  '  fix      (x  -  a)  log,!     ^    '  fix      X  -  b 

15.  f(x)  =  logx  -  1-7,  or  f(x)  =  log  (0-1826x). 

16.  ^  =  ^.     19.  (i) 2-5xi» ;  (ii) 8-28x»-8 ;  (iii)  - 2-08x - '» ; 
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5-  2x' 


(iv)350(x»-»  +  x-*-»);(v)      ^.       , 

(vi)  0-6x  -  »•*  +  2-4x  -"■■'  -3x-*; 
(vii)  7x«  +  Gx'  +  5x«  +  4x«  +  3x»  +  2x  +  1 ; 
(viii)  8x'  -  7x«  +  6x'  -  Sx"  +  4x'  -  Sx''  +  2x  -  1. 

20.  (i)  3-75X"-' ;  (ii)  6-624x  -  <>■' ;  (iii)  7-488x  - »« ; 
(iv)  175  (5xi-»  -  9x-5'8). 

S^  —  4x3 

21.  (v)  6 .        ^8        ;  (vii)  6(35x«  +  20x'  +  lOx^  +  4x  +  1) ; 

(viii)  6(56x''  -  35x*  +  20x'  -  lOx^  +  4x  -  1). 

22.  (vii)  24(35x8  +  15^2  +  6x  +  1)  ; 
(viii)  24(70x*  -  35x'  +  ISx"  -  5x  +  1). 

23-  (i)  y  =  Jx8  +  a  ;  (ii)  y  =  -  ix  -«  +  b  ;  (iii)  y  =  -  fx  -  »■'  +  c  ; 

(iv)  y  =  -  6-4x»-2s  +  dx  +  e  ;  (v)  y  =  -  2x«-»  +  fx  +  g ; 

(vi)  y  =  0-04579x»-2  +  0-3788x  -  ^'^  +  hx  +  k. 
24.  (i)  a  =  0 ;  (ii)  b  =  ^ ;  (iii)  c  =  0  ;  (iv)  d  =  0-2,  e  =  -  8-4 ; 

(v)  f  =  g  =  0  ;  (vi)  h  =  0,  k  =  -  0-75757. 
25-  (i)  y  =  21og,x  -  2 ;  (ii)  y  =  x  -  1  -  log.x ; 

(iii)  y  =  log,(x  -  2)  ;  (iv)  y  =  loge|^  ; 

4. 

(v)y  =  x  +  l---2  logeX. 

28.  (i)  fx*  +  a  ;  (ii)  -  |^  +  a  or  -  0-303x'-'  +  a  ;  (iii)  r"  +  a  ; 

(iv)  jg-r  +  b  ;  (y)  ¥  (3-32)"  +  b  ;  (vi)  ae-  +  b  ;  (vii)  ^  +  b ; 

,  ....  aef*      bx''  , 

(vm) h  -5-  +  ox  +  d. 

29.  (i)  2-97  ;  (ii)  0-495  ;  (iii)  7j^ ;  (iv)  2-798. 

30.  (i)  ii,  same  side  of  (  -  1,  0) ;  (ii)  lH,  9-9,  same  side  of  (  +  3,  0)  ; 
(iii)  2-3,  same  side  of  (  -  1,  0) ; 

(iv)  3-045,  same  side  of  (  +  4,  0)  ; 
(v)  1-695,  ordinates  both  same  side  of  (3,  0)  and  (  -  3,  0). 


32.  (i)  ^x»;  (ii)  K^  +  1)';  (iii)  fpx'-^  (iv)  ae-;  (v)  aei^/b; 

At*^  ar^^  &r^^ 

(vi)  ae^^-  (vii)  r-  (viii)  j— ;  (ix)  ^jj^^;  (x)  ^j^  +  ex. 

33-  (i)  iSa.  same  side  of  plane  through  x  =  0 ;  (ii)  #|i,  same  side 
of  plane  through  x=  +4;  (iii)  3-997,  same  side  of  plane 
through  X  =  -  3 ;  (iv)  2-00013,  same  side  of  plane  through 
X  =  0 ;  (v)  3-06326,  same  side  of  plane  through  x  =  -  3-2. 

34.    (i)  ix^  +  Ax ;  (ii)  Jx'  +  Jx^i  +  Ax  ;  (iii)  Jx'  -  Jx»  +  Ax ; 
(iv)  ix»  +  Ax;  (v)  Ax^  +  Ax;  (vi)  0-0373x»-'  +  Ax; 
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(vii)  ae"  +  Ax ;  (viii)  ^  +  Ax;  (ix)  jj~  +  Ai ; 

«  (l-£?  -^  ^^'  +  ^^-    35-  16-943. 

36.  (i)  16t' ;  (ii)  m^ ;  (iii)  rVatf -'  -  5-7t ;  (iv)  2ati. 

37.  (i)  8  =  So  -  lat*  ;  (ii)  s  =  Sq  +  at  -  ^bt' ;  (m)  s  =  80  +  ae' ; 
(iv)  8  =  So  -  a  log  (t  +  1). 

38.  (i)  s  =  ipii^ ;  (ii)  s  =  ipt"  -  Iqt'  +  a ;  (iii)  s  =  -  plogt  +  q. 

EXBEOISE  LXXXIV. 


1.  (i)  Straight  line  cutting  x-axis  in  point  (^-,  0)  and  y-axi_s  in 
point  (0,  -  13) ;  (ii)  rectangular  hyperbola ;  (iii)  ellipse,  origin 
centre,  axis  of  y  major  axis. 

2.  (i)  X  =  -  2,  y  =  -  19  ;  X  =  25/6,  y  =  -  1/2  ;  (ii)  x  =  48/13, 
y  =  -  25/13.  (i)  outs  (ii)  in  two  distinct  points  and  is  a 
tangent  to  (iii). 

3.  67  units  upwards.     4.   ^2(y^  -  x")  +  7x  +  y  -  11  n/2  =  0. 
6.  102°  40' ;  77°  20'.     7.  944-7  yds.,  67°  45'  E.  of  N. 

8.  V  =  Vo(l  +  iat  -  iaH"  +  .  .  .  ) ;  V  =  33200  +  60-75t ;  34415 
cms.  per  sec.     9.  a  =  225'155,  b  =  -  1061  ■93. 

10.  u  =  a(b  +  c)/2bc,  v  =  a(o  -  b)/2bo. 

B. 

11.  Parabola,  head  up,  axis  x  =  3,  turning  value  +  15,  a  maximum. 

12.  2y  =  3  ±  ^/(15  -  x)  ;  graph  of  No.  11  turned  through  180" 
about  X-axis  and  then  rotated  anticlockwise  about  origin  through 
90°.        _ 

13.  J(3  ±  n/15),  -  21. 

14.  Gradient  =  0  ;  y  =  +  15  ;  the  point  (15,  3) ;  x  =  +  15. 

15.  y  =  mx  +  (m^  -  48m  +  240)/16. 

16.  3  :  a  minimum ;  +  «> ,  +  00 . 

^7.d  =  w{l/(l-S^r-l};10^3: 

18.  (i)  8h  =  -  0-0001125  .  L  .  s^  Sd/d" ; 
(ii)  8h  =  ^  {0-00728  +  0-00645  v/s}88  ; 

(iii)  Sum  of  (i)  and  (ii)  ;  11-21  ft. ;  0-467  ft. 

19.  (1  +  i/p)'"'/(l  +  in) ;  e'7(l  +  in) ;  1-0385. 

20.  0-28  hr.  ;  2-035  hrs.  or  -  1-075  hrs. 

C. 

21.  (-  4, 6),  (2,  -  12),  (3,      8).     23.  3/x  -  2/(2x  -  1)  -  4/(2x  +  1). 
24.  a  =  -  22,  b  =  -  24. 

26.  n  =  [log{Q  -  R(r  -  1)}  -  log  {Q  -  P(r  -  l)}]/log  r  ;  27  years. 
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27.  (i)  3-804,  -  1-97  ;  (ii)  -  102/497 ;  (iii)  5  (1  ±  JS). 

28.  y  =  x3  +  x^  +  X  +  1.  30.  0-35. 

D. 

32.  a  =  +  1,  b  =  -  6,  c  =  +  13.  33.  1-5. 

34.  2x''  -  3x  +  1  -  (2x  -  7)/(x2  +  2x  -  5)  ;  0. 

35.  1  +  6x  +  24x''  +  80x'  +  240x*  +  672x'  +  1792x«  +  .  .  .  ;  2-37. 

36.  (x  -  2y  +  1)  (2x  +  y  +  3)  =  0;  90°;  (  -  7/5,  -  1/5). 

37.  Conjugate  hyperbolas  having  lines  of  No.  36  as  asymptotes  ; 

2x2  _  Sxy  -  2y«  ±  12  =  0. 

38.  Rotate  clockwise  through  arc  tan  J  =  26°  34'  ;  xy  =  ±  12. 

39.  69-282  cms. ;  346-41  sq.  cms.  ;  13059-34  sq.  cms.  ; 
65296-7  cub.  cms. 

40.  (i)r^(3/2);  (ii)  Jr^/5. 

E. 

41.  n  =  0-59,  k=8.     42.  i  and  1 ;+  2  and  -  2. 
43-  X  =  ±  I  n/2,  y  =  ±  iN/2,  z  =  ±  isJ2. 

45.  (i)  587  ;  (ii)  3977. 

47.  162560.     48.  224122;  12033. 

49-  %  =  i+  A  +rh+  si^+   ■  ■  ■ 
SS-  A  =  2{a  +  W  +  ia»  +   .  .  .}. 

56.  1,  hhhhhhh      .       ,     ,.    ,  ,     4       . 

57-  h  i>  it  fi  f  J  Ai  A>  A  j  ij  T>  TtTj  TT>  Ai  331  iti  ■^• 
59.  l/2n(2n  -  1).     61.  1. 
,      ,..  a?      a'      a.*  ,...         a"  ,  a'      a^ 

62.  (1)  a  -   2  +  g  -  J  f    .   .  .  ;  (u)  a  +  2"'"3'"*"4+   '  '  '  ' 

(iii)  2(a  +  3-  +  g  +    .  .   .) 

63.  0-405;  i -307;  1-099.    64.  9/11.    65.  0176 ;  1699 ;  0477. 
66.  2,  3,  5. 

68.  0-693  ;  1-099  ;  log  4  =  2  log  2,  hence  find  log  5  from  formula, 
then  log  10  =  log  2  +  log  5. 


SECTION  V. 

BXBECISB  LXXXV. 
5.  78,313  sq.  miles. 

BXEECISB  LXXXVI. 

A. 
2.  0-398.     3.  0-917. 

B. 
8.  I/tt.     13.  No.     16.  (i)  102-7  ;  (ii)  506-9. 
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EXBEOISB  LXXXVII. 

A. 

I.  Draw  line  from  origin  making  22 J°  with  vertical.  It  cuts  the 
parallels  named  in  long.  8'5°,  18-2°,  31'25°.  Subtracting 
these  numbers  from  50°,  we  have  41 'S",  31-8°,  18-75°.  2.  In- 
vert net.  Take  point  on  right-hand  marginal  meridian  in  lat. 
40° ;  draw  line  making  54°  with  the  meridian  on  left.  It 
crosses  the  parallels  named  at  16 '8°,  46 '3°,  60 '2°.  Adding  to 
73J°,  we  have  90'3°,  119-8°,  133-7°.  3.  Take  left-hand  marginal 
meridian  to  represent  long.  75°  W.  Insert  point  in  lat.  40°  to 
represent  Philadelphia.  Insert  point  in  lat.  20°  above  the  base 
graduation  59°  (=  75  -  16).  Line  joining  points  marks  a 
course  68J°  B.  of  S.     4.  Invert  net.  Course  6^°  W.  of  S. 

5.  (a)  44i°  E.  of  N.  ;  (b)  61°  E.  of  N.  ;  (c)  77°  W.  of  N. 

6.  (a)  76J°  W.  of  S. ;  (b)  50i°  W.  of  S. ;  (c)  454°  E-  of  S.  ; 
(d)  814°  E.  of  S. 

B. 

7.  Tan  a  =  PQ/OP  =  1/m.  8.  1  =  1674  -  1224  =  45  ;  m  =  41-14. 
Hence  tan  o  =  45/41-14  =  1-09 ;  o  is  474°  E.  of  N. 

9.  1  =  73,  m  =  31-47  ;  tan  a  =  2-32  =  tan  66i°. 

10.  1  =  m  tan  a  =  75-46  x  0-414  =  31-24  ;  long.  =  60°  -  31J  =  18i°  E. 

11.  Tan  a  =  1-38,  m  =  43-71,  1  =  60-2;  long.  =  133-7°  W. 

12.  Tan  a  =  l/(mi  -  mj). 

13.  (a)  1  =  324,  mi  =  22-56,  mj  =  55-61 ;  tan  a  =  32-5/33-05  =  0-98 ; 
a  =  444°  E.  of  N.  ;  (b)  61°  E.  of  N. ;  (c)  77°  W.  of  N. 

14.  In  each  case  the  diff.  lat.  in  minutes  is  d  cos  a ;  since  all 
minutes  of  lat.  have  same  length  the  total  diff.  lat.  in  degrees 
is  D  cos  a/60. 

15.  Lat.  =  250  X  cos  674760  =  1-6°  N.  ; 
long.  =  50°  -  3-86°  =  46-14°  W. 

16.  30-08°  N.,  137-4°  W.     17.  20-9°  S.,  142J°  W. 

18.  D  =  diff.  lat.  X  60/cos  a  ;  (a)  2773  miles ;  (b)  3333  miles ; 
(0)  2182  miles ;  (d)  4865  miles. 

19.  504°  W.  of  8.  ;  3490  miles.     20.  49i°  E.  of  S.  ;  6827  miles. 

EXBEOISB  LXXXVIII. 

A. 

3.  Lat.  S.,  46°  28',  57°  10',  62°  44',  65°  33',  66°  34',  66°  8',  64°  5', 

59°  45'.     4.  66°  36'  S.,  117°  6'  W. 
5.  Lat.  N.,  55°  59',  62°  49',  65°  18' ;  65°  29'  N.,  1674°  W. 

8.  3018  miles.     10.  3192  miles  ;  174  miles. 

11.  Great  circle  track  =  4059  miles  ;  parallel  track  =  4628  miles  - 
distance  saved  =  569  miles.     12.  44°  17'  N.,  177°  47'  W. 
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B. 

14.  (i)  18°  25'  B.,  17°  41'  W. ;  (ii)  9°  38'  W. 

15.  (i)  154°  34'  W.  ;  (ii)  6°  44'  N. ;  (iii)  78°  27'  W. 

16.  2132  miles.     18.  27°  32'  S.  ;  3051  miles,  16,417  miles. 
19.  4953  miles.     20.  6775  miles. 

BXBEOISB  LXXXIX. 
A. 

7.  (i)  2688  miles  ;  (ii)  2382  miles  ;  (iii)  3482  miles. 

8.  cos  1  =  (cos  D  -  cos  pi  cos  p2)/sin  pi  sin  pj. 

9.  160°  23'  E.,  or  119°  37'  E.     lo.  17°  26'  N. 

B. 

11.  Formula  becomes  cos  D  =  -  sin  Xj  sin  X2  +  cos  Xj  cos  Xj  cos  1. 

12.  6255  miles.     14.  6°  28'  N. 

C. 

16.  (i)  32°  45' ;  (ii)  78°  40'.     17.  77°  4'.     18.  45°  19'.     19.  84°  9'. 
20.  48°  56'  -  44°  6'  =  4°  50'.     22.  Long.  136°  36'  E. ;  lat.  33°  13'  S. 
23.  52°  33'  S.  ;  130°  W.     24.  (i)  37°  27'  N.  ;   (ii)  112°  13'  E.  ; 
(iii)  168°  59'  E. 

D. 

29.  sin  a  =  sin  P/sin  p  ;  cos  a  =  tan  d/tan  p  ;  tan  a  =  tan  P/sin  d  ; 

cos  p  =  cos  P  cos  d. 

30.  (i)  1744  mUes,  56°  14' ;  (ii)  1126  miles,  66°  7'-     31.  (i)  40°. 
(ii)  2955  miles.     32.  (i)  sin  (L  -  1)  =•  sin  d/sin  p  ; 

(ii)  cos  (L  -  1)  =  taa  P/tan  p  ;  (iii)  tan  (L  -  1)  =  tan  d/sin  P. 
33.  (i)  6802  miles  ;  (ii)  48J°  S.     34.  112°  36'  E.  ;  150°  36'  E. 

35.  (i)  cos  (L  -  1)  =  tan  P/tan  p  ;  (ii)  tan  p  =  tan  P/cos  (L  -  1) ; 
(iii^  tan  (L  -  1)  =  tan  d/sin  P  ;  (iv)  cos  p  =  cos  P  cos  d  ; 

(v)  sin  a  =  sin  P/sin  p  ;  (vi)  tan  a  =  tan  P/sin  d. 

36.  65°  29'  N.,  1674°  W.  ;  101°  38'  W.  ;  110°  25'  W.  ;  64°  26'  N. 
38.  (i)  58°  4' ;  (ii)  68°  59'.     39.  sin  oj  =  sin  p^  sin  1/sin  D  ; 

sin  Oij  =  sin  pi  sin  1/sin  D.     40.  3432  miles  ;  33°  42' ; 

44°  17'  N.,  177°  47'  W. ;  45°  57'.    41.  35°  27'  N.,  167°  16'  W.  ; 

39°  10'. 

EXEECISE  XC. 
A. 

I.  (i)  Vertical  lines  down  middle  of  each  wall  for  0°,  90°,  180°,  270°, 
and  vertical  lines  at  distances  d  tan  10°,  d  tan  20°  .  .  .  from 
these  lines,  d  =  half  side  of  cube  ; 

(ii)  Rays  through  point  vertically  above  at  10°  interval ; 
(iii)  Altitude  line  a  crosses  azimuth  lines  at  heights  d  tan  a/cos  10°, 
d  tan  a/cos  20°  ...  ; 

(iv)  Circles,  with  point  vertically  above  for  centre,  radii  d  tan  40° 
d  tan  30°,  etc. 
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4.  BiOtate  fche  cube  about  au  axis  through  the  middle  perpendicular 

to  the  roof  through  an  angle  (i)  45°  ;  (ii)  -  45°  ;  (iii)  -  82^°. 
7.  (i)  36°  15' ;  (ii)  303°  45'.     8.  60°  10',  247 A°- 
9.  (i)  59°  58' ;  (ii)38°  30'  ;  (iii)  2°  51'.     10.  (i)  714°  ;  (ii)  31^°. 
11.62°    16'.      12.    6°  43' =  403    nautical    miles.      13.    (i)    58J° ; 
(ii)  79°  58'.     14.  46°  11'  N.  or  67°  36'  S. 

B. 

17.  (i)  34°  23',  79°  33'  ;  (ii)  21°  59',  264°  26'.     18.  117°  54',  55°  55'. 

19.  (i)  2  hr.  22  min.  ;   (ii)  10  hr.  13  min. 

20.  (i)  1.32i  a.m.  ;  (u)  79°  46' ;  (iii)  310°  11' ;  (iv)  10.13|  p.m. 

21.  9.20  p.m.    22.  165°  E. 

23.  (i)  24°  9' ;  (ii)  5  hr.  14  min.  44  sec.  p.m.,  71°  19'  W. 

24.  (i)  61°  1' ;  (ii)  81°  29'. 

C. 

29.  6°  18'  W.     30.  11  hr.  13  min.  28  sec.  a.m. 

31.  (i)  74°  14'  39"  ;  (ii)  83°  14'  36".  32.  (i)  26°  16'  18",  88°  3' ; 
(ii)  20°  44'  22",  81°  57'  30"- 

33.  Refraction  prolongs  day. 

34.  (i)  13  hr.  58  min.  22  sec,  10  hr.  1  min.  38f  sec.  ; 
(ii)  16  hr.  24  min.  22f  sec,  7  hr.  33  min.  21|  see. ; 
(iii)  18  hr.  29  min.  38|  sec,  5  hr.  30  min.  21i  sec. 

35.  50°  21'   N.,  30°  45'  E.     36.  39°  3'  8"  S.,  167J  W. 

EXBECISE  XCI. 

A. 
3.  Semi-ellipse. 
12.  86°  21'. 

B. 

18.  Corresponding  segments  are  proportional. 

19.  p .  AC  =  OA .  OC  sin  AOC  ;  p  .  AD  =  OA  .  OD  sin  AOD  ; 
p.BC=  OB.OCsinBOC;  p .  BD  =  OB.ODsinBOD; 
p  .  CD  =  OC  .  OD  sin  COD. 

20.  AB  .  CD/AD .  BO  =  sin  AOB  .  sin  OOD/sin  AOD  .  sin  BOO. 

22.  AC  .  BD/AD  .  BC  =  sin  AOC .  sin  BOD/sin  AOD  .  sin  BOC  ; 
AB  .  CD/AC  .  BD  =  sin  AOB .  sin  COD/sin  AOC  .  sm  BOD. 

27.  Any  internal  point  can  be  placed  on  a  concentric  sphere  of 
smaller  radius  r'  (say).  All  the  points  on  this  concentric 
sphere  can  be  projected  on  to  an  interior  cylinder  of  same 
radius  r'. 

28.  p  =  r,  I  =  r  tan  X,  a  =  1.     29.  p  =  r,  x  =  r  sin  X,  a  =  1. 

30.  p  =  r  cot  X,  X  =  r,  a  =  1. 

C. 

31.  R.A.  =  7  hr.  17  min.  10|  sec,  8  =  28°  40'52i"  N.  ; 
D  =  2766  miles.     32.  1805  miles. 

33.  sin  a  =  sin  8  sin  X  +  cos  8  cos  X  cos  h  ; 

sin  /3  =  sin  h  cos  8/cos  a.     34.  (i)  27°  30' ;  (ii)  22°  38J'. 
35.  tan  d  =  tan  h  cot  X.    36.  tan  6  =  sin  h  cot  X/sin  (h  +  60°). 


ANSWERS  TO  EXAMPLES  529 

D. 

37.  CAB,  B'CA  ;  ABC,  AB'C,  A'BC. 

38.  (i)  a,  57  -  bj  TT  -  c  ;  A,  ^  -  B,  TT  -  C.     (ii)  a,  b,  c  ;  A,  B,  C  ; 
(iii)  a,  TT  -  b,  77  -  c ;  A,  JT  -  B,  TT  -  C. 

41.  BS/180,  CS/180.    47.  -  cos  A  =  cos  B  cos  0  -  sin  B  sin  C  00s  a. 
49.  One  other  side  is  also  a  quadrant  (say  a).     Then  A  =  90°  and 
also  b  =  B.     so.  3492  miles  ;  20°  32',  36°  41'. 


SECTION  VI. 

EXBECISB  XCII. 

1.  (i)  a  =  r  cos  a,  b  =  r  sin  a  ;  (ii)  r  =  J  {a!'  +  V),    a  =  tan""'- . 

2.  P,  =  (  -  1-8,  +  5-2) ;  P3  (  -  0-7,  -  1-1) ;  P4  (+  2-7,  -  1'6). 

3.  (i)  17  ;  (ii)  25  ;  (iii)  8-5.     (i)  +  118°  ;  (ii)  -  16°  ;  (iii)  -  171°. 

4.  (  -  1'8)  +  i(  +  5-2)  ;  (  -  0-7)  +  i(  -  I'l) ; 
(+  2-7)  +  i(  -  1-6). 

5.  (  -  8)  +  i  (  +  16)  ;  (  +  24)  +  i  (  -  7) ;  (  -  8-4)  +  i  (  -  1-3). 

6.  (i)  10-1  (cos  79°  +  i  sin  79°) ; 

(ii)  6-5  {cos  (  -  104°)  +  i  sin  (  -  104°)}  ; 
(iii)  1-13  (cos  172°  +  i  sin  172°). 

7.  (i)  (  +  7-83)  +  i  (  +  1-66)  ;  (ii)  (  -  17-82)  +  i  (  +  9-08)  ; 
(iii)  (  +  35-84)  +  i  (  -  93-38) ;  (iv)  (  +  7-43)  +  i  (  -  6-69). 

8.  (i)  (  +  21-20)  +  i  (  +  33-92)  ;  (ii)  (  -  4-04)  +  i  (  -  1-97). 
(iii)  (  +  719-34)  +  i  (  -  694-66)  ;  (iv)  (  -  1-41)  +  i  (  -  9-9). 

11.  a  =  a',  b  =  b'. 

12.  20-5  (cos  283°  +  i  sin  283°)  ;  20-5  (cos  77°  -  i  sin  77°). 

EXERCISE  XCIII. 
A. 

2.  (i)  i ;  (ii)  cos  91°  +  i  sin  91°  ;  (iii)  1. 
6.   cos  (a  -  (3)  +  i  sin  (a  -  /3). 

C. 

16.  (i)  cos  3a  =  oos'a  -  3  cos  asin^a,  sin  3a  =  3  cos^a  sin  u  -  sin'a 
(ii)  cos  4a  =  cos^'a  -  6  oos^a  sin^a  +  sin^a, 

sin  4a  =  4  cos'a  sin  a  -  4  cos  a  sin'a. 

17.  cos  (a  +  /3  +  y)  +  i  sin  (a  +  /3  +  7)  ; 

cos  a  cos  /3  cos  y  -  sin  a  sin  ^  sin  y  -  sin  a  sin  /3  cos  y 
-  cos  a  sin  ^  sin  y  ;  sin  a  Cos  ^  cos  y  +  cos  a  sin  ^  cos  y 
+  cos  a  cos  /3  sin  y  -  sin  a  sin  /3  sin  y. 

BXEECISE  XCIV. 
A. 
I.  (i)  Vertex  (  -  4,  +  J)  ;  axis  x  =   -  4  ; 
(ii)  Vertex  (  +  2,  -  i)  ;  axis  x  =  +  2. 
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3.  x  =  (-h±  ^h"  -  4ao)/2a;  (i)  b2>4ao;  (ii)  b^"  =  4ao; 
(iii)  b''<4ao.  _ 

4.  (i)    -  1  ±  2i ;    (ii)    -i  ;  (iii)   ^/3  ±  2i ;  (iv)  (1  ±  i^/3i)/8. 

6.  (i)  x"  -  6x  +  13  =  0 ;  (ii)  x«  +  14x  +  58  =  0  ; 
(iii)  xi"  +  25  =  0 ;  (iv)  x''  -  2x  +  4  =  0. 

7.  +1,  (-1  ±  i^/3)/2  ;  -1,  (  +  1  ±  i^3)/2.   9.  (i)  -  1,  -  1  ±  4i. 
(ii)    +  1,  +  3  ±  2i ;  (iii)  +  2,  -  4  ±  7i. 

B. 

12.  ^/(x''  -  4)  imaginary  >  between  x  =  +  2. 
/j(4  +  x")  real  for  all  real  values  of  x. 

13.  j{9  -  x^)  real  between  x  =  ±  3. 
V(x'  -  9^  imaginary  between  x  =  +  3. 
rj(9  +  x')  real  for  all  real  values  of  x. 


EXEEOISE  XCV. 
A. 

I.  Q'N  cos  TTX,  i.e.  r^^  cos  ttx  ;  60°.     6.  ax^  sin  x. 

11.  r  =  0-6  ;  a  =  2-5  cms.  ;  X  =  6  cms.  ;  y  =  25  (  -  0-6)^/'. 

12.  p  =  0-5105  ;  y  =  e  -  »•"»«='  (cos  7rx/3  +  i  sin  ttx/S). 

B. 

13.  Real  circle ;  imaginary  rect.  hyperbola. 

14.  Imaginary  rect.  hyperbola. 

15.  Real  ellipse,  imaginary  hyperbola  ;  imaginary  hyperbola. 

16.  Real  hyperbola,  imaginary  ellipse  ;  real  hyperbola. 

C. 
18.  cos  5  +  i  sind,  cos  n.6  +  i  sin  n6.         19.  (1  +  i  ^/3)/2. 
21.  (1  -  i  V3)/2.         23.   +  1,  (  -  1  ±  i  v/3)/2. 

24.  +  1,  ±  i ;   ±  (1  ±  i)/>/2. 

25.  Roots  of  +  1,  (cos  —  ±  i  sin  — - )  where  r  =  0,  1,  2,  .  .  .,  n/2, 

if  n  be  even  and  r  =  0,  1,  2,  .  .  .,  (n  -  l)/2,  if  n  be  odd. 

Roots  of  -  1,  (cos  ^+ii^  +  i  sin  ^*^''^)  where  r  =  0,  1,  2, 

.  .  .  (n  -  2)/2  if  n  be  even,  and  r  =  0,  1,  2,  .  .  .,  (n  -  l)/2 
if  n  be  odd. 

26.  5(cos  53°^  +  i  sin  53°)  ;  cos  26 J°  +  i  sin  26 J°,  cos  (tt  +  26J°) 

+  i  sin  (tt  +  26J°) ;   ±  (2  +  i). 

^  The  terms  "  real "  and  "  imaginary  "  are  to  be  regarded  simply 
as  convenient  abbreviations  for  the  phrases  "  in  the  plane  of  the 

paper,"  "  i         "  "       ' 

spectively. 


27- 


29- 
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±  (5  -  i)/^2.        28.  (1-67  -  0-36  i),  (-1-15  +  1-27  i), 
(  -  0-52  -  1-63  i). 

+  i  sin g j  where  a  =  arc  tan  15/8. 


17  (. 


2n7r  +  a 


5 


30.  (x  -  0-8  +  0-6i)(x  -  0-8  -  0-6i)  ; 

(x  +  0-4  -  02iV2-l)(x  +  0-4  +  0-2iV2-l).  

31.  (x  -  1  +  i/^/2)(x  -  1  -  i/;^2)(x  +  1  +  i/v/2)(x  +  1  -  i/x/2)  ; 

(x''  -  ^/2x  +  l)(x»  +  sJ2x  +  1). 
32-  (x^  +  l)(x2  ±  xV3  +  1). 

BXBECISB  XCVI. 

I.  U  =  a(u=  -  v^!)  +  bu  +  c,  V  =  (2au  +  b)v. 

4.  U  =  a(u'  -  3uv2)  +  bu  +  c,  V  =  (Sav?  -  e.v'  +b)v. 

5.  V  =  0  or  3au^  +  b  =  ay".     6.  U  =  ar"  cos  nd,  V  =  aru  sin  nd. 

7.  U  =  ar'  cos  36,  V  =  ar'  sin  35  -,6  =  ^. 

8.  ri^''(cos  6jn  +  i  sin  5/n).     10.  y  =  ^/R(cos  0/2  -  i  sin  0/2). 

EXBECISB  XCVIII. 
A. 

6.  cos  e=    (eit«  +  e-ik9)/2  ;  sin  5  =  (eik*  -  e-ik«)/2i ;  yes. 

7.  (i)    -  (eW  -  e-i»)/2i ;  (ii)  +  (e^  +  e-i»)/2. 

8.  -  k(eik9  -  e-ik9)/2i. 

B. 
13.  cos  (u  +  iv)  =  cos  u  cosh  v  -  i  sin  u  sinh  v. 

SECTION  VII. 

BXBECISB  XCIX. 
A. 

1.  (i)  1-5708  ;  (ii)  0-7854  ;  (iii)  0-1745  ;  (iv)  5-2360;  (v)  6-1086. 

2.  57°  17'  45".       3.  11°  27'  33",  22°  55'  6",  34°  22'  39",  45°  50'  12", 
57°  17'  45". 


u> 

,ra/180. 

tan  a. 

Excess. 

per  cent. 

0° 

0 

0 

0 

0 

30° 

0-5236 

0-6774 

0-0538 

10-3 

45° 

0-7854 

1-0000 

0-2146 

27-3 

60° 

1-0472 

1-7321 

0-6849 

65-4 

90° 

1-5708 

00 

00 

00 

PT.  n. 
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Excess 

e. 

tane. 

Exeees. 

per  cent. 

0-2 

0-2028 

0-0028 

1-4 

0-4 

0-4228 

0-0228 

5-7 

0-6 

0-6843 

00843 

141 

0-8 

1-0295 

0-2295 

28-7 

10 

1-5577 

0-5577 

55-8 

8. 

12. 


17- 


261-8  ft.    9. 
2164  miles. 


3°  37'.     10.  6°  22'. 
13.  847,066  miles. 

B. 


II .  14-3  nautical  miles. 
16.  49-2  miles. 


Calculated 

Value 

Error 

9. 

sin  e. 

from  tables. 

per  cent. 

0-2 

01983 

0-1988 

0  25 

0-4 

0-3893 

0-3894 

0025 

0-6 

0-5640 

0-5647 

0-12 

0-8 

0-7147 

0-7173 

0-33 

1-0 

0-8333 

0-8415 

0-82 

18.  (i)  -  000528  ;  (ii)  -  0-00004. 

21.  0-98007,  0-8254  ;  +  0-00012  ;  +  000003.    22.  0-9999,  09994. 

23.  (i)  0-9375  ;  (ii)  0-9975. 

25.  sin  0-8  =  0-7148,  00s  08  =  06971. 

EXEECISB  C. 

A. 
I.  (i)  +  1  ;    (ii)  +  0-3420  ;    (iii)   -  0-9848  ;    (iv)   +  0-2207  ; 
(v)   -  0-9903 ;  (vi)   -  0-9744  ;  (vii)  0  ;  (viii)  +  0-1103. 
(i)    -  0-9976  ;  (ii)  -  1 ;  (iii)   +  0-8290  ;  (iv)    -  0-9918. 
cos  (  -  a)  =  cos  a. 

(i)    -  28-6363  ;  (ii)  +  5-6713  ;  (iii)    -  0-5095  ;  (iv)   -  06009. 
tan  (  -  a)  =  -  tan  a. 

(i)  +  1-3673  ;  (ii)  +  3-6280  ;  (iii)   -  0-1051. 
1)  720° ;  (ii)  810°  ;  (iii)  -  2340°  ;  (iv)  572°  57' ;  (v)  1317°  48' ; 


4- 
S- 
7- 
8. 
10. 

'(vi)  -  5729°  35' 
12.  (i)   -  0-9614,  -  0-2751, 
(ii)  -  0-9894,  +  6-7994, 


10401 ; 
6-8725. 

B. 

17.  h  =  a  cos  27rnd/v. 

18.  (i)  h  =  -  a  sin  (27md/v)  ;  (ii)  h  =  a  cos  (27rnd/v)  ; 
(iii)  h  =  a  sin  (27rnd/v)  ;  (iv)  h  =  -  a  cos  (27rnd/v). 

19.  h  =  a  sin  (27rnt  +  <[>).     20.  h  =  5  sin  (4jrt  +  0*5). 
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C. 


24.   -  Sr/(r  .  d<j>).     25.  (i)  -  57°  31' ;  (ii)  -  75°  58'  ; 

(iii)  -84°  27'.    28.  a\di>  -  fli')/6. 
29.  (a^'Sa  -  a2«i)/4  log^a.         31.   (i)  r/a  ;  (ii)  3.\6i  -  6^j26^6^. 

32.  (i)  rV2a''  ;  (ii)  a^*  log  {6^16^)12. 

34.  X  =  afl  -  b  sin  5,  y  =  a  -  b  cos  6. 
39.  X  =  a(n  -  1)  cos  6  +  a  cos  (n  -  1)6, 
y  =  a(n  -  l)  sin  6  -  a,  sin  (n  -  1)6. 

EXEECISB  CI. 
A. 

1.  6  =  (2n  +  J)7r  +  6',  sin  6  =  cos  6',  00s  6  =  -  sin  6'  ; 

5  =  (2n  +  l)ir  +  fl',  sin  5  =  -  sin  5',  cos  5  =  -  cos  6'  ; 

6  =  {2n+  f)7r  +  6',  sin  fl  =   -  cos  6',  cos  fl  =  sin  6'. 

B. 

23.  x/a  +  y/b  =  0,  i.e.  a  straight  line. 

27.  x^l  -  cos  cj>)  +  j'(l  +  cos  (j))  =  a?  sva?<\). 

33.  The  parabola  of  No.  32  revolved  about  the  a;-axis. 


BXBEGISE  CII. 


2.  y  =  b  sin  (x  -  c)  +  a ;  max.  :  x  =  (4r  +  l)7r/2  +  c,  y  =  a  +  b  ; 
min.  :  x  =  (4r  +  3)5r/2  +  0,  y  =  a  -  b. 

3.  y  =  b  cos  p(x  +  c)  +  a  ;  max.  :  x  =  2r9r/p  -  c,  y  =  a  +  b ; 
min. :  x  =  (2i'  +  l)7r/p  -  c,  y  =  a  -  b. 

4-    (i)  y  =  ~  i*  sin  px  +  a,  y  =  -  b  cos  px  +  a  ; 
(ii)  y  =  b  cos  px  +  a,  y  =  -  b  sin  px_+  a. 

5.  y  =  3-2  sin[2^(x  -  0-9)/2-7] ;  -  1-6^3. 

6.  y  =  5  cos  (l-3x  +  0-6).     7.  y  =  10-6  +  2-2  sin  O'Sx. 

8.  a  =  25,  b  =  10,  p  =  29°.     9.  (i)  6-2  h.  ;  (ii)  35  ft.  ;  (iii)  20  ft. 

B. 

13.  (i)  Yes,  tt/p  ;  (ii)  no  ;  (iii)  no  ;  (2r  +  l)7r/2. 

14.  7r/2p  along  X  axis  ;  (i)  yes,  jr/p  ;  (ii)  no  ;  (iii)  no,  itt. 

17.   (i)  Yes,  tt/p  ;  (ii)  yes,  sec  px  at  iir,  cosecpx  at  (2r  +  l)n-/2 ; 
(iii)  noj  sec  px  at  (2r  +  l)rr/2,  cosec  px  at  ttt. 


EXEECISE  cm. 
A. 

I.  (i)  y  =  arc  sin  x/2  ;  (ii)  y  =  ^  arc  sin  x  ; 
(iii)  y  =  0"2  arc  sin  0'25x  ;  (iv)  y  =  1"25  arc  sin  2.'5x. 
34* 
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Function. 

Field  of 

Field  of 

Principal 

X. 

y- 

values  of  y. 

y  =  2  sin  X 

-  00  to 

-  2  to 

+  00 

+  2 

y  =  arc  sin  x/2 

-  2  to 

-  00  to 

-  TT  to 

+  2 

+  00 

+  n 

y  =  Bin  3x 

-   00   to 

-  Ito 

+    00 

+ 1 

7  =  i  arc  sin  x 

-  Ito 

-  00  to 

-  7r/3to 

+  1 

+    00 

+  n-/3 

y  =  4  sin  5x 

-  00  to 

-  4  to 

+    00 

+  4 

y  =  1  arc  sin  x/4 

-  4  to 

-   00   to 

-  »r/5  to 

+  4 

+    00 

+  »r/5 

y  =  0-4sin0-8x 

-  00  to 

-  0-4  to 

+  00 

+  0-4 

y  =  1 '25  arc  sin  2 'Bx 

-  0-4  to 

-  00  to 

-  5jr/4  to 

+  0-4 

+  00 

+  5,7/4 

3.  (i)  n,r  +  (-  l)-,r/6,  {nn-  +  (-  l)V/2}/3, 

0-2  {nTT  +  (-  l)-'0-25},  none  ; 
(ii)  nTT  -  (-  Ij-'O-l,  {nn-  -  (-  l)>'0-2}/3,  0'2{n7r  -  (-  1)"  0-05}, 

l-25{n7r  -  (-  l)'7r/6}; 
(iii)  nn  +{-  l)°0-85,  none,  0-2{n7r  +  (-  l)"'0-38},  none. 

4.  y  =  a  sin  px  -  b. 

S-  (i)  y  =■  0"1  arc  cos  x  ;  (ii)  y  =  arc  cos  2x ;  (iii)  y  =  3  arc  cos  0'4x. 


Function. 

Field  of 

X. 

Field  of 

y- 

Principal 
values  of  y. 

y  = 

cos  lOx 

-  00  to 

+    00 

-  Ito 
+  1 

Y  = 

0"1  arc  COB  x 

+  1  to 

+  00  to 

-  tt/IO  to 

-  1 

-  00 

+  tt/IO 

y  = 

0'5  cos  X 

+  00    to 
-  00 

+  0-5  to 
-  0-5 

V  = 

arc  cos  2x 

+  0-5  to 

+  00  to 

-  ff  to 

-  0-5 

-  00 

+  n- 

y  = 

2 '5  cos  x/3 

+  00  to 

-  00 

+  2-5  to 
-  2-5 

Y  = 

3  arc  cos  0'4x 

+  2-5  to 

+  00    to 

-  3v  to 

-  2-5 

-  00 

+    3,7 
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8.  (i)  None,  none,  Gnn-  +  1-92  ; 

(ii)  0-l{(2n  +  l)n-  ±  wis},  (2n  +  l)7r,  3{(2n  H 
(ill)  0-2n7r  ±  0-04,   2n7r  ±  0-64,  dnn-  ±  4-23. 


l)n  ±  1-37} ; 


B. 

II.   (i)    -  CO  to  +  00  ;  (ii)    -  oo  to  +  oo  ; 

(iii)  y  =  -  tt/p  to  y  =  +  ir/p. 
13-  (i)  y  =  i  arc  tan  x  ;  (ii)  y  =  |  arc  tan  2x  ; 

(iii)  y  =  I  arc  tan  5x/ll  ;  (iv)  y  =  5  arc  tan  4x. 
14.  (i)  i{nn  +  0-2),  iitLTT  +  0-38),  |(n7r  +  0-09),  5n7r  +  3-35  ; 
(ii)  i{nn  -  1-41),  iiuTT  -  1-49),  |(nn-  -  1-22),  Snir  -  7-65  ; 

(iii)  J(n7r  +  1-47),  i(n7r  +1-52),  |(n5r  +  1-35),  Sn^r  +  7-75. 


16. 


Function. 

Field  of 

X. 

Field  of 

y- 

Principal 
values  of  y. 

y  = 

=  2  cot  x/3 

-  00  to 

+    00 

-  00  to 

+  00 

y  = 

=  3  arc  cot  x/2 

-  00  to 

-  00  to 

-  Stt  to 

+    00 

+   00 

+  37r 

y  = 

=  i  sec  x/4 

-  00  to 

+    00 

-  00  to  -  1 

+  J  to  +  00 

y  = 

=  4  arc  sec  2x 

-  00   to 

-  00  to 

-  47rto 

-  i 

+   00 

+  4jr 

+  ito 

+  00 

y  = 

=  i  coaec  6x 

-  00  to 

+  CO 

+  00  to 

+  0-2 

-  0-2  to 

-  00 

y  = 

=  I  arc  oosec  5x 

-  00  to 

-  00  to 

-  7r/6to 

-  0-2 

+  00 

+  ?r/6 

+  0-2  to 

+  00 

17-   (i)  y  =  3njr  +  yi ;  (ii)  y  =  Snir  ±  yi  ;  (iii)  y  =  ^nir  +  (-  l)"yj  ; 
(i)  y  =  3n7r  +  3-3  ;  (ii)  Sutt  +  ^ ;  (iu)  Inn-  +  (  -  l)»0-03. 


C. 

19.  (i)  UTT  +  0-64;  (ii)  nn-  +  (-  1)"  0-24; 
(iii)  nn  +  (-  1)"  0-31  ornTr  -  (-  l)"0-94  ; 
(iv)  nir  +  0-98  or  nir  -  0-32  ; 
(v)  2n7r  or  (2n  +  l)jr/5  ;  (vi)  2n7r/(p  ±  q). 
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20.  (i)  JiTT  +  (-  l)"7r/6  or  njr  ±  0-72  ; 

(ii)  6  =  arc  cot  ( -  a)  or  /^  =  arc  cot  ( -  b)  ; 
(iii)  (9  =  (2n  +  l),r/4,  ^  ii  (6n  +  l)7r/12  ; 
(iv)  6  =  iiff/S  or  iiTT  +  (  V  l)»n-/6  ; 
(v)  X  =  (to  +  l)7r/2  or  I  =  2n7r. 

21.  (i)   {4n  -1  +  (  -  l)-'}n-/4;  (ii)  (4n  -  l)7r/4  +  ( 
(iii)  (4n  +  l),r/4  +  (  -  1)°0-14 ; 

(iv)  (8n  +  3)7r/4  ±  0-21. 

23.  y  =  B  cos  2  (arc  sin  -^j  ;  4-9. 
24, 

25 

26. 


l)n0-6; 


27. 
29. 


fl  =  arc  cos  (a  -  y)/a,  sin  6  =  »y2ay  -  y'/a. 
X  =  a  arc  cos  (a  -  y)/a  -  n/2ay  -  y". 
X  =  a  sec  y{l  +  ^/(x2  -  ai')/a}/b 
or  y  =  b  arc  sec  (x/a)/(l  +  sin  arc  sec  x/a). 
cos  6=  sl(X  -  x''),  cos  d>=  JCi.  -  y»). 
(i)  J;  (ii)3;  (iii)  i 


27r 


EXEECI8E  CIV; 
A. 


4.  y  =  10  sin  pjrj;  (x  -  40t),  0-2  per  sec. 


a 

\ 

V 

T 

n 

i 

is! 

3 
5 

8-3 
24 

16 
20 
32 
100 

+  5 

-  160 
+  10-67 

-  500 

3-2 

0-125 

3 

0-2 

0-3125 

8 
0-33 

5 

6.  (i)  y  =  3  sin  |  (x  -  10),  y,,  =  2-12  ; 


(ii)  y  =  8-3  sin  ?^,  y,,  =  0  ;  (iii)  y  =  5  sin  ^,  yo  =  0. 


16' 


10' 


7.  (i)  y  =  5  sin  lOirt ;  (ii)  y  =  5  sin  167rt ;   (iii)  y  =  5  sin  167rt ; 
(iv)  y  =  -  3  sin  ^  ;  (v)  y  =  3  sin  ^  (100  -  5t)  =  3  cos  57rt/8  ; 


8 


8 


(vi)  y  =  -  3  sin  J  (100  +  5t)  =  3  cos  5,rt/8. 

O 
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t 

Displaoements. 

(i) 

(ii) 

(iii) 

(iv) 

(V) 

(vi) 

+ 1 
-  1 

0 
0 

0 
0 

0 
0 

-  277 
+  2-77 

-115 
-  115 

1-15 
115 

8.  (i)  3 ;  (ii)   -  3  ;  (iii)   -  3  ;  (iv)  0  ;  (v)  1-15  ;  (vi)   -  3. 
g.  (i)  X  =  lOn ;  (ii)  x  =  lOn  -  6. 

10.  (i)  X  =  10  +  4{2ii  +  (  -  1)-}  ;  (ii)  X  =  10  +  4{2n  +  3  (  -  1)°}. 

11.  (i)  ^,  270°  ;  (ii)  17-6,r  (or  V6w),  3168°  (or  288°). 

B. 

IS.  y  =  A  sin  (2jrx/X  +  0  -  vt).         i6.  y  =  Aeos  (-^  x  +  <^  J. 

19.  (i)  y  =  5  sin  ^^  X  -  arc  tan^  j  ; 
(ii)  y  =  13  sin  ( |  x  +  arc  tan  ^^j  > 

(lu)  y  =  a^2  sin  {j^^+  g)- 
25.   N/(a''  +  Tc^),  ^(8"  +  ab  +  V).        26.  20. 
27-  (i)  y  =  4  sin  r^  X  -  3  cos  I X  ;  (ii)  y  =  4  sin  T^  X  +  2  oca  -  x. 


10 


10^ 


28.  3/2,  24.         29.  bi  =  aa  cos  ((>,  h^  =  -  a^  sin  <^. 


EXEECISE  GV. 
A. 
g.  (i)  y  =  a  cos  27rmt  sin  -y  x ;  (ii)  y  =  a  cos  27rrnt  cos  -y  x. 

6.  y  =  a  sin  27rmt  sin  -^  x.         8.  (i)  y  =  2  cos  Sn-t  sin  jg- ; 

(ii)  y  =  2  COB  leirt  sin  ^  ;  (iii)  y  =  2  cos  24irt  sin  -j-. 
10.   y  =  8  sin  ^  cos  40jrt ;  (i)  x  =  lOp  +  3  (  -  l)',  p  being  any 

integer  from  0  to  9  inclusive  ;  (ii)  x  =  lOq  -  3  (  -  1)*,  q  being 
any  integer  from  1  to  10  inclusive. 
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II.  y  =  Asia  y{^-  yt);  J  =  ABm^{:K.+  vt). 

.  TTX  Sfft 

i8.  y  =  4  cos  -^-  cos  —^. 

B. 
19-  (i)  y  =  0"5  sin  ^  +  0-25  sin  ^  ; 
(ii)  y  =  0-433  sin  ^  +  0-125  sin  ^  ; 

(iii)  y  =  -  0-25  sin  ^  ;   (iv)  y  =  -  0-5  sin  ^  +  0-25  sin  ^  ; 
5  ft.  per  sec. 
22.  y  =  0-25  sin  3^  (^  -  5t)  +  0-125  sin  ^  (x  -  5t)  ; 

y  =  0-25  sin  j^  (i  +  5t)  +  0-125  sin  |  (x  +  5t). 

24.  (i)  y  =  o  sin  -a-  cos  lOirt  -  r-5  sin  -g-  cos  SOn-t 

1     .     Swx        h._    ,      ,..v  1    .     tx        -.rt   . 

+  ^  sin  -^  cos  757rt ;  (11)  y  =  s  sin  -g-  cos  lUirt 

1    .     OTX         „„    ,         1     .     27rx  .„    , 

+  s  am  -=-  cos  205rt  -  So  sm  -q-  cos  40»rt. 


EXBECISE  Cyi. 

B. 

15.  y  =  2-45  sin  (7rx/3-6)  +  1-2  sin  (ttx/I-S). 

17.  y  =  2-46  sin(ffx/3-6)  -  1-2  sin  (ttx/I-S). 

18.  Exact  value  given  by  y  =  2-4  sin  ?^  +1-2  cos  -^  [X  =  AB]. 

A  A 

19.  Exact  values  given  by 

y  =  l-606  sin^  +  0-248  BJn^  -  0-110  sin  ^  -  01  sin  ^. 

TTX  27rt  _  „  ._      .       TTX  4jrt 

■  gQ  cos  -^  +  0-248  sm  ^  cos  -^ 

_  ,  ^  „     .     TTX          6jrt        „  ,     .     irx  8jrt 

-  O'llO  Sin  njr  cos  -;= 0-1  sin  ^  cos  -™- 

y  =  -  1-606  sin  ^  +  0-248  sin  ^  +  0-110  sin  ^  ~  0-1  sin^. 
■'  60  30  20  15 
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22.  (i)  y  =  1-391  cos  ^  +  0215  cos  ^  -  0-087  cos  ^  ; 
(ii)  y  =  1-527  cos  ^~  +  0-146  cos  ~  +   0  066  cos  ^* 
+  0-095  cos  ^. 

BXEECISE  CVII. 
A. 

1.  y  =  a  cos  px,  A  =  -  sin  px  ;  y  =  a  sin  px,  A  =  -  (1  -  cos  px) ; 
y  =  cos  X,  A  =  sin  x ;  y  =  sin  x,  A  =  1  -  cos  x. 

2.  (i)  1  -  cos  X ;  (ii)  sia  x,  yes.     3.  sin  x.     4.  -  (1  -  cos  px). 

P 

10.  (i)  y  =  sin  X  +  0-8  ;  (ii)  y  =  sin  x  ;  (iii)  y  =  sin  x  -  0-134. 

11.  (i)  y  =  cos  X  -  1 ;  (ii)  y  =  cos  x  ;  (iii)  y  =  cos  x  +  1-5. 

12.  (i)  A  =  sin  X  ;  (ii)  A  =  cos  x  -  1. 

13.  (i)  8y/8x  =  ap  cos  px  ;  (ii)  8y/8x  =  -  ap  sin  px. 

14.  (i)  A  =  -  sin  px  ;  (ii)  A  =  -  cos  px  ;  (iii)  A  = cos  px. 

16.  (i)  p  cos  p(x  +  a)  ;  (ii)   -  p  sin  p(x  +  a). 

B. 

17.  (i)  -  ap^  sin  px  ;  (ii)  -  ap^  cos  px  ;  (iii)  -  ap^  sin  p(x  +  a)  ; 
(iv)  -  ap''  cosp(x  +  a).  18.  y  =  2  +  (2  -  jr/3)  (  -  1)°  -  2  sin  x  ; 
(ii)  y  =  A  -)-  X  -  A  cos  4x ; 

(iii)  y  =  -  1-25  sin  (2x  -  1)  -t-  1-528  x  -  0-022. 
5y      2ir  (       TTX        .    tx\  „   „  „        ,. 

'9-  Si  =  5-  V°^  10  -  ''° TJ-    ="'•  ^'  2'  ^'  -  ^- 


22. 


gives  positions  of  maxima  (5  -2) ;  x  =  10  (2n  -  I)  gives  positions 
of  maxima  (-  5"2)  ;  x  =  10  (2n  +  1)  gives  points  of  inflexion. 

23.  1^  =  0-084  cos  ^  +  0-026  cos  ^  -  0-017  cos  ^ 

-  0-021  cos  ^;  (i)  0-0125  ;  (ii)  1/12  ;  (iii)  -  1/18. 

24.  (i)  g|  =  1  -  2  cos  X  ;  (ii)  ^  =  2  -  cos  X. 

0. 

27.  X  =  3  sin  67rt ;  (i)  3  ;  (ii)  3  ;  (iii)  l8ir. 

28.  X  =  0-5  cos  3141 -at ;  i(i)  500  ;  (ii)  0-5  ;  (iii)  1570-8. 
30.  X  =  3  sin  Trt. 
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BXEBCISE  CVIII. 


8.  a  sec  6.  lo.  Wheie  circle  cuts  y-axia. 

i8. 


e 

u 

0° 

±10° 

±20° 

±30° 

±40° 

±50° 

±60° 

±70° 

±80° 

±90° 

0 

±  0-175 

±  0-356 

+  0-549 

±  0-763 

±  1-011 

±  1-317 

±  1-735 

±  2-436 

+  00 

(iv)  ^(860"^  -  1)  =  tan  fl  ;  (v)   ^J{ooBe<i'e  -  1)  =  cot  5  ; 


(vi) 


^/(l  +  tan'fl) 
tand 


=  coseo  6. 


EXEECISB  CIX. 

A. 
5.  (i)  1-5431  ;  (ii)  1-1752  ;  (iii)  1-1276  ;  (iv)    -   0-6211 ; 

(v)  3163  X  10"  ;  (vi)  -  0-1973  ;  (vii)  1 ;   (viii)   8-497  x  10-». 
7.  (i)  cos^fl  +  sin«5  =  1 ;  (ii)  cos^^  -  sin^fl  =  cos  20 ; 

(iii)  2  sin  6  cos  0  =  sin  20  ;  (iv)  f"  ^^  =  tan  20  ; 

(v)  3  sin  5  -  4  sirffl  =  sin  30  ;  (vi)  4  cos*^  -  3  cos  fl  =  cos  SB. 

B. 

10.  Field  of  V  :  (i)  +  1  to  +  00  ;  (ii)   -  00  to  +  00  ; 
(iii)   -  00  to  +  00  ;  (iv)   -  00  to  +  00. 
Field  of  X  :  (i)   -00  to  +  00  ;  (ii)  +lto+  00  ;  (iii)   -  00  +  oo  ; 
(iv)   -  «  to+  00  ;  (v)  Single-valued  in  (1),  (iii),  (iv)  ; 
double- valued  in  (ii).     (vi)  Turning- value  in  (i). 

13.  (i)  ap  cosh  px,  p^'y  ;  (ii)  ap  sinh  px,  p'y. 

14.  (i)  +5;  (ii)   +  18-8  ;  (iii)   -1-  50-3. 

15.  (i)  0  ;  (ii)   -  9-07  ;  (iii)  +  25-04. 

16.  (i)   -  18-13  ;  (ii)  +  50-09. 

17.  (i)   +  3-54  ;  (ii)  +  25  ;  (iii)  +  9-41  ;  (iv)  +  25-17. 

19.  a  =  A  cosh  pd  -1-  B  sinh  pe  ;  b  =  A  sinh  pd  +  B  cosh  pe. 


BXEEGISB  OX. 
A. 


8y  =  -  r  sin  fl  .  8fl,  8x  =  r  cos  fl .  66 

688.     6.    -  5-9',  19°  20'.     7.  (i)  ^  sin  a.  8a; 


3.   -  0-161,  -1-  0-144. 


(")^o. 


c  cos  a)  8b  ;     (iii)  -  (c  -  b  cos  a  )  < 


1  fffbc   .         .        , 
-  |jgg  sma.  8a -1-b. 


I  +  0  .  I 


(c.  Sb  +  b.Sc)cosa|. 
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8.  (i)  J34  ;  (ii)  13 ;  (iii)  ^(a?  +  b^). 
10.  (i)  4  sin  X  -  (4  sin  5x)/5  ;  (ii)  (3  cos  5x)/10  -  (cos  3x)/2  ; 

(iii)  cos  2x  -  (cos  6x)/3. 
XI.  Sy/Sx  =  sin  2x,  8y/8x  =  -  sin  2x. 

,.,  vsin^a    .        ,..,   irv"  sin  2a    .       .....  ,  ...       ,  .... 

^ '  ~"32~  •  ^  '  ^"^    64  X  180  •       '  ^"'^  *"™  °*  (')         (")• 


13.    -  0-086 ft.     14.  9(1  + 


!(■ 


_2px\ 


2p     / 
B. 


20.    -  0-00814,  +  0-00137. 


23.  Sy/Sx  =  ap  sec^px.     25.  Sh  =  -^  sec^a.Sa. 

26.  (i)  2-987  ft.  ;  (ii)  2-747  ft.     27.  h  =  6  +  25/x,  u  =  -  25v/x»  ; 

(i)  0-275  ft./sec.  ;  (ii)  4-4  ft./sec. 
28.  8y7Sy  =  sec(9;  (i)  1;  (ii)  1-015;   (iii)  1-064;  (iv)  5-759. 
30.  (i)  York  gets  27  mins.  more  daylight  than  London  ; 
(ii)  York  gets  27  mins.  less  than  London. 


39- 

n       J3 
6"^    4    ~ 

-i- 

1 
640 

C. 
1 
6686      ■ 

.     .      . 

40. 

(i)  Sy/Sx  = 
;iii)  Sy/Sx  = 

%:$■ 

x^); 
-  p'' 

(ii)  Sy/Sx  = 
D. 

p/v/(l  -  p»x«)  ; 

43- 

(iii)  Sy/Sx 

=  2e«/(l  + 

e^') 

;  (iv)  Sy/Sx 

=  sec  X. 

46. 

E. 

Moon's  Transit. 

Time  of  high  water. 

London  Docks. 

Liverpool. 

Portsmouth. 

Brest. 

Superior, 
8.27  a.m. 

April  1 
Inferior, 
8.49  p.m. 

April  1 
Superior, 
7.24  p.m. 

May  14 
Inferior, 
7.48  a.m. 

May  15 

10.15  a.m. 
April  1 

10.45  p.m. 
April  1 

8.36  p.m. 
May  14 

9.12  a.m. 
May  15 

8.8  p.m. 
April  1 

8.5  a.m. 
April  2 

6.34  a.m. 
May  15 

7.12  a.m. 
May  15 

8.19  p.m. 
April  1 

8.8  a.m. 
April  2 

6.45  a.m. 
May  15 

7.22  p.m. 
May  15 

12.24  p.m. 
April  1 

12.52  a.m. 
April  2 

10.53  p.m. 
May  14 

U.29  a.m. 
May  15 
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47- 


Moon's  Transit. 

Depth  of  high  water  in  feet. 

London  Docks. 

Liverpool. 

Superior,  5.22  p.m.  June  10 
Inferior,  5.46  a.m.  June  11 

21-0 
20-6 

13  5 
130 

SECTION  VIII. 

BXEECISE  CXI. 


1.  (1)  lOx  ;  (ii)  28x' ;  (iii)  9x'/2. 

3.  Velocity  =  21^* ;  336  cms.  per  sec. 

4.  Acceleration  =  42t ;  168  cms.  per  sec.  per  sec. 

5.  10,  lOx  -  y  =  50,  X  +  lOy  =  510.     6.  y/2ax,  2axy. 
7.  X  =  2p/3,  X  =  -  2p/3.     8.  y/nax°-i,  nax-'-iy. 

B. 

9.  (i)  4x8 .  (ii)  4^3  +  (x  _  2f  ;  32,  32.     10.  2. 
15.  (i)  2,  6  ;  (ii)  no,  lower  limit  10;  (iii)  none. 

17.  (i)  4 ;  (ii)  no  ;  (iii)  no,  in  second  case  jao  limits. 

18.  (i)l;  (ii)(  +  2,  +  x/2).     19.    -4.     20.1/5. 
21.  (i)  -  10;  (ii)l/3.     25.  ae"",  (logae)/x. 


8.  & 
II.  (i) 


BXEECISE  CXII. 
A. 
I.  (i)  10x<  ;  (ii)  -a/x"  ;  (iii)  (9/4)px' ;  (iv)  e"  ;  (v)  1/x. 
3.  (i)  b  ;  (ii)  b  +  2  ex. 

5.  (i)  lOx  -  3  ;  (ii)  Sx'  (1  -  x*) ;  (iii)  4-6x  -  16-4x'. 

6.  (i)  3  +  1/x  ;  (ii)  ae''  +  2  bx  +  c ;  (iii)  2(1  -  1/x). 
■'  0  ;  (ii)  1  ;  (iii)  1 ;  (iv)  ae. 

-  sin  X  ;  (ii)  a  cos  ax  ;  (iii)  -  a  sin  ax  ;  (iv)  2  sin  x  cos  x ; 
(v)  -  2  sin  X  cos  x. 

13.  (i)  -  cosec'x  ;  (ii)  a  sec^'ax ;  (iii)  -  a  cosec^ax. 

14.  (i)  cos  (x  +  a) ;  (ii)  -  sin  (x  -  a) ;  (iii)  a  cos  (ax  +  b) ; 
(iv)  a  sec"  (ax  +  b). 

15.  2  ap  cos  px  -  2  ap  sin  2  px ;  a  ;  3a/2. 

17.  (i)  2  ap  sin  2  px ;  (ii)  ap  cos  px. 

18.  (2xi'  -  X  +  l)/^/7r;    -  I/^/tt  ;  y"  +  z"  =  (gx"  -  x  +  l)". 

B. 

22.  (i)  cos  X  e  ■'■"' ;  (ii)  -  sin  x  e  ""  ". 

24.  (i)  cos  X  .  logea .  a  ''"  " ;  (ii)  sec^x .  log^a .  a  *"  "- 

25.  (i)  a  cos  ax  ;  (ii)  2  sin  x  cos  x ;  (iii)  n/x. 

26.  (i)  3/(4  +  3x) ;  (ii)  -  3/(1  -  3x) ;  (iii)  -  4x/(l  -  2x^)  ; 
(iv)  nbx-i/Cl  +  bx")  ;  (v)(2  +  6x)/(l  +  2x  +  3x''). 
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BXEROISB  GXIII. 

A. 

1.  (cos  x)/x  +  log  X  .  sin  x. 

2.  (i)  cos  2x ;  (ii)  cos  x  ;  (iii)  2  sin  x  .  cos  x. 

4.  e"='(p  cos  px  +  a  sin  px),  e'"'(a  cos  px  -  p  sin  px). 

5.  X  =  0,  3,  6,  9. 

6.  (i)  sin  X  +  X  cos  x  ;  (ii)  a  cos  px  -  apx  sin  px  ;  (iii)  log  x  +  1. 
10.  (1)  4x3 .  (ii)  sec^'x ;  (iii)  Se'". 

12.  (i)  (cos  x)/x  -  (sin  x)/x'' ;  (ii)  1/sin  x  -  x  (cos  x)/sin''x ; 

(iii)  1/x  sin  x  -  log  x  (cos  x)/sin^x ;  (iv)  2ax/(b  +  ex)  -  acx^/(b  +  ex)". 

B. 

15.  (i)  5-2  xi-'  (2-5  sin  3x  +  3x .  cos  3x) ; 
(ii)  5-2  x»-«  {l-5(2-5  sin  3x  +  3x  cos  3x) 

+  x(10'5  cos  3x  -  9x  sin  3x)}. 

16.  (i)  3(log  x)-i/4x ;  (ii)  x/(l  +  x'')^  ;  (iii)  9bx2/8(a  +  bx^)^ ; 
(iv)  (1  -  =  log  x)/  x"/8. 

G. 

17.  (i)  60x2 ;  (ii)  -  l/x" ;  (iii)  e'' ;  (iv)  p°e'"' ; 

(v)  m(m  -  1)  .  .  .  (m  -  n  +  l)x"'-"' ;  (vi)  n  !. 

18.  (i)  sin  (x  +  n7r/2) ;  (ii)  cos  (x  +  nnl2). 

19.  (i)  e**  (a''  sin  px  +  2  ap  cos  px  -  p''  sin  px)  ; 

(ii)  a'{(x  log'.a)"  +  4x  log.a  +  2}  ;  (iii)  (2  log.x-  3)/x'. 

EXBECISE  CXIV. 
A. 
I.   (i)  xV4  ;  (ii)  x^-V4-6  ;  (iii)  -  xi-'/l-7  ;  (iv)  x°'+V(m  +  l)(m  +  2)  ; 
(v)  x°'+'/(m  +  l)(m  +  2)(m  +  3) ; 

(vi)  x°'+''/(m  +  l)(m  +  2)  .  .  .  (m  +  n) ;  (vii)  e"  ;  (viii)  e" ; 
(ix)  e'^/a". 

3.  (i)  y  =  a  -  l/4x ;  (ii)  y  =  a  +  x  +  x" ;  (iii)  y  =  a  +  logeX ; 
(iv)  y  =  a  -  cos  X ;  (v)  y  =  c  +  ax  +  be^ 

4.  (i)  e""^  +  b ;  (ii)  e"'^/2a  +  b  ;  (iii)  a  -  e-P''^/2p ; 
(iv)  a  +  sin  (x'')  ;  (v)  0  -  a  cos  (bx2)/2b. 

5.  (i)  -  (cos  px)/p  ;  (ii)  (sin  px)/p  ;  (iii)  -  sin  x  ;  (iv)  -  sin  x  ; 
(v)  sin  (x  -  n7r/2) ;  (vi)  cos  (px  -  n7r/2)/p''. 

6.  (i)  tan  x  +  a  ;  (ii)  log  sec  x  +  a ;  (iii)  log  sec  x  +  ax+  b  ; 
(iv)  a  +  x/2  -  (sin  2x)/4  ;  (v)  -  cot  x  +  a ; 

(vi)  -  log  sin  X  +  ax  +  b. 

7.  (i)  log.A(l  +  x) ;  (ii)  logeA/(3  -  x) ;  (iii)  1/2  logeA(l  +  2x)  ; 
(iv)  log6A(5  +  x") ;  (v)  logeA(l  +  x  +  x'') ; 

(vi)  logeA(7  +  3x  +  2x'') ;  (vii)  log.A(a  +  bx")  ; 
(viii)  logBA(l  +  tan  x). 

9.  (i)  logeA/(l  -  x-") ;  (ii)  log,A(x  +  l)/(x  +  2) ;  (iii)  log.A(x»  -  3x  +  2) ; 
(iv)  log.A(2x  -  3)V(x  +  2y  ;  (v)  log.(x  -  Sf  -  7/(x  -  3)  + A  ; 
(vi)  a  +  X  -  {9/2(2x  -  3)}  +  log(2x  -  3). 
10.  (i)  logex  +  b  ;  (ii)  A  +  a^/logea ;  (iii)  a''/(logea)2  +  bx  +  c. 
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B. 

11.  X.  sin  X  +  cos  X. 

12.  (i)  sin  X  -  X  .  cos  x ;  (ii)  cos  px/p**  +  x .  sin  px/p  ; 
(iii)  a  sin  px/p"  -  ax .  cos  px/p. 

13.  (logeX  -  l/2)xV2.     14.  (x  -  1)6*.     15.  (x  -  l/a)e»''/a. 
16.  X  log„(x/e).     17.  {log«x  +  l/(n  +  l^x-'+VCn  +  1). 

18.  (i)  2x .  cos  X  +  (x"  -  2)  sin  x  ;  (ii)  sin  x  -  (x"  -  2) .  cos  x. 

19.  e''(sin  X  -  cos  x)/2j  e''(8in  x  +  cos  x)/2. 

C. 

20.  e''(x''  -  2x+2).    27.  (sin  px)/p,  (1  -  cos  px)/p. 

28.  (i)  24/»r  ;  (ii)  10"  -  1/3000  logJO ;  (iii)  0-6  loge  4(  =  0-832)  ; 
(iv)  40/7r.    29.  (i)  -  257 ;  (ii)  loge2(  =  0-693) ;  (iii)  -  i(o'+ 1) ; 
(iv)  log.3(  =  1-0986). 


EXBECI8E  CXV. 


2.  (i)  y  =  a  +  2x  -  ||x" ;  (ii)  y  =  a  +  bx  -  2x'i ; 

(iii)  y  =  c  +  ax  -  b  cos  x ;  (iv)  y  =  d  +  ex  +  ^ax"*  -  b  sin  x. 

3.  x^.y"  -2x.y'  +  2y  =  0. 

4.  (i)  X .  y'  -  2y  =  0  ;  (ii)  x« .  y"  -  3x.  y'  +  3y  =  0  ; 
(iii)  x^  y"  -  4x .  y'  +  6y  =  0  ; 

(iv),  (v),  (vi)  y"  +  p^y  =  0. 

5.  :^  =  acceleration  parallel  to  x-axis. 

6.  Velocity  and  acceleration  along  path. 

8.  (i)  X  =  2  -  lot ;  (ii)  S  =  -  10  ;  (iii)  when  t  =  i,  x  =  J  ; 
(iv)  acoel.  =  -  10. 

9.  X  =  -  p  .  N/(a"  -  x"),  S  =  -  p" .  X  ;  simple  harmonic  motion. 

10.  (i)  X  =  p .  >/(b*  -  x^),  X  =  -  p^ .  X  ;   (ii)  second  law  possible, 
not  first. 

11.  X  =  acospt  +  bsinpt  where  a  and  b  may  have  any  values. 

12.  6  =  et  cos  pt  +  b  sin  pt. 

15.  s  =  2p.8inipt.     Cycloid.     19.  0-009  ft./sec." 

B. 

24-  (i)   y  =  a  cos  ;^3 .  X  +  b  sin  ^3 .  x  ;    (ii)  y  =  cos  3x  +  b  sin  3x ; 
(iii)  y  =  a  cos  2x  +  b  sin  2x  +  c  cos  x  +  d  sin  x  ; 
(iv)  y  =  a  008  (2x/ ^3)  +  b  sin  (2x/^/3)  +  c  cos  (^/3  .  x/ ^2) 

+  dsin(v'3.x/v/2). 
25.  y  =  (i)  ae"" ;  (ii)  ae  - '''.     26.  y  =  ae  ~  "  +  be'". 
27.  y  =  (1)8^"+  be-«=';  (ii)ae-'''/2  +  be-''=''»; 

(iii)  ae^"'"  +  be  - '"''' ;  (iv)  ae""  +  be"  +  ce  -  '^ ; 
(v)  ae^"  +  be  - "" ;  (vi)  ae"'"  +  be  -  ^"  +  ce"  +  de  -  ". 
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C. 


35-  y  =  (i)  ^x^  -  I ;  (ii)  A  COS  ix ;  (iu)  -  x^  +  i^ii  _  ^^  +  ^^  ; 
(iv)  -  2x  +  4/3  -  4  sin  x. 
D. 

38.  Equation  becomes  D  (y .  e*^  =  J  Z*  (e*  ),  whence  y  =  4  +  ae"^". 

39.  (i^  y  =  ae-™"";  (ii)  y  =  x'  +  a/x; 

(iii)  y  =  (a  +  5x  -  x')/5(l  +  x^) ;  (iv)  y  =  a  sec  x  -  cos  x. 

40.  X  =  (i)  aei'  +  be  - »'  +  Je  -  " ;  (u)  log  (at)/^  ; 

(iii)  -^-^ — 2  ■  ''°^  mt  +  a  cos  pt ;  (iv)  see  Note. 

EXEECISB  CXVI. 
A. 

I.  (i)-7, +1;  (ii)i.    2.  (i)  -14;  (ii)  J. 
3.  (i)  -  1-25782  ;  (ii)  6  =  0-3991. 

B. 

7.  (i)  To  x/(10)  times  its  original  length ;  (ii)  ±  3. 
9.  (i)  To  >/(82)  times  its  original  length  ;  (ii)  ±  3^ 

11.  (i)  To  V(730)  times  its  original  length  ;  (ii)  ±  3'. 

12.  3""+ 1 ;  to  ^(32"  +  1)  of  original  length  ;   ±  3°. 

C. 
21.   TT.     22.  (i)  ir  ;  (ii)  ir  ;  (iii)  no. 
24.  TT^r,  where  r  =  radius  of  semicircle. 

EXEECISB  CXVII. 
A. 

1.  a'  +  5a^x  +  10x'»(a  +  dxf  ;  1  +  5x  +  10x«(l  +  fe)' ; 
(i)  5-9375  ;  (ii)  3-0301  x  10- '. 

2.  (i)  2"  +  10.29 .  X  +  45x2(2  +  6xy  ;  greatest  rem.  =  405.2' ; 
(ii)  1  -  7x/a  +  21x'(a  -  (9x)»/a' ;  greatest  rem.  =  21/4 ; 

(iii)  38  -  2 .  8  .  3'x'  +  28 .  4x«(3  -  2fe»)« ;  greatest  rem.  =  81648. 

3.  (i)  T'ISa?  ;  (ii)  x2/9a» ;  (iii)  .0-03  per  cent ;  (iv)  0-004  per  cent. 
9.  (i)  1  -  px  +  p(p  +  l)x»/2!  .  .  .  (-)'->p(p  +  1)  .  .  . 

(p  +  r-2)x'-V(r-l)!; 
(ii)  ( -  )'x'p(p  +  1)  .  .  .  (p  +  r  -  l)/r !  (1  +  to)"  + '. 

12.  log  (1  +  x)  =  X  -  x''/2  +  x'/3  -  xV4  +   .  .  .  ; 
Remainder  =  (-)'-^{xl{l  +  te)}'/r. 

13.  Greatest  error  =  0-002604. 

B. 

15.  e"  =  1  +  X  +  xV21  +   .  .  .    +  x'-i/(r  -  1)  !  +  x'e*  /r  ! 
e  =  1  +  1  +  1/2  !  +   .  .  .  l/(r  -  1)  !  +  e»/r  ! 

16.  10  terms. 

17.  a"  =  1  +  X  logea  +  x*  (logea)V2  !  +   .  .  . 

+  X'  - 1  (logea)'  -  V(r  -  1) !  +  x'a«x  (logea)'/r  ! 
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19.  co8x=  1  -  xV2!  +  xV4!  +  .  .  .  (-)'-'  x^'-V(2r  -2)!  +  . 

Remainder  =  ( -  )'  x^'  cos  ex/(2r) ! 
22.  0008334.     23.  0-000326. 

C. 

29.  (i)  1/(1  +  x") ;  (ii)  (1  +  x'')-^  =  1  -  x'  +  x'  -  x«  +   .  .  . 
(iii)  Oi  =  1,  C3  =  -  1/3,  C5  =  1/5,  07  =  -  1/7,  etc. 

,.,  .  1.x'      1.3.  x»      1.3.5.x' 

30.  (i)arc  «n  x  =  x+  2^  +2-^g+  ^^    ^   y  +  .  .  .; 

,..,  l.x»      1.3.x» 

(u)  arc  cosx  =  -  x  -  ^-g-  -  -^-^-g  -  .  .  . 


BXEECISE  CXVIII. 


2.  (i)    -1/^/(1 -x»);   (ii)  1/^(1  -  x-^). 

3.  (i)  ap/(l  +  p^'x'');  (ii)  ap/V(l  -  p^^x^) ;  (iii)   -  ap/J(l  -  p^x*"). 

5.  (i)  Assume  bx  =  sin  u,  ax  =  sin  v ;  then  y  =  u  +  v,  and  dy/dx 

=  a/^/(l-a''x'')  +  b/^(l-b»x»); 
(ii)  Facfcorize  root,  then  proceed  as  in  (i) ; 
dy/dx  =  -  2/;^(l  -  4x'')  -  3/v(l  -  9x>). 

6.  (i)  d(cosh  x)/dx  =  sinh  x ;  d(sinh  x)/dx  =  cosh  x ; 

(ii)  the  n*  derivative  of  cosh  x  is  sinh  x  or  cosh  x  ace.  as  n  is  odd 
or  even. 

The  n**"  derivative  of  sinh  x  is  cosh  x  or  sinhx  ace.  as  n  is  odd 
or  even.     7.  sech^(x). 
9.  (i)  dy/dx  =  (00s  X  .  log  x  +  sin  x/x)x'''' "  ; 

(ii)  dy/dx  =  [logx/(l  +  x")  +  arc  tanx/xjx""*""*  ; 
(iii)  x''cosx»(l  +  logx)  ;  (iv)  x(''''  +  i)(l  +  2  logx)/  J(l  -  x"*'). 

10.  (i)  p  .  sin  px/cos''px  ;  (ii)  V(p^x''  -  1)/^ ;    (iii)  l//»/(x''  -  a")  ; 
(iv)  p/x/(l+p2x2);  (v)   -  2xe-(-"V^  (vi)  sec  x  ; 

(vii)  sech  x ;  (viii)   -  1/  V[(x  -  b)(a  -  x)J  ; 
(ix)  l//s/(x  -  b)(x  -  a);  (x)  l/(a  +  bcosx); 
(xi)  1/J(x'  +  a^);  (xii)  l/^{x^  -  a^). 

B. 

11.  (i)   -  log  cos  X  +  c ;  (ii)  -  log  sin  px  +  c  ; 

(iii)  |log(x«  +  c2)  +  c  ;  (iv)  1/2  log(x3  +  a")  +  0  ; 

(v)    -  J(a?  -  x^)  +  0  ;  (vi)  4/3(a8  +  x')*  +  0. 
13.  l/2a  log  (a  +  x)/(a  -  x)  +  c.     14.  y  =  1/4  arc  tan  (2x  - 1)/2+  c. 

15.  y  =  1/8  log  (2x  -  3)/(2x  +  1)  +  0. 

1 6.  (i)  y  =  1/3  arc  tan  (x  + 1)/3  +  c ;  (ii)  y  =  1/6  log  (x  -  4)/(x  +  2)  +  c  ; 
(iii)  y  =  arc  tan  (2x  -  1)  +  c ;  (iv)  y  =  l/a  arc  tan  [(sin  x)/a]  +  c. 

18.  (i)  y  =  arc  sin  (x/a)  +  b  ;  (ii)  y  =  arc  cos  (x/a)  +  b. 
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C. 


19-  y  = 
22.  y  = 

23-  (i) 

(ii) 
(iii) 
(iv) 

25-  (i) 
(iii) 
(iv) 

26.  (i) 
(iv) 
(vi) 
(ix) 

27-  (i) 
(ii) 

(iv) 


1)/  c. 


=  log  A(x  +  Jx^  +  a^).     20.  y  =  x(log  x 

=  e''(A  +  B  cos  X  +  0  sin  x). 

y  =  A  cos  3x  +  B  sin  3x  +  ^  cosh  x  ; 

y  =  Ae-'^  +  Be  ^ '"  -  sinh  2x  ; 

y  =  Ae'"'^  +  Be-  ="  -  Ii  cosh  Jx  +  A  sinh  ix ; 

X  =  A  cos  nt  +  B  sin  nt  +  a/n**  +  bt  (sin  nt)/2n. 

y  =  e^''(A  +  Bx) ;  (ii)  y  =  e  -  "'^(A  +  Bx) ; 

y  =  e'^l^A  +  Bx)  +  2x  +  8  +  e  -  "/121  ; 

y  =  Ae"  +  (B  +  Cx)e  -  ".     (v)  y  =  Ae  -  "  +  (B  +  Cx)e''. 

y2  =  x^  +  A  ;  (ii)  log  y  =  log  Ax ;  (iii)  log  y  +  log  Ax^  =  0. 

e"  +  e  -  J'  +  A  =  0 ;  (v)  arc  tan  y  =  arc  tan  x  +  A  ; 

y  =  Ae'^ ;  (vii)  y  =  Ax^ .  e"* ;  (viii)  y  =  A(x  -  3)" .  e"  ; 

y  =  A(x  +  7)-""  .  (x-  O)"""" ;  (x)  y  =  A(x2  -  2x  +  26)^  . 

garctan  [(x-l}/d]. 

log(l  +  y)  +  2V(l  +  x)  =  a; 

log  y  +  J  log  (^  +  2)/(x  -  2)  =  a  ;  (iii)  log  y  +  log  a  sin  x  =  0  ; 

T-  arc  tan  (y/b)  =  arc  sin  (x/a)  +  A. 


D. 

31.  (i)  dz/dx  =  4x  +  4  ;  (ii)  3z/3y  =  -  6y  +  1 ; 
(iii)   -  8,  8  ;  (iv)    -  13,  13. 

32.  (i)  X  =  -  1,  y  =  1,  z  =  -  9  ; 
(ii)  X  =  -  2,  y  =  1/6,  z=  -Hi- 

33.  X  =  2,  y  =  -  3,  z  =  -  20  ;  bottom  of  a  hollow  ;  20  units  below 
plane  of  paper. 

34.  X  =  -  4,  y  =  2,  z  =  O'lOl ;  bottom  of  a  hollow  ;  101  units  above 

plane  of  paper. 

36.  (i)  3z/ax  =  2xe''''+''',  3z/3y  =  2ye''''+''', 

■d^zldx"  =  2e''^  +  y\l  +  2x8],  ■^^j'^yi  =  2e'''  +  J''(l  +  2y3) ; 
(ii)  dz/dx  =  2  cos  (2x  +  5y),  3z/'dy  =  5  cos  (2x  +  5y), 

a^z/ax"  =  -  4  sin  (2x  +  5y),  B^^z/By^  =  -  25  sin  (2x  +  5y) ; 
(iii)  dz/dx  =  a/(b  -  ax),  3z/3y  =  b/(a  +  by), 

a^z/Sx"  =  aV(b  -  ax)^  dH/dy^  =  -  bV(a  +  by)» ; 
(iv)  3z/3x  =  6x  -  8y  +  15,  az/3y  =  -  8x  +  4y  -  20, 

a'z/ax"  =  6,  dHldy^  =  4  ; 
(v)  dz/dx  =  6x8  +  63.  _  36,  3z/ay  =  lOy  -  20 ; 

3=2/3x8  =  12x  +  6,  38z/3y^  =  10  ; 
(vi)  3z/3x  =  -  yV(x»  +  y').  3z/3y  =  2xy/(x8  +  y^, 
3»z/3x8  =  2xyV(x8  +  y*)8, 
32z/3y2  =  2x/(x8  +  y)  -  8xy/(x8  +  y')8 ; 
(vii)  3z/3x  =  3y8  -  12,  3z/3y  =  6xy,  S^z/Sx'-  =  0,  B^z/By^  =  bx  ; 
(viii)  3z/3x  =  -  2xy8 .  e  -  '1  +  ^'>y',  Sz/By  =  -  2(1  +  x8)y  .  e  -('  +  '=''»'^ 
38z/3x8  =  2y8(2xy  -  1).  e-<l  +  ''''lJ'^ 
38z/3y8  =  2(1  +  x8)  {2y8(l  +  x^)  -  1} .  e  - 1^  +  -V. 

37.  (i)  X  =  0,  y  =  0,  z  =  1  ;  minimum  point ; 

(ii)  X  =  -  5/2,  y  =  0,  z  =  -  13i ;  minimum  point ; 

PT.  II.  35 
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(iii)  x=   -3,  y=2,  z=  168 ;  maximum-minimum  point ; 

X  =  2,  y  =  2,  z  =  -  57  ;  minimum  point ; 
(iv)  X  =  0,  y  =  +2,  z  =  0. 

38.  (i)  3z/3x  =  2x/(2x»  -  iyi")*,  3z/3y  =   -  4y/(2x''  -  4y8)*  ; 

(ii)  3z/Bx  =  (2x  -  3y)/3(x8  -  3xy+5y2)*' 

3z/9y  =  ( -  3x  +  10y)/3(x''  -  3xy  +  5y'')* ; 
(iii)  3z/3x  =  be^VaCe""  +  e""),  'dzfdy  =  ce"i/a(e'>^  +  e'^)  ; 
(iv)  3z/3x  =  -  e  -"/VyCl  ^  e-^^'l'), 
3z/3y  =  xe-^'>'/y2(l  +  e-'"''>'). 

39.  (i)  aro'tan  [4(x  +  l)/(6y  -  1)] ;  (ii)  arc  tan  [ -  3(x -  2)/4(y+  3)] ; 
(iii)  arc  tan  [(4x  -  5y  +  26)/(5x  -  8y  +  36)] ;   (iv)  arc  tan(  -  x/y) ; 

(v)  arc  tan  [(6x  -  8y  +  15)/(8x  -  4y  +  '20)] ; 
(vi)  arc  tan  [  -  3(x2  +  x  -  6)/5(y  -  2)] ;  (vii)  arc  tan  [(4  -  y^)/2xy]. 
(viii)  (a)  5y  =  8x  -  3  ;  (b)  5y  +  8x  +  19  =  0. 
(ix)  These  points  are  either  maxima  or  minima,  therefore  at  these 
points  the  contour  lines  are  circles  of  indefinitely  small 
radii.     The  contour  lines  therefore  have  an  indefinite  number 
of  tangents  at  these  points. 

40.  (i)  dy/dx  =  (4x  -  5y  -  6)/(5x  -  14y  -  3) ; 
(ii)  dy/dx  =  x(y2  +  b«)/y(a^  -  x'') ; 

(iii)  dy/dx  =  x(2x''  -  7'')/y\x'  -  1). 

(iv)  tangent  is  parallel  to  x-axis  at  points  given  by 

4x  -  5y  -  6  =  0  and  f(xy)  =  0 ; 
tangent  is  parallel  to  y-axis  at  points  given  by 

5x  -  14y  -  3  =  0,  f(xy)  =  0. 
(v)  The  origin  is  a  singular  point  of  the  curve. 

E. 

41.  (i)  Sz  =  a(y8x  +  xSy)  ; 

(ii)  Sz  =  ax[2  tan  by  +  bx  sec^  by]  8x  ; 
(iii)  8z  =  xe'''''J'[26x  -  x8y/y]/y. 

42.  8h  =  tan  a  8b  +  n-b  sec^  a .  8a/180. 

44.  Oz/3x).8x=  -  (3z/3y).8y. 

45.  (i)  z  =  xy  +  a  =  0 ;  (ii)  z  =  sin  x  cos  y  +  a  =  0 ; 

(iii)  z  =  p V  -  cos  2px  +  a  =  0  ;  (iv)  z  =  x^y'  +  a  =  0. 

46.  c.  =  8a/7r«sn. 

52.  (i)  l/r  =  2a/(l  +  ia.^x^'f'^ ;  (ii)  r  =  (1  +  4a''x2)"V2a. 

53.  (i)  dy/dx  =  -  p»x/(q»  -  pVf"  ; 
(ii)  dV/dx"  =  -  pV/(q'  -  p'xi')»'2 ; 

(iii)  r  =  -  {q^  -  pV{l  -  p^)F'Vp^q' ;  (iv)  r  =  b/a«  ; 
(v)  r  =  a^/b. 

54.  Positive  for  greater,  negative  for  smaller.     55.  1/6  ;  1/8. 


3-  (i) 
4.  (i) 
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SECTION  IX. 
EXEECISB  CXX. 


1.  (i)  67 "5  in.  ;  (ii)  6 "OB  in.  j^  (iv)  7 '5  years. 

(i)  67-52 ;  (ii)  6-09 ;  (iv)  7-4. 

(i)  di  =  (JN  -  N,)w/n ;  (ii)  d^  =  (JN  -  N3)w/n,  where  di,  d^  = 
distances  of  ordmates  from  left  and  right-hand  boundaries 
respectively,  and  Nj,  N3  =  no.  of  measurements  below  and 
above  quartile  ordinates. 

5.  (i)  Qi  =  65-78,  Q3  =  69-28  ;  (ii)  Q,  =  5-98,  Q„  =  6-25  ; 
(iv)  Qi  =  4-43,  Q,  =  11-25. 

6.  Mo  =  30-05  ;  Mi  =  3002  ;  Q,  =  29-79  ;  Q3  =  3024. 

7.  Mi  =  10-12  ;  Qi  =  1-90 ;  Q3  =  1057. 
9.  (i)  19-2;  (ii)  12-95. 

12.  (i)  67-52;  (ii)  6-12;  (iv)  8-63. 

B. 

14.  (i)    -  0-001 ;  (ii)   -  0-37  ;  (iii)   -  0-25. 

15.  (i)   +  0-45  ;  (ii)  +  1-77. 

EXEECISB  CXXI. 

A. 

2.  (i)  1-75  ;  (ii)  0-135  ;  (iv)  3-41 ;  (v)  0-22  ;  (vi)  4-34. 

3.  a  -  a\/2.     4.  a/3.     5.  a  =  8-5  cm.,  b  =  1-17  cm. 
6.  a  =  10  cm.,  b  =  7r/4. 

B. 
15.  (i)  2-02  ;  (ii)  1-72.     16.  1-59. 
18.  a/3.     19.  (2n  +  l)/4(n  +  1).     20.  a  -  2a/7r. 

C. 
27.  (i)  2-6 ;  (ii)  3-64.     28.  (i)  2-57  ;  (ii)  0-189. 

^-  (')  Vfc% '  ^"^  ^  ^^"^ "  ^^ '  ^'"^  ^~^'^' 

EXEBCISE  OXXII. 
A. 

2.  (i)  I ;  (ii)  J  ;  (iii)  *.     3-  (i)  i  ;  (ii)  * ;  (iii)  h-     4-  i  t.  i,  h 

5-  /t.  4?.  /r,  A-     6-  *.  h  h     7.  A->  ih  M-     9-  -h 

B. 

(n  ')" 

20,  (i)  7 r-i-^r r-i .  H  ;  (ii)  the  same. 

^ '  (n  +  r) !  (n  -  r) !  ^  ' 
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/d. 

27.  (i)  5040  ;  (ii)  720  ;  (iii)  120'';  (iv)  240  ;  (v)  2760 ;  (vi)  2400. 

28.  120.  29.  (i)  151200;  (ii)  25200;  (iii)  5040;  (iv)  45360; 
(v)  100800. 

30.  151200  ;  n  !/(p !  q !).  31.  1080. 

32.  (i)  r !  [,„  _  p,C,  +  i5=Jt^  +  i"-vPi'~^>  ^ 


2! 

(n  -  vlOi^     ,      (n  -  p)Cl   ,   1^1 

•  ■  •  "^  (r  -  '2)  !  "^  (r  -  1) !  "^  r  !  J 
(ii)  r  1  [,, _  p,C.  +  ^'-f^-^  +  in-vfir-.  ^ 


35.  (i)  i  ;  (ii)  f.  38.  20. 


1 !    "        21 
E. 


(n  -  p)Cr  -  p"| 

p!   i 


EXBECISB  CXXIII. 
A. 

1.  (i)  0-33234  ;  (ii)  0'01651 ;  (iii)  010185 ;  (iv)  0-19154. 

2.  (i)  24663/70846;  (ii)  24663/33234.     3.  (i)  5/16;  (ii)  1/2. 
4.  (i)  1/9 ;  (ii)  5/36.     5.  (i)  112/6561 ;  (ii)  3008/19683. 

6.  (i)  336/8585  ;  (ii)  4/1717.     7.  (i)  79/120 ;  17/120. , 
8.   (i)  65/72 ;  (iii)  1/30.     10.  1/2. 

B. 

13.  0-060828.     14.  £38-965. 

15.  (i)  1/36 ;  (ii)  5/36  ;  (iii)  5/36 ;  (iv)  11/36. 

17.  (i)  7/99  ;  (ii)  35/99  ;  (iii)  42/99  ;  (iv)  14/99  ;  (v)  1/99. 
19.  2197/20825. 

0. 
12.  (i)   -0-482;  (ii)  1-67.     22.  y  =  806e -''"'<'-»''". 
25.  (i)  0-515  ;  (ii)  0-347.     26.  Once  in  20  i»  25  cases. 

D. 

31-   V[(pq)/»]. 

34.  Dev.  =  72  ;  S.E.  =  V(J  X  i  X  19140)  =  692  ;  P.  E.  =  46 . '.  chance 
is  >  1/6. 

35.  Theoretically  o-  —  1-29,  by  calculation  1-2  ;  probability  is  more 
than  40,000  to  1. 

36.  Theoretically  o-  =  5,  by  experiment  5-26. 

EXEECISB  CXXIV. 
A. 
I.  (i)  19 ;  (ii)   15 ;  (iii)   21.     3.    (i)  0-05  ;  (ii)   0-25 ;  (iii)  -  0-05. 

14.  (i)  0-41 ;  (ii)  0-58  ;  0-60  ;  geometry.     15.  O'll. 

16.  (i)  0-63 ;  (ii)  between  I  and  III,  B  =  0-46 ;  between  II  and 
III,  R  =  0-36. 

17.  (i)  0-77  ;  (ii)  0-68  ;  (iii)  Be  d   =  0-40  ;  Be  d^  =  0-49,  etc. 
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B. 

22.  1-07  ;  0-71.     25.  0-87.     26.  OSOO ;  0-630. 
27.  r  =  (i)  0-763  ;  (ii)  0-689,  0-567.     28.  0-19. 

29.  (i)  0-477  ;  (ii)  0-339 ;  (iii)  0-442  ;  (iv)    -  0-333. 

30.  (i)    -  0-018  ;  (ii)   -  0137  ;  (iii)  0-528. 

31.  P.E.  =  (i)  0-117  ;  (ii)  0-134;  (iii)  0-121  ;  (iv)  0-134. 

32.  r  =  0-118;  P.E.  =  017. 

EXBECISE  CXXV. 

A. 

I.  (i)  1365  ;  (ii)  715.     2.  (i)  2.9  !  (ii)  13  !/12.     3.  294. 
4.  (i)  20  !/(10  ly  ;  (ii)  4 !  20  !/(5  !)■*.     5.  4  !  52  !/(13  !)". 

6.  (i)  13  !  48  !/9  !  52  ! ;  (ii)  4  !  48  !  (13  !)V52  !  (12  !)*. 

7.  (i)  (mn) !  m  !/(n  !)"> ;  (mn)  !/(n  !)-.     8.  (ii)  -^,  ' 


(iii)("-^)";(iv).c...("L_P)". 


16.  (i)  i  ;  (ii)  i.     17.  (i)  i  ;  (ii)  ^V.     18.  (a  -  x)/a. 
22.  (i)  300/77  ;  (ii)  i     23.  b(2a  -  b)/a^ 

B. 
31.  (i)0-77;  (ii)0-86.      32.  (i)  £4-709;  (ii)  £0-12  (appi-ox.). 

P.E.  =  £0-013.     Since  Is.  is  nearly  P.E.  x  4,  chance  is  nearly 
1  -  3/500  =  497/500. 

34.  (i^  0-044  ;  (ii)  0-03. 

35.  (i)  1-72;  (ii)  2-25;  (iii)  probability  is  in  both  cases  between 
i  and  i. 

38.  M  =  76-8,  <r  =  4-7  ;  chance  is  between  3  and  6  in  1000. 

39.  (i)  About  3/10,000  ;  (ii)  1/24. 

F. 
45.  0-53. 

G. 
49.  0-682,  0-563.     50.  0-48,  0-43,  077,  094, 082. 
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